
Nuc l ea r Phys i cs B (Proc . Supp l . ) 26 (1992) 453455
Nor t h - Ho l l and

STAT I C FORCES I N NONCOMPACT SU (2)
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W i l son l oops have been measur ed a t s t rong coup l i ng , , Q = 0 . 5 , on a 12 4 l a t t i ce i n noncompac t s i mu l a t i ons o f pur e
SU (2) w i t hou t gauge f i x i ng . I n t he l oops t ha t . have been we l l measur ed , t he r e i s no s i gn o f qua r k con f i nemen t .

I n 1980 Cr eu t z [1] d i sp l ayed qua r k con f i ne -
men t a t , mode r a t e coup l i ng i n l a t t i ce s i mu l a t i ons
[2] o f bo t h abe l i an and nonabe l i an gauge t heo -
r i es . Whe t he r nona . be l i an con f i nemen t i s as i nuch
an a r t i f ac t o f W i l son ' s ac t i on as i s abe l i an con -
f i nemen t r ema i ns unc l ea r .

W i l son ' s bas i c va r i ab l es a r e e l emen t s o f a. com-
pac t group and en t e r t he ac t i on on l y t hrough
t he t r aces o f t he i r produc t s . H i s ac t i on has ex t r a
m i n i ma . [3] . Mack and P i e t a r i nen [4] and Gr ady
[5] have shown t ha t t hese f a l se vacua a f f ec t t he
s t r i ng t ens i on . I n t he i r s i mu l a t i ons o f SU (2) , t hey
p i a i _ád gauge - i nva r i an t , i n f i n i t e po t en t i a l ba r r i e r s
be t ween t he t rue vacuum and t he f a l se vacua . .
Mack and P i e t a r i nen saw a. sha rp drop i n t he
s t r i ng t ens i on ; Gr ady f ound t ha t i t van i shed .

To avo i d us i ng an ac t i on t ha t has con f i nemen t
bu i l t i n , sonne phys i c i s t s have i n t roduced l a t t i ce
ac t i ons t ha t a r e noncompac t d i sc r e t i za t i ons o f
t he con t i nü ' u1_?1 ac t i on w i t h f i e l ds as t he bas i c
va r i ab l es [3 , 6 - 11] . For U (1) t hese noncompac t
f ormu l a t i ons a r e accur a t e f or gene r a l coup l i ng
s t r eng t hs [8] ; f or SU (2) t hey agr ee we l l w i t h pe r -
t urba t i on t heor y a t ve r y weak coup l i ng [9] .

Th i s r epor t r e l a t es t he r esu l t s o f measur i ng
W i l son l oops a t s t rong coup l i ng , 13 - 4 / g=' = 0 . 5 ,
on a. 12 ' l a t t i ce i n a. i i onconapac t s i mu l a t i on
o f SU (2) gauge t heor y w i t hou t , gauge f i x i ng or
f e rm i ons . Cr eu t z r a t i os o f l a rge W i l son l oops pro -
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v i de a l a t t i ce es t i ma t e o f t he qq - f or ce f or heavy
qua r ks . The r e i s no s i gn o f qua r t : con f i nemen t
i n t he l oops t ha t have been measur ed pr ec i se l y .
The f or ce a t . s i x l a t t i ce spac i ngs i s s t ronge r t han
a t f i ve , bu t t he s t a t i s t i cs a r e no t su f f i c i en t t o eva l -
ua . t c t h i s s i gna l .

Pa . t r asc i o i u , Se i l e r , S t a i na t escu , Wo l f f , and
Zwanz i ge r [E] pe r f ormed t he f i r s t noncompac t
s i mu l a t i ons o f SU (2) by us i ng d i sc r e t i za t i ons o f
t he c l ass i ca l ac t i on . They f i xed t he gauge a i i d
saw a. f or ce r a t he r l i ke Cou l o i nb ' s .

