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1 Introduction

Most articles and books on supersymmetry are written for experts. These
notes on supersymmetry are explicitly intended for graduate students in ex-
perimental high-energy physics and were written as part of a seminar which
Michael Gold and I taught at the University of New Mexico during the spring
of 1997.

Because papers about supersymmetry are often written in superfield no-
tation and because superfields are defined in terms of Grassmann variables,
most students get the impression that supersymmetry is harder than quan-
tum field theory. In fact supersymmetric theories are nothing more than
particular quantum field theories in which the fields and parameters satisfy
special relations that make the theories simpler, more symmetric, and easier

to understand.

The relative simplicity of supersymmetry is illustrated by the case of su-
persymmetric quantum mechanics, which is discussed in section 2. The exact
description of the ground state, which typically in ordinary quantum mechan-
ics is impossible, becomes trivial in supersymmetric quantum mechanics.

Section 3 is a laconic list of the notation that will be employed in this
work. Section 4 contains a careful discussion of spin-one-half fields. Special
attention is given to left-handed and right-handed two-component spinors
and to Majorana and Dirac fields.

A discussion of the simplest supersymmetric field theories is given in
section 5 with emphasis upon the fermionic charges that generate the trans-
formations of supersymmetry. The most general supersymmetric theories of
scalar and spinor fields are described in section 6.

Section 7 is an explicit description of the simpler supercharges and of
the magic anti-commutation relations that they satisfy. The transformations
they generate are characterized in section 9. Some formal properties of the
supercharges of free supersymmetric theories are discussed in section 10.

The simpler supersymmetric gauge theories and the Fayet-Iliopoulos D
term are defined in section 11. More general supersymmetric field theories are
described in section 12. The breaking of gauge symmetry and supersymmetry
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in super QED is worked out. Superfield notation is introduced in section 13.

The minimal supersymmetric standard model is discussed in section 14.
The three reasons why two Higgs doublets are needed rather than one as in
the standard model are explained. The electro-weak superpotential is studied
in some detail.

2 Supersymmetric Quantum Mechanics

Supersymmetric quantum mechanics was invented Nicolai [2] and indepen-
dently by Witten [3]. A quantum-mechanical system is supersymmetric if it
has N charges Qi that commute with the hamiltonian

[H,Qi] = 0 for i = 1, . . . , N (1)

and satisfy the algebra
{Qi, Qj} = δijH. (2)

The simplest example is for N = 2 and describes a spin-one-half particle
moving on a line. The wave function ψ(x) is

〈x|ψ〉 = ψ(x) =

(

φ1(x)
φ2(x)

)

. (3)

The charges Qi are

Q1 =
1

2
(σ1p+ σ2W (x))

Q2 =
1

2
(σ2p− σ1W (x)) , (4)

where the σ’s are the Pauli matrices (34) and

〈x|p|ψ〉 = h̄

i

d

dx
ψ(x). (5)

They are hermitian
Q†

1 = Q1 and Q†
2 = Q2. (6)
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The superpotential W (x) may be any function of x that grows sufficiently at
large |x|

|W (x)| → ∞ as |x| → ∞ (7)

to ensure that the spectrum of H is discrete.

Explicit computation shows that

{Q1, Q1} = 2Q2
1 = H =

1

2
p2 +

1

2
W 2(x) +

h̄

2
σ3
dW (x)

dx
, (8)

that

{Q2, Q2} = 2Q2
2 = H =

1

2
p2 +

1

2
W 2(x) +

h̄

2
σ3
dW (x)

dx
, (9)

and that
{Q1, Q2} = 0. (10)

Supersymmetry is unbroken if either charge Q1 or Q2 annihilates a nor-
malizable state ψ0(x)

Q1ψ0(x) = 0. (11)

In this case the state ψ0(x) has zero energy

Hψ0(x) = 2Q2
1ψ0(x) = 0, (12)

and the other charge Q2 must also annihilate the state ψ0(x)

(Q2ψ0, Q2ψ0) =
(

ψ0, Q
†
2Q2ψ0

)

=
(

ψ0, Q
2
2ψ0

)

=
(

ψ0,
1

2
Hψ0

)

= 0. (13)

Since both charges annihilate the state ψ0(x), that state is left invariant
under the unitary transformation

U(θ) = e−iθiQi, (14)

and so supersymmetry is unbroken.

Note that all the energies En must be positive or zero since

H = 2Q2
1 = 2Q†

1Q1. (15)

4



The state ψ0 is easy to find if it exists:

Q1ψ0(x) = 0
1

2
(σ1p+ σ2W (x))ψ0(x) = 0

σ1pψ0(x) = −σ2W (x)ψ0(x)

h̄
dψ0(x)

dx
= σ3W (x)ψ0(x)

ψ0(x) = exp
(∫ x

0
dyh̄−1W (y)σ3

)

ψ0(0). (16)

Now if the superpotential W (x) satisfies

W (x) → ∞ as x→ ∞ (17)

and
W (x) → −∞ as x→ −∞, (18)

then the normalizable state ψ0 is

ψ0(x) = exp
(∫ x

0
dyh̄−1W (y)

)

(

0
1

)

. (19)

If W (x) is continuous, then W (x0) = 0 for some x0.

Equivalently if the superpotential W (x) satisfies

W (x) → −∞ as x → ∞ (20)

and
W (x) → ∞ as x→ −∞, (21)

then the normalizable state ψ0 is

ψ0(x) = exp
(∫ x

0
dyh̄−1W (y)

)

(

1
0

)

. (22)

Again if W (x) is continuous, then W (x0) = 0 for some x0.

