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Chapter 13

Section 13.18

In terms of Cartan’s tetrads, the Christoffel symbol Γk
iℓ is

Γk
iℓ =

1
2
gkn

(
gni,ℓ + gnℓ,i − giℓ,n

)
= 1

2
ckacna

((
cncc

c
i

)
,ℓ +

(
cncc

c
ℓ

)
,i −

(
cicc

c
ℓ

)
,n

)
(1)

= 1
2
ckacna

(
cnc,ℓ c c

i + cnc c
c
i ,ℓ + cnc,i c c

ℓ + cnc c
c
ℓ ,i − cic,n c c

ℓ − cic c
c
ℓ ,n

)
= 1

2
ckacna

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
ckacnacnc

(
c c
i ,ℓ + c c

ℓ ,i
)

= 1
2
ckacna

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
ckaηac

(
c c
i ,ℓ + c c

ℓ ,i
)

= 1
2
ckacna

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
cka

(
cia,ℓ + cℓa,i

)
.
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Section 13.53

Thus using their orthonormality, we have ωa
d ℓ c

d
k c

k
b = ωa

d ℓ δ
d
b = ωa

b ℓ, and
so the spin connection is

ωa
b ℓ = − c k

b

(
cak,ℓ − Γj

kℓ c
a
j

)
= caj c

k
b Γj

kℓ − cak,ℓ c
k
b

= caj c
k
b Γj

kℓ + cak c
k
b ,ℓ

(2)

or
ωab

i = caj c
bk Γj

ki + cak c
bk
,i (3)

or
ωab

i = caj c
bk Γj

ik + cak c
bk
,i (4)

or
ωab

i = cak c
bℓ Γk

iℓ + cak c
bk
,i (5)

So

ωab
i = cak c

bℓ

×
[
1
2
ckdcnd

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
ckd

(
cid,ℓ + cℓd,i

)]
+ cak c

bk
,i

= 1
2
cak c

bℓ ckdcnd

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
cak c

bℓ ckd
(
cid,ℓ + cℓd,i

)
+ cak c

bk
,i

= 1
2
ηad cbℓ cnd

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
ηad cbℓ

(
cid,ℓ + cℓd,i

)
+ cak c

bk
,i

= 1
2
cbℓ can

(
cnc,ℓ c c

i + cnc,i c c
ℓ − cic,n c c

ℓ − cic c
c
ℓ ,n

)
+ 1

2
cbℓ

(
cai,ℓ + caℓ,i

)
+ cak c

bk
,i. (6)
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In more detail,

ωab
i =

1
2
cbℓ cancnc,ℓ c c

i + 1
2
cbℓ cancnc,i c c

ℓ

− 1
2
cbℓ cancic,n c c

ℓ − 1
2
cbℓ cancic c

c
ℓ ,n

+ 1
2
cbℓ

(
cai,ℓ + caℓ,i

)
+ cak c

bk
,i

= 1
2
cbℓ cancnc,ℓ c c

i + 1
2
ηbc cancnc,i

− 1
2
ηbc cancic,n − 1

2
cbℓ cancic c

c
ℓ ,n

+ 1
2
cbℓ

(
cai,ℓ + caℓ,i

)
+ cak c

bk
,i. (7)

So using the η’s, we get

ωab
i =

1
2
cbℓ cancnc,ℓ c c

i + 1
2
can cbn,i

− 1
2
can cbi,n − 1

2
cbℓ cancic c

c
ℓ ,n

+ 1
2
cbℓ

(
cai,ℓ + caℓ,i

)
+ cak c

bk
,i. (8)

Another way to write this is as

ωab
i =

1
2
cbℓ canccn,ℓ cci +

1
2
can

(
cbn,i − cbi,n

)
− 1

2
cbℓ cancci ccℓ,n

+ 1
2
cbℓ

(
cai,ℓ + caℓ,i

)
+ cak c

bk
,i (9)

or

ωab
i =

1
2
caj

(
cbj,i − cbi,j

)
+ 1

2
cbℓ cak cci

(
cck,ℓ − ccℓ,k

)
+ 1

2
cbℓ

(
cai,ℓ + caℓ,i

)
+ cak c

bk
,i. (10)

This is the same as

ωab
i =

1
2
caj

(
cbj,i − cbi,j

)
+ 1

2
cbj

(
cai,j + caj,i

)
+ caj c

bj
,i

− 1
2
cak cbℓ cci

(
ccℓ,k − cck,ℓ

)
(11)

as well as

ωab
i =

1
2
caj

(
cbj,i − cbi,j

)
+ 1

2
cbj

(
cai,j + caj,i

)
− cbjcaj,i

− 1
2
cak cbℓ cci

(
ccℓ,k − cck,ℓ

)
(12)
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which is

ωab
i =

1
2
caj

(
cbj,i − cbi,j

)
+ 1

2
cbj

(
cai,j − caj,i

)
− 1

2
cak cbℓ cci

(
ccℓ,k − cck,ℓ

)
(13)

or

ωab
i =

1
2
caj

(
cbj,i − cbi,j

)
− 1

2
cbj

(
caj,i − cai,j

)
− 1

2
cak cbℓ cci

(
ccℓ,k − cck,ℓ

)
(14)

or (Deser and Isham, 1976; Green et al., 1987)

ωab
i =

1
2
caj

(
∂ic

b
j − ∂jc

b
i

)
− 1

2
cbj

(
∂ic

a
j − ∂jc

a
i

)
− 1

2
cakcbℓcci (∂kccℓ − ∂ℓcck) .

(15)

Incidentally, the last two equations imply that the affine connection Γi
kℓ is

Γi
kℓ = c i

a

[
∂ℓc

k
a + 1

2
c k
b

(
caj(∂ℓc

b
j − ∂jc

b
ℓ)− cbj(∂ℓc

a
j − ∂jc

a
ℓ)

− cakcbmccℓ(∂kccm − ∂ℓcck)
)]

. (16)
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