I n t he pr esen t s i mu l a t i ons , t he ac t i on i s f r ee
o f spur i ous ze ro modes , and i t , i s no t . necessa r y
t o f i x t he gauge . The f i e l ds a r e cons t an t , on t he
l i nks o f l eng t h a , t he l a t t i ce spac i ng , bu t a r e i n -
t e rpo l a t ed l i nea r l y t hroughou t t he p l aque t t es . I n
t he p l aque t t e w i t h ve r t i ces n , n - + - e . , n + e � , and
n + e . + e � , t he f i e l d i s

The ac t i on . 5 ' i s t he su i n ove r a l l p l aque t t es o f

t he i n t egr a l ove r each p l aque t t e o f t he squa r ed

f i e l d s t r eng t h ,

A ' ( x ) = ( ` ~
a

- n � )A ' (n+e � )

+ (7 t � + 1 - ~� )A a ( r r ) , (1)

and t he f i e l d s t r eng t h i s

Fin � ( x ) = 0 � A 'p ( x ) - c9 l u Aa (X)

+g f b , : A ( x ) A ' ( j ») (2)
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The mean - va l ue I n t he vacuum o f a euc l i dean -
t i me - orde r ed ope r a t or Q (A) i s approx i ma t ed by
a norma l i zed mu l t i p l e i n t egr a l ove r t he A , , ( r2 ) ' s

` TQ ( " ` 1) } 0 ^ f e_ s (A)Q ( "4) i l�,. ,� dA~( r i )
(4)e - s (~ )~ dAa (n )j ` , a , n

wh i ch one may compu t e nume r i ca l l y [1] . I used
Macsyma t o wr i t e t he For t r an code [10] .

The quan t i t y norma l l y used t o s t udy con f i ne -
men t i n qua r k l ess gauge t heor i es i s t he W i l son
l oop , VV ' ( i - , t ) , wh i ch i s t he mean - va l ue i n t he vac -
uum o f t he pa t h - and - t i me - orde r ed exponen t i a l

d i v i ded by t he d i mens i on d o f t he ma t r i ces Ta
t ha t . r epr esen t . t he gene r a t or s o f t he gauge group .
A l t hough W i l son l oops van i sh [12] i n t he exac t
t heor y , Cr eu t z r a t i os X ( r , t ) o f W i l son l oops de -
f i ned [1] as doub l e d i f f e r ences o f l oga r i t hms o f
W i l son l oops

1( r , 1) = - l ogW( r , t ) - l ogW( r - a , t - a )

l og W( r - a , t )+ l ogW( r , t - a ) (6)

a r e f i n i t e . For l a rge t , , ( r , t ) approx i ma t es ( a '
t i mes ) t he f or ce be t ween a qua r k and an an t i -
qua r k sepa r a t ed by t he d i s t ance r .

For a compac t L i e group w i t h N gene r a t or s Ta
norma l i zed as Tr ( t a t b ) = kb a , b , t he l owes t - orde r
pe r t urba t i ve f ormu l a f or t he Cr eu t z r a t i o i s

1( r ' ~1) = 27r«2 [ - f ( r ' , 1) - f ( r ' - a , ’ - a . )

whe r e t he f unc t i on ’ (1» , t ) i s

+ f ( r , 1 - a )+ f ( r " - a , t ) ]

�

(7)
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s i n noncon i pac t SU (2)

and , Q i s t he i nve r se coup l i ng , Q = d / ( kg2) .

To measur e W i l son l oops and t he i r Cr eu t z r a -
t i os x ( r ' , t ) , I used a 12 ' pe r i od i c l a t t i ce , a hea t
ba t h , and t en i ndependen t runs w i t h co l d s t a r t s .
The f i r s t run began w i t h 25 , 000 t he rma l i z i ng
sweeps a t , Q = 2 f o l l owed by 5000 a t 13 = 0 . 5 ;
t he o t he r n i ne runs began a t . 4 = 0 . 5 w i t h 20 , 000
t he rma . l i z i ng sweeps . I n a l l I made 29 , 750 mea -
sur emen t s , sepa r a t i ng success i ve measur emen t s
by t wen t y sweeps and us i ng a. ve r s i on o f Pa r i s i ' s
t r i ck [13] t ha t r espec t s t he dependenc i es i n t he
corne r s o f t he l oops . The va l ues o f t he Cr eu t z
r a t i os so ob t a i ned a r e l i s t ed i n t he t ab l e a l ong
w i t h t he t heor e t i ca l va l ues g i ven by t he f ormu -
l as (7 - 8) . I es t i ma t ed t he e r ror s by t he j ackkn i f e
me t hod [14] , assum i ng t ha t , a l l measur emen t s
we r e i ndependen t . . B i nn i ng i n sma l l groups made
l i t t l e d i f f e r ence .