But if the superpotential W (x) satisfies

W (x) → ∞ as |x| → ∞ (23)

or
W (x) → −∞ as |x| → ∞, (24)

then there is no normalizable state ψ0 that is annihilated by Q1 or by Q2. In
this case, supersymmetry is dynamically broken.
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3 Notation

We shall use an Anglicized version of the notation of Bagger and Wess,
which they describe in the appendices of their book [1]. Space-time indices
are labeled by letters like l, m, n. Spatial indices are labeled by letters like
i, j, k. The flat metric η is

(ηmn) =











−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1











. (25)

Dotted and undotted spinor indices run from 1 to 2 and are denoted
by the early letters of the English alphabet. Spinor indices are raised and
lowered by the ε tensors

(

εab
)

=
(

0 1
−1 0

)

(26)

and

(εab) =
(

0 −1
1 0

)

. (27)

For example, ψa = εabψb and χa = εabχ
b. If the spinors ψ and χ anti-

commute, then the product ψχ is

ψχ = ψaχa = −ψaχ
a = χaψa = χψ. (28)

The identity

ψaψb = −1

2
ψψ εab (29)

is occasionally useful.

The hermitian conjugates of the spinors ψ and χ are ψ̄ and χ̄:

ψ̄ȧ = (ψa)†

χ̄ȧ = (χa)
† . (30)

Their dotted indices are raised and lowered by the tensors εȧḃ and εȧḃ which
are equal to their undotted counterparts εab and εab. The product ψ̄χ̄ is

ψ̄χ̄ = ψ̄ȧχ̄
ȧ = −ψ̄ȧχ̄ȧ = χ̄ȧψ̄

ȧ = χ̄ψ̄. (31)
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These definitions allow us to write

(χψ)† = (χaψa)
† = ψ̄ȧχ̄

ȧ = ψ̄χ̄ = χ̄ψ̄ (32)

and

ψ̄ȧψ̄ḃ =
1

2
ψ̄ψ̄ εȧḃ. (33)

The Pauli matrices σm
aḃ

are

σ0 =
(−1 0

0 −1

)

σ1 =
(

0 1
1 0

)

σ2 =
(

0 −i
i 0

)

σ3 =
(

1 0
0 −1

) (34)

in which the rule σ0 = −I is occasioned by the choice of metric η =
(−1, 1, 1, 1). The barred Pauli matrices σ̄mȧb are defined as

σ̄mȧb = εȧċεbdσm
dċ , whence σn

aḃ
= εac εḃḋ σ̄

nḋc , (35)

and are related to the unbarred ones by

σ̄0 = σ0 = −I
~̄σ = − ~σ. (36)

The generators of the Lorentz group in the spinor representation are

σnm c
a =

1

4

(

σn
aḃ
σ̄mḃc − σm

aḃ
σ̄nḃc

)

(37)

σ̄nmȧ
ċ =

1

4

(

σ̄nȧbσm
bċ − σ̄mȧbσn

bċ

)

. (38)

The Pauli matrices satisfy the relations

(σmσ̄n + σnσ̄m) b
a = −2ηmnδ b

a , (39)

(σ̄mσn + σ̄nσm)ȧḃ = −2ηmnδȧ
ḃ
, (40)

the trace identities

Tr σmσ̄n = −2ηmn and Tr σmσn = 2δmn, (41)
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and the completeness relation

σ m
aċ σ̄

ḋb
m = −2δ b

a δ
ḋ

ċ , (42)

which implies that

(ψφ) χ̄ḃ = −1

2
φσnχ̄ (ψσn)ḃ = −1

2
φσnχ̄ ψaσnaḃ. (43)

The adjoint of this relation is

χb

(

φ̄ψ̄
)

= −1

2

(

σnψ̄
)

b
χσnφ. (44)

Other useful identities are
(

ξ̄ σ̄m
)

a
= εab

(

ξ̄ σ̄m
)b

= −σm
aċ ξ̄

ċ, (45)

(σ̄m ξ)ȧ = − (ξ σm)ȧ = −εȧċ ξd σm
dċ, (46)

χσnψ̄ = −ψ̄σ̄nχ, (47)

χσmσ̄nψ = ψσnσ̄mχ, (48)
(

χσmψ̄
)†

= ψσmχ̄, (49)

and
(χσmσ̄nψ)† = ψ̄σ̄nσmχ̄. (50)

4 Spinor Fields

All known matter fields are of spin one-half. Yet spinor fields are confusing,
and the authors of most books choose to assume that the topic has been
worked out somewhere else.
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4.1 The Right-Handed Massless Field

The Lagrange density

LK =
i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ (51)

describes a massless two-component spinor field ψ of spin one-half which
satisfies the equation

σ̄n∂nψ = 0. (52)

This field transforms according to the (1
2
, 0) representation of the Lorentz

group and so carries undotted indices. We may expand ψ in terms of the
operators b(p, s) that annihilate the particles of the field ψ and the operators
b†c(p, s) that create the particles that are the anti-particles of the particles of
the field ψ:

ψa(x) =
∑

s

∫

d3p
√

(2π)3

[

eip·xua(p, s)b(p, s) + e−ip·xva(p, s)b
†
c(p, s)

]

, (53)

in which p0 = |~p|. We shall see that the states b†(p, s)|0〉 and b†c(p, s)|0〉
are different, because they have opposite helicity whether or not the field ψ
carries a charge. But circumstances and conventions will determine whether
we call these states particles and anti-particles or just different helicity states
of the same particle.

Since the free field ψ satisfies the free-field equation (52), the spinors
u(p, s) and v(p, s) must be eigenvectors of ~σ · ~p

~σ · ~p u(p, s) = p0 u(p, s) and ~σ · ~p v(p, s) = p0 v(p, s) (54)

with positive eigenvalue p0. Now ~σ · ~p has two eigenvalues ±|~p|, and there is
only one eigenvector of ~σ · ~p with positive eigenvalue p0 = |~p|. Normalized to
unity, this eigenvector u(p) is

u(p) =
1

√

2p0(p0 + p3)

(

p0 + p3

p1 + ip2

)

(55)

apart from a phase factor.
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Thus in the expansion (53) only one helicity state survives, and the ex-
pansion of the massless field ψ takes the form

ψa(x) =
∫

d3p
√

(2π)3

[

eip·xua(p,
1
2
)b(p, 1

2
) + e−ip·xva(p,−1

2
)b†c(p,−1

2
)
]

(56)

in which ua(p,
1
2
) = va(p,−1

2
) = ua(p). Equivalently, we may use the briefer

notation

ψa(x) =
∫ d3p
√

(2π)3
ua(p)

[

eip·xb(p) + e−ip·xb†c(p)
]

. (57)

We impose the anti-commutation relations

{b(p, s), b†(k, s′)} = δss′δ(~p−~k) and {bc(p, s), b†c(k, s′)} = δss′δ(~p−~k) (58)

or equivalently

{b(p), b†(k)} = δ(~p− ~k) and {bc(p), b†c(k)} = δ(~p− ~k) (59)

and require all other anti-commutators of b and bc operators to vanish. It
follows then from these relations and from the explicit form (55) of the spinor
u(p) that the field ψ satisfies the equal-time anti-commutation relations

{ψa(t, ~x), ψ
†
b(t, ~y)} = δab δ(~x− ~y), (60)

and
{ψa(t, ~x), ψb(t, ~y)} = 0. (61)

The spin part of the angular-momentum operator is

~Σ =
∫

d3x : ψ†(x)
1

2
~σ ψ(x) : (62)

in which the colons indicate (fermionic) normal ordering. By using the anti-
commutation relations (60) and (61), one may show that the spin operator
obeys the angular-momentum commutation relations

[Σi,Σj ] = iǫijkΣk (63)

in which the Levi-Civita tensor ǫijk is totally anti-symmetric with ǫ123 = 1. If
we substitute the briefer expansion (57) of the field ψ into the spin operator
Σ, then we may write it as

~Σ =
∫

d3k
[

b†(k)b(k)− b†c(k)bc(k)
]

u†(k)
1

2
~σ u(k). (64)
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By using the anti-commutation relations (59) and the relation ~p · ~σ u(p) =
|~p|u(p), we may show that the state b†(p)|0〉 is an eigen-state of the helicity

operator ~P · ~Σ with eigen-value |~p|/2:
~P · ~Σ b†(p) |0〉

=
∫

d3k
[

b†(k)b(k)− b†c(k)bc(k)
]

u†(k)
1

2
~P · ~σ u(k)b†(p)|0〉

=
∫

d3kb†(k)b(k)u†(k)
1

2
~p · ~σ u(k)b†(p)|0〉

=
∫

d3kb†(k)δ(~k − ~p)u†(k)
1

2
~p · ~σ u(k)|0〉

=
(

u†(p)
1

2
~p · ~σ u(p)

)

b†(p)|0〉 =
(

|~p|
2

)

b†(p)|0〉. (65)

We say that the ψ-particle and the state |b, ~p〉 are right handed, or have
positive helicity, because their momentum and spin are parallel. A similar
computation for the state b†c(p)|0〉 gives

~P · ~Σ b†c(p) |0〉 = −
(

|~p|
2

)

b†c(p) |0〉. (66)

The anti-ψ-particle and the state |bc, ~p〉 are said to be left handed, or to have
negative helicity, because their momentum and spin are anti-parallel.

The field ψ is called right handed because it annihilates particles that are
right handed and creates particles that are left handed. Since the state |b, ~p〉
and the state |bc, ~p〉 have opposite helicities, they can not be the same. Yet
it is conventional to distinguish the two states by the words “particle” and
“anti-particle” only if the field ψ carries a charge. For instance, we speak of
neutrino and anti-neutrino, but not of photon and anti-photon.

4.2 The Left-Handed Massless Field

If the spinor ψa is right handed, then the conjugate spinor ψ̄ȧ is left handed.
We might emphasize this change in handedness by using the letter χ instead
of ψ and writing explicitly

χ̄ȧ = εȧḃ ψ̄ḃ = εȧḃ (ψb)
† (67)

χa = εab ψb. (68)
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By making these substitutions in the action density (51), using the iden-
tity (47), and ignoring any c-number terms arising from the use of that
identity, we may arrive at the Lagrange density for a massless, left-handed,
two-component spinor field χ̄

LK =
i

2
∂nχσ

nχ̄− i

2
χσn∂nχ̄. (69)

This field of spin one-half satisfies the equation

σn∂nχ̄ = 0. (70)

The bar indicates that the field χ̄ transforms according to the (0, 1
2
) repre-

sentation of the Lorentz group and so carries dotted indices. (Whether this
dotty notation is worth the effort is unclear.) Now in the briefer expansion

χ̄a(x) =
∫ d3p
√

(2π)3
va(p)

[

eip·xc(p) + e−ip·xc†c(p)
]

, (71)

the spinor v(p) must be an eigenvector of ~σ · ~p with eigenvalue −p0 = −|~p|

~σ · ~p v(p) = −|~p| v(p). (72)

Normalized to unity, this eigenvector v(p) is

v(p) =
1

√

2p0(p0 + p3)

(

p1 − ip2

−p0 − p3

)

(73)

up to an arbitrary phase factor here chosen so that

v(p)ȧ = εȧḃ (ub)
∗ (74)

in conformity with (67).