Noncompac t Cr eu t z r a t i os a t 0 = 0 . 5

I f t he s t a t i c f or ce be t ween heavy qua r ks i s i n -
dependen t o f d i s t ance , t hen t he Cr eu t z r a t i os
X( r , t ) f or l a rge t shou l d be i ndependen t o f r and
t . I n t he l oops t ha t a r e we l l measur ed , he r e i s
no s i gn o f con f i nemen t . The measur ed 1( r , t ) ' s
a r e sma l l e r t han t he i r t r ee - l eve l pe r t urba t i ve va l -
ues (7 - 8) . The r a t i o ß (6a , 6a ) i s b i gge r t han
X j 5a , 5a ) . Bu t t he e r ror i n ß (6a , 6a ) i s huge , and
t he l a rge va l ue o f " (Ga , Ga ) may be a t r ans i en t.

Why don ' t noncompac t s i nu i l a t i ous d i sp l ay
qua r k con f i nemen t . ? He r e a . r e some answe r s :

Noncompac t me t hods l ack an exac t I : ~g . t i ce
gauge i nva r i ance . They have approx i ma t e f orms

á x á Mon t e Ca r l o Orde r 1 / 13

2 x 2 0 . 23111(5) 0 . 39648

3 x 3 0 . 03567(15) 0 . 13092

4 x 4 0 . 00494(41) 0 . 06529

5 x 5 0 . 00165(117) 0 . 03913

6 x 6 0 . 00298(322) 0 . 02608



o f a l l con t i nuum symme t r i es , i nc l ud i ng ga . uge i n -
va r i ance , wh i ch t hey r espec t mor e a t weak cou -
p l i ng t han a t s t rong . So noncompac t me t hods
may no t be su f f i c i en t l y accur a t e a t s t rong cou -
p l i ng and may accommoda t e t oo sma l l a. vo l ume
a t weak coup l i ng . The noncompac t l a t t i ce spac -
i ng aNC(13) i s probab l y sma l l e r t han t he com-
pac t one ac (Q ) . Thus con f i nemen t m i gh t appea r
i n noncompac t s i mu l a t i ons done on much l a rge r
l a t t i ces or a t s t ronge r coup l i ng . Bo t h poss i b i l i t i es
wou l d be expens i ve t o t es t .

Pe rhaps SU (3) , bu t no t SU (2) , con f i nes .
Poss i b l y as Gr i bov has sugges t ed [15] , pur e

SU (3) does no t con f i ne , con f i nemen t be i ng a . f ea -
t ur e on l y o f QCD w i t h l i gh t qua r ks .

Pe rhaps t he t ex t book quan t i za t i on o f QCD ,
wh i ch t h i s noncompac t me t hod emu l a t es , does
no t cor r ec t l y i mp l emen t Gauss ' s l aw . Po l ony i
has a rgued [16] t ha t Gauss ' s l aw shou l d be en -
f or ced by - i n i n t egr a t i on ove r t he group man i f o l d
we i gh t ed by t he Haa r measur e , r a t he r t han by
t he usua l i n t egr a t i on ove r cop i es o f t he r ea l l i ne .
I n a . pr e l i m i na r y t es t o f t hese i deas , I measur ed
t he Po l yakov l i ne o f l eng t h 12a. a t , c ) = 0 . 5 t o be

0 . 00853(67) w i t h t he Haa r measur e wh i ch i s t o
be compa r ed w i t h 0 . 01131(3) w i t hou t i t .

Con f i nemen t i s a robus t and s t r i k i ng phe -
nomenon . Maybe t he t rue con t i nuum t heor y i s
one l i ke W i l son ' s t ha t can d i r ec t l y accoun t f or
i t . The hybr i d measur e
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�

2
e

- f DC , t ( c , L ) n - ( i - WPe

�

C "

�

) l ( ks )dN (A) (9)

r educes t o W i l son ' s pr esc r i p t i on i f t he we i gh t
f unc t i ona l f (C , L ) o f t he pa t h i n t egr a t i on ove r
c l osed cur ves C i s a de l t a . f unc t i ona l w i t h sup -
por t on t he p l aque t t es and i f dp (A) i ncorpo -
r a t es t he Haa r measur e . A we i gh t f unc t i ona l l i ke
f (C , L ) ^ " exp [ - ( I I C I I / L )4] whe r e I I C I I i s t he
l eng t h o f t he cur ve m i gh t g i ve con f i nemen t f or
d i s t ances i nuch l onge r t han L and pe r t urba t i ve

I C Cah i l l / S t a t i c f or ces i n noncompac t SU (2)

QCD f or much shor t e r d i s t ances .
I have bene f i t ed f rom t a l ks w i t h J . Po l ony i and

suppor t by t he Depa r t men t o f Ene rgy .
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