We impose the anti-commutation relations

{c(p, s), c†(k, s′)} = δss′δ(~p− ~k) and {cc(p, s), c†c(k, s′)} = δss′δ(~p− ~k)
(75)

or equivalently

{c(p), c†(k)} = δ(~p− ~k) and {cc(p), c†c(k)} = δ(~p− ~k) (76)
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which together with the explicit form (73) of the spinor v(p) imply that that
the field χ satisfies the equal-time anti-commutation relations

{χa(t, ~x), χ
†
b(t, ~y)} = δab δ(~x− ~y), (77)

and
{χa(t, ~x), χb(t, ~y)} = 0. (78)

The spin part of the angular momentum operator is

~Σ =
∫

d3x : χ(x)
1

2
~σ χ̄(x) : (79)

in which the colons indicate (fermionic) normal ordering. As in the case of
the right-handed field, one may derive the eigen-value equations

~P · ~Σ c†(p) |0〉 = −
(

|~p|
2

)

c†(p)|0〉 (80)

~P · ~Σ c†c(p) |0〉 =

(

|~p|
2

)

c†c(p)|0〉 (81)

which show that the particles annihilated by the field χ are left handed and
that their anti-particles are right handed. That is, the state c†(p)|0〉 is left
handed, or of negative helicity, in the sense that its momentum and its spin
are in opposite directions, while the state c†c(p)|0〉 is right handed, or of
positive helicity, because its momentum is parallel to its spin.

4.3 Majorana Mass

Let us now return to the massless right-handed action density (51) and add
to it a Majorana-mass term and its hermitian conjugate

LK =
i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ − 1

2
mψψ − 1

2
mψ̄ψ̄, (82)

in which we have absorbed a possible phase in the Majorana mass m into the
definition of the field ψ. If the mass m is really a constant, and not a field,
then the field ψ can not carry a charge, at least not one whose conservation is
formally implied by a symmetry of the action. It is possible that the mass m
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is actually a field m̂ that assumes a mean value m in the vacuum. And in this
case, the field ψ may carry a charge q if the mass field m̂ carries charge −2q.
But if the mass field m̂ acquires the non-zero mean value m in the vacuum,
then the symmetry of the action that formally implies the conservation of
the charge q would be spontaneously broken. So the field ψ must either be
neutral or the carrier of a charge of a broken symmetry.

We shall consider here the case in which m is really a constant. The field
ψ then satisfies the equation

− iσ̄nȧb∂nψb = mψ̄ȧ = mεȧḃψ̄ḃ. (83)

In a simpler notation, with εȧḃ = iσ2
aḃ
, this equation is

i (∂0 + ~σ · ∇)ψ = imσ2ψ̄. (84)

If we try to solve this equation by expanding the field ψ in the form

ψa(x) =
∑

s

∫

d3p
√

(2π)3

[

eip·xua(p, s)b(p, s)− iσ2e−ip·xv∗a(p, s)b
†
c(p, s)

]

, (85)

then we find
(

p0 − ~σ · ~p
)

u(p, s)b(p, s) = mv(p, s)bc(p, s) (86)
(

p0 − ~σ · ~p
) (

−iσ2v∗(p, s)
)

b†c(p, s) = −imσ2u∗(p, s)b†(p, s). (87)

Evidently the particles described by this field, ψ, must be the same as their
anti-particles

b(p, s) = bc(p, s). (88)

By using the familiar relation σiσj = δij + iεijkσ
k, we may rewrite the spinor

equations as
(

p0 − ~σ · ~p
)

u(p, s) = mv(p, s) (89)
(

p0 + ~σ · ~p
)

v(p, s) = mu(p, s). (90)

By combining these equations, we find
(

(p0)2 − (~p)2
)

u(p, s) =
(

p0 + ~σ · ~p
) (

p0 − ~σ · ~p
)

u(p, s)

= m
(

p0 + ~σ · ~p
)

v(p, s) = m2u(p, s), (91)
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which shows that (p0)2 = (~p)2 + m2. The spinor equations (89) and (90)
together form the “positive-mass” Dirac equation

(ipnγn +m)U(p, s) = 0, (92)

and the spinors u(p, s) and v(p, s) may be identified with the lower and upper
components of its solution U(p, s)

U(p, s) =

(

v(p, s)
u(p, s)

)

. (93)

The addition of Majorana mass terms has converted the action density of
a massless right-handed field to that of a massive field whose particles and
anti-particles are the same or differ by a charge of a broken symmetry.

We may also add Majorana mass terms to the action density (69) of the
left-handed field χ

LK =
i

2
∂nχσ

nχ̄− i

2
χσn∂nχ̄− 1

2
mχχ− 1

2
mχ̄χ̄, (94)

in which we have absorbed a possible phase in the Majorana mass m into
the definition of the field χ. The equation of motion is now

− iσn
aḃ
∂nχ̄

ḃ = mχa = mεabχ
b. (95)

4.4 The Dirac Field

The original spin-one-half field is the Dirac field which is a four-component
combination of the right-handed field ψ and the left-handed field χ̄. In the
massless case, the action density for the Dirac field is just the sum of (69)
for the left-handed field χ̄ and of (51) for the right-handed field ψ

LK =
i

2
∂nχσ

nχ̄− i

2
χσn∂nχ̄+

i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ, (96)

and little is gained by the combination

Ψl =

(

χ̄ȧ

ψb

)

, (97)

15



except that the two field equations (52 ) and (70 ) can be written as

γn∂nΨ(x) = 0. (98)

The γ matrices are required to satisfy the anti-commutation relations

{γn, γm} = 2gnm. (99)

A useful set of γ matrices is

γ0 = −i
(

0 1
1 0

)

and γi = −i
(

0 σi

−σi 0

)

. (100)

The real point of the Dirac field is that it provides a simple way of giving
mass to a field that carries a conserved charge and whose particles and anti-
particles are different. In terms of the two-component fields ψ and χ, the
action density for the massive case is after an integration by parts

LD = −iχσn∂nχ̄− iψ̄σ̄n∂nψ −mχψ −mψ̄χ̄, (101)

which in a simpler notation is

LD = iχ̄† (∂0 − ~σ · ∇) χ̄+ iψ† (∂0 + ~σ · ∇)ψ −mχ̄†ψ −mψ†χ̄. (102)

In Dirac’s notation this action density is

LD = −Ψ (γn∂n +m)Ψ (103)

in which Ψ ≡ iΨ†γ0. The Dirac field of mass m satisfies

(γn∂n +m) Ψ = 0. (104)

The corresponding two-component equations are

− iσn
aḃ
∂nχ̄

ḃ −mψa = 0 (105)

−iσ̄nȧb ∂nψb −mχ̄ȧ = 0. (106)

The expansion of the Dirac field in terms of operators b(p, s) that an-
nihilate the particles of the field Ψ and operators b†c(p, s) that create their
anti-particles is

Ψl(x) =
∑

s

∫

d3p

(2π)3/2

[

Ul(p, s)e
ipxb(p, s) + Vl(p, s)e

−ipxb†c(p, s)
]

(107)
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in which the sum over spin states s is from −1/2 to 1/2 and the index l
runs from 1 to 4. The spinors U(p, s) and V (p, s) are normalized to δss′ and
satisfy the equations

(ipnγn +m)U(p, s) = 0 and (ipnγn −m) V (p, s) = 0 (108)

as well as
1

2
∑

s=− 1

2

U(p, s)U †(p, s) =
i

2p0
(−ipnγn +m) γ0 (109)

and
1

2
∑

s=− 1

2

V (p, s)V †(p, s) =
i

2p0
(−ipnγn −m) γ0. (110)

5 Simple Chiral Multiplets

5.1 A Right-Handed Spinor and a Spinless Boson

The susy action density for a right-handed spinor field ψ not interacting with
a complex spin-zero field A is

LK =
i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ − ∂nĀ∂

nA+ F̄F. (111)

The field equations are

i σ̄n∂nψ = 0 (112)

∂n∂
nA = 0 (113)

F = 0. (114)

By ignoring total derivatives and using the constraint (114), we may write
the kinetic Lagrange density (111) as

LK = −iψ̄σ̄n∂nψ − ∂nĀ∂
nA. (115)
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5.2 Susy Invariance of the Free Field Equations

The susy transformations on the scalar field A, the spinor field ψa, and the
auxiliary field F are

δA =
√
2ξψ (116)

δψ = i
√
2σmξ̄∂mA+

√
2ξF (117)

δF = i
√
2ξ̄σ̄m∂mψ. (118)

The conjugate equations are

δĀ =
√
2ξ̄ψ̄ (119)

δψ̄ = −i
√
2ξσm∂mĀ+

√
2ξ̄F̄ (120)

δF̄ = −i
√
2∂mψ̄σ̄

mξ. (121)

The factors of
√
2 in these equations are due to a convention that probably

ought to be changed.

Under the susy transformation (116–121), the change in the Lagrange
density

LK =
i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ − ∂nĀ∂

nA+ F̄F (122)

is

δLK =
i

2
∂nδψ̄σ̄

nψ +
i

2
∂nψ̄σ̄

nδψ − i

2
δψ̄σ̄n∂nψ − i

2
ψ̄σ̄n∂nδψ

− ∂nδĀ∂
nA− ∂nĀ∂

nδA+ δF̄F + F̄ δF (123)

or

δLK =
i

2
∂n
(

−i
√
2ξσm∂mĀ +

√
2ξ̄F̄

)

σ̄nψ

+
i

2
∂nψ̄σ̄

n
(

i
√
2σmξ̄∂mA+

√
2ξF

)

− i

2

(

−i
√
2ξσm∂mĀ+

√
2ξ̄F̄

)

σ̄n∂nψ

− i

2
ψ̄σ̄n∂n

(

i
√
2σmξ̄∂mA+

√
2ξF

)

− ∂n
(√

2ξ̄ψ̄
)

∂nA− ∂nĀ∂
n
(√

2ξψ
)

+
(

−i
√
2∂mψ̄σ̄

mξ
)

F + F̄
(

i
√
2ξ̄σ̄m∂mψ

)

. (124)
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After a partial cancellation of terms involving ξF , the part of δLK that
depends upon ξ is

δLKξ =
1√
2
ξσmσ̄nψ∂n∂mĀ− 1√

2
ξσmσ̄n∂nψ∂mĀ−

√
2ξ∂nψ∂nĀ

− i√
2
ψ̄σ̄nξ∂nF − i√

2
∂nψ̄σ̄

nξF. (125)

We now use the identity (39) and the commutativity of partial derivatives to
rewrite the first term of the preceding expression

1√
2
ξσmσ̄nψ∂n∂mĀ =

1√
2
ξ (−σnσ̄m − 2ηmnI)ψ∂n∂mĀ

= − 1√
2
ξσmσ̄nψ∂n∂mĀ−

√
2ξψ∂n∂

nĀ. (126)

Thus the change in the action density δLKξ is

δLKξ = − 1√
2
ξσmσ̄nψ∂n∂mĀ−

√
2ξψ∂n∂

nĀ

− 1√
2
ξσmσ̄n∂nψ∂mĀ−

√
2ξ∂nψ∂nĀ

− i√
2
ψ̄σ̄nξ∂nF − i√

2
∂nψ̄σ̄

nξF. (127)

So the change δLKξ is the total divergence

δLKξ = ∂nK
n
Kξ (128)

of the current

Kn
Kξ = − 1√

2
ξσmσ̄nψ∂mĀ−

√
2ξψ∂nĀ− i√

2
ψ̄σ̄nξF. (129)

The change in the free action density δLK is the divergence

δLK = ∂nK
n
K (130)

of the current
Kn

K = Kn
Kξ +Kn

Kξ̄ (131)
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in which Kn
Kξ̄ =

(

Kn
Kξ

)†
. Thus the equations of motion of the free field

theory are invariant under the susy transformation (116–121).

The Noether current associated with the susy transformation (116–121)
of the free action density is

Jn
K =

i

2
δψ̄σ̄nψ − i

2
ψ̄σ̄nδψ − δĀ∂nA− ∂nĀδA

=
i

2

(

−i
√
2ξσm∂mĀ +

√
2ξ̄F̄

)

σ̄nψ − i

2
ψ̄σ̄n

(

i
√
2σmξ̄∂mA +

√
2ξF

)

−
√
2ξ̄ψ̄∂nA− ∂nĀ

√
2ξψ. (132)

The part depending on ξ is

Jn
Kξ =

1√
2
ξσmσ̄nψ∂mĀ− i√

2
ψ̄σ̄nξF −

√
2ξψ∂nĀ. (133)

The Noether current Jn
K satisfies

δLK = ∂nJ
n
K , (134)

and so the difference Jn
K −Kn

K of the two currents

Sn
K = Jn

K −Kn
K (135)

is conserved
∂nS

n
K = 0. (136)

The current Sn
K is the supercurrent of the free Lagrange density LK . The

part Sn
Kξ that depends upon ξ is simply

Sn
Kξ =

√
2ξσmσ̄nψ∂mĀ. (137)

Thus the quantity ξQK is

ξQK =
∫

d3xS0
Kξ =

∫

d3x
√
2ξσmσ̄0ψ∂mĀ. (138)

And so the supercharges QKa of the free theory are

QKa =
√
2
∫

d3xσm
aḃ
σ̄0ḃcψc∂mĀ

= −
√
2
∫

d3xσm
aḃ
ψb∂mĀ. (139)
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5.3 A Left-Handed Spinor and a Spinless Boson

The susy action density for a left-handed spinor χ̄ not interacting with a
complex spin-zero field A is

LK =
i

2
∂nχσ

nχ̄− i

2
χσn∂nχ̄− ∂nĀ∂

nA + F̄F. (140)

The field equations are

i σn∂nχ̄ = 0 (141)

∂n∂
nA = 0 (142)

F = 0. (143)

By ignoring total derivatives and using the constraint (143), we may write
the kinetic Lagrange density (140) as

LK = −iχσn∂nχ̄− ∂nĀ∂
nA. (144)

The susy transformations for the fields A, χa, and F are

δA =
√
2χξ (145)

δχ = −i
√
2ξ̄σ̄m∂mA+

√
2ξF (146)

δF = −i
√
2∂mχσ

mξ̄ (147)

and for their conjugates are

δĀ =
√
2ξ̄χ̄ (148)

δχ̄ = i
√
2σ̄mξ∂mĀ+

√
2ξ̄F̄ (149)

δF̄ = i
√
2ξσm∂mχ̄. (150)

These transformations may seem different from those of equations (116–d
bar F). But if we use the identities (45–47) to write them for the fields A,
χa, and F , then we find that they are in effect the same:

δA =
√
2ξχ (151)

δχ = i
√
2σmξ̄∂mA+

√
2ξF (152)

δF = i
√
2ξ̄σ̄m∂mχ. (153)

δĀ =
√
2ξ̄χ̄ (154)

δχ̄ = −i
√
2ξσm∂mĀ+

√
2ξ̄F̄ (155)

δF̄ = −i
√
2∂mχ̄σ̄

mξ. (156)
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The action density (140) changes only by a total divergence under the
susy transformations (145–150). Indeed the change in the action density
(140) is

δLK =
i

2
∂nδχσ

nχ̄ +
i

2
∂nχσ

nδχ̄− i

2
δχσn∂nχ̄− i

2
χσn∂nδχ̄

− ∂nδĀ∂
nA− ∂nĀ∂

nδA + δF̄F + F̄ δF. (157)

Explicitly this change is

δLK =
i

2
∂n
(

−i
√
2ξ̄σ̄m∂mA+

√
2ξF

)

σnχ̄

+
i

2
∂nχσ

n
(

i
√
2σ̄mξ∂mĀ+

√
2ξ̄F̄

)

− i

2

(

−i
√
2ξ̄σ̄m∂mA +

√
2ξF

)

σn∂nχ̄

− i

2
χσn∂n

(

i
√
2σ̄mξ∂mĀ+

√
2ξ̄F̄

)

− ∂n
(√

2ξ̄χ̄
)

∂nA− ∂nĀ∂
n
(√

2χξ
)

+
(

i
√
2ξσm∂mχ̄

)

F + F̄
(

−i
√
2∂mχσ

mξ̄
)

. (158)

The part that depends upon ξ is

δLKξ =
i√
2
∂nξFσ

nχ̄− 1√
2
∂nχσ

nσ̄mξ∂mĀ

− i√
2
ξFσn∂nχ̄+

1√
2
χσn∂nσ̄

mξ∂mĀ

−
√
2∂nĀ∂

nχξ + i
√
2ξσm∂mχ̄F (159)

or

δLKξ = − 1√
2
∂nχσ

nσ̄mξ∂mĀ+
1√
2
χσnσ̄mξ∂n∂mĀ

−
√
2∂nĀ∂

nχξ +
i√
2
∂n (ξFσ

nχ̄) . (160)

By using formula (39), we may write this change as the divergence

δLKξ = ∂nK
n
Kξ (161)
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of the current

Kn
Kξ = − 1√

2
χσnσ̄mξ ∂mĀ−

√
2 Ā ∂nχξ +

i√
2
ξσnχ̄ F, (162)

which shows that the space-time integral of the action density (140) is in-
variant under the susy transformations (145–150).

The Noether current of the action density (140) under the susy transfor-
mations (145–150) is

Jn
K =

i

2
δχσnχ̄− i

2
χσnδχ̄− δĀ∂nA− ∂nĀδA

=
i

2

(

−i
√
2ξ̄σ̄m∂mA+

√
2ξF

)

σnχ̄− i

2
χσn

(

i
√
2σ̄mξ∂mĀ+

√
2ξ̄F̄

)

−
(√

2ξ̄χ̄
)

∂nA− ∂nĀ
(√

2ξχ
)

. (163)

The part of this current that depends upon ξ is

Jn
Kξ =

i√
2
Fξσnχ̄+

1√
2
χσnσ̄mξ∂mĀ−

√
2∂nĀξχ. (164)

The susy current Sn
ξ is then

Sn
ξ = Jn

Kξ −Kn
Kξ =

√
2χσnσ̄mξ ∂mĀ. (165)

The super-charges of the free theory are therefore

Qa
K =

√
2
∫

d3x
(

χσ0σ̄m
)a
∂mĀ =

√
2
∫

d3xχcσ0
cḃ
σ̄mḃa ∂mĀ. (166)

In a simpler notation, the spinor of susy charges of a left-handed spinor χ̄
not interacting with a complex scalar field A is

QK =
√
2
∫

d3xχ (∂0 + ~σ · ∇) Ā. (167)

6 General Chiral Multiplets
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6.1 A Pair of Right-Handed Fields

For a single right-handed spin-one-half field ψ and a single complex scalar
field A, the most general chiral multiplet is described by the Lagrange density

L =
i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ − ∂nĀ∂

nA + F̄F

+ FW ′ + F̄ W̄ ′ − 1

2
W ′′ψψ − 1

2
W̄ ′′ψ̄ψ̄ (168)

in which W (A) is an analytic function of the complex scalar field A and the
primes indicate differentiation with respect to the field A or Ā

W ′ =
∂W (A)

∂A
, W̄ ′ =

∂W̄ (Ā)

∂Ā
, etc. (169)

The constraints on the auxiliary field F are

F = −W̄ ′ and F̄ = −W ′. (170)

By implementing these constraints and ignoring total derivatives, we may
write the Lagrange density (168) as

L = −iψ̄σ̄n∂nψ − ∂nĀ∂
nA− |W ′|2 − 1

2
W ′′ψψ − 1

2
W̄ ′′ψ̄ψ̄, (171)

in which the term |W ′|2 is the self-interaction of the field A and the last two
terms are Yukawa interactions. The field equations are

− iσ̄n∂nψ = W̄ ′′ψ̄ (172)

∂n∂
nA = W̄ ′′W ′ +

1

2
W̄ ′′′ψ̄ψ̄. (173)

If the theory is to be renormalizable, then the function W (A) should be
a polynomial in the field A that is at most cubic

W (A) = cA +
1

2
mA2 +

1

3
gA3. (174)

in which we have omitted a possible constant term because only derivatives
of W appear in the lagrangian. By a field redefinition A′ = A+ d, where d is
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a constant, one may also remove the linear term cA, as is usually done. For
this case,

W (A) =
1

2
mA2 +

1

3
gA3, (175)

the Lagrange density (171) is

L = −iψ̄σ̄n∂nψ−∂nĀ∂nA−|mA+gA2|2−1

2
(m+ 2gA)ψψ−1

2

(

m̄+ 2ḡĀ
)

ψ̄ψ̄,

(176)
and the equations of motion are

− iσ̄n∂nψ =
(

m̄+ 2ḡĀ
)

ψ̄ (177)

∂n∂
nA =

(

m̄+ 2ḡĀ
) (

mA + gA2
)

+ ḡψ̄ψ̄. (178)

6.2 Many Pairs of Right-Handed Fields

The most general right-handed chiral multiplet consists of n copies of the
spinor, complex scalar, and complex auxiliary fields ψi, Ai, and Fi of the
simplest chiral multiplet. The most general chiral Lagrange density is

L =
i

2
∂nψ̄iσ̄

nψi −
i

2
ψ̄iσ̄

n∂nψi − ∂nĀi∂
nAi + F̄iFi

+ FiWi + F̄iW̄i −
1

2
Wijψiψj −

1

2
W̄ijψ̄iψ̄j (179)

in which sums are understood over repeated indices and in which W (A) is
an analytic function of the n complex scalar fields Ai with

Wi =
∂W

∂Ai
and Wij =

∂2W

∂Ai∂Aj
. (180)

As we shall see, the action density (179) changes only by a total derivative
when its scalar fields Ai, spinor fields ψi, and auxiliary fields Fi are subjected
to the supersymmetry transformations

δAi =
√
2ξψi (181)

δψi = i
√
2σmξ̄∂mAi +

√
2ξFi (182)

δFi = i
√
2ξ̄σ̄m∂mψi (183)
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and to the conjugate susy transformations

δĀi =
√
2ξ̄ψ̄i (184)

δψ̄i = −i
√
2ξσm∂mĀi +

√
2ξ̄F̄i (185)

δF̄i = −i
√
2∂mψ̄iσ̄

mξ. (186)

We may express the auxiliary fields Fi in terms of the scalar fields Ai by
resolving the constraints

0 =
∂L
∂F̄i

= Fi + W̄i and 0 =
∂L
∂Fi

= F̄i +Wi. (187)

Eliminating the auxiliary fields and dropping total derivatives, we may write
the general chiral action density as

L = −ψ̄iσ̄
n∂nψi − ∂nĀi∂

nAi − |Wi|2 −
1

2
Wijψiψj −

1

2
W̄ijψ̄iψ̄j . (188)

If the theory is to be renormalizable, then the function W (A) should be
a polynomial in the n scalar fields Ai that is no higher than cubic

W (A) = ciAi +
1

2
mijAiAj +

1

3
gijkAiAjAk. (189)

Since only derivatives of W appear in the lagrangian, we have omitted a
constant term. The tensors mij and gijk must be totally symmetric in their
indices; any anti-symmetric piece would not contribute to W . By redefining
the scalar fields, one may remove the linear terms

W (A) =
1

2
mijAiAj +

1

3
gijkAiAjAk. (190)

6.3 Invariance of the Right-Handed Chiral Action

It will be useful to separate the Lagrange density (179) into the kinetic part
LK and the interaction part LI

L = LK + LI (191)
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where

LK =
i

2
∂nψ̄iσ̄

nψi −
i

2
ψ̄iσ̄

n∂nψi − ∂nĀi∂
nAi + F̄iFi (192)

and

LI = FiWi + F̄iW̄i −
1

2
Wijψiψj −

1

2
W̄ijψ̄iψ̄j . (193)

The kinetic Lagrange density (192) is the sum of n copies of the Lagrange
density (111). And the susy transformation (181–186) is n copies of the susy
transformation (116–121). Thus just as (111) is invariant under (116–121),
so too the kinetic Lagrange density (192) changes only by a total derivative
under the susy transformation (181–186).

We shall now examine the change in the rest of the lagrangian. Under
the susy transformation (181–186), the part of the change in the interaction
Lagrange density LI that involves ξ is

δLIξ = FiWijδAj + δF̄iW̄i −
1

2
WijkδAiψjψk −Wijψiδψj − W̄ijδψ̄iψ̄j

= FiWij

√
2ξψj − i

√
2∂mψ̄iσ̄

mξW̄i −
1√
2
Wijkξψiψjψk

−Wijψj

√
2ξFi + iW̄ij

√
2ξσm

(

∂mĀi

)

ψ̄j .

in which we drop terms proportional to ξ̄. The first term cancels the fourth
term.

The term Wijkξψiψjψk vanishes because Wijk is symmetric. Let us write
this term more explicitly as Wijkξ

aψaiψ
b
jψbk. Since the spinor indices a and b

can assume only the two values 1 and 2, it follows that in every term at least
two of the spinor indices must be the same. The symmetry in i, j, k of Wijk

then implies that such terms, e.g., Wijkψ1iψ1j , must vanish. In particular

Wijkψ1iψ1j =
1

2
(Wijk +Wjik)ψ1iψ1j =

1

2
(Wijkψ1iψ1j +Wjikψ1iψ1j) (194)

so that

Wijkψ1iψ1j =
1

2
(Wijkψ1iψ1j +Wijkψ1jψ1i) =

1

2
Wijk (ψ1iψ1j + ψ1jψ1i) = 0.

(195)
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Thus using (47), we see that the part of the change δLIξ in the interaction
Lagrange density that depends upon ξ is

δLIξ = −i
√
2ψ̄iσ̄

mξW̄ij∂mĀj − i
√
2∂mψ̄iσ̄

mξW̄i (196)

which is the total divergence

δLIξ = ∂mK
m
Iξ (197)

of the current
Km

Iξ = −i
√
2ψ̄iσ̄

mξW̄i. (198)

The change δLI is the divergence

δLI = ∂nK
n
I = ∂n

(

Kn
Iξ +

(

Kn
Iξ

)†
)

. (199)

Since the change in the full action density (191) is a total divergence

δL = ∂n (K
n
K +Kn

I ) , (200)

the action and the equations of motion are invariant under the susy trans-
formation (116–121).

The species index i essentially serves to label the copies; we shall suppress
it in what follows, except when it is worth noticing.

6.4 Supercharges of the Right-Handed Chiral Theory

Because there are no derivatives of the fields in the interaction Lagrange
density LI , the Noether current of the interacting theory is the same as that
of the free theory. Thus the part of the supercurrent Sn that depends upon
ξ is

Sn
ξ = Jn

Kξ −Kn
Kξ −Kn

I

= Sn
Kξ −Kn

I

=
√
2ξσmσ̄nψ∂mĀ+ i

√
2ψ̄σ̄nξW̄ ′. (201)

The divergence of this susy current is the difference between two equal ex-
pressions for the change in the action density — the Noether form and the
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more straightforward form obtained by substituting the changes in the fields.
The susy current Sn

ξ therefore is conserved:

∂nS
n
ξ = 0. (202)

The supercharge ξQ of this theory is the spatial integral of the time
component of this conserved current

ξQ =
∫

d3xS0
ξ =

√
2
∫

d3x
(

ξσmσ̄0ψ∂mĀ+ iψ̄σ̄0ξW̄ ′
)

. (203)

By the identity (47) we have ψ̄σ̄0ξ = −ξσ0ψ̄, and so the supercharges Qa are

Qa =
√
2
∫

d3x
(

σm
aḃ
σ̄0ḃcψc∂mĀ− iσ0

aḃ
ψ̄ḃW̄ ′

)

. (204)

In a mixed notation the supercharges are

Qa = −
√
2
∫

d3x
(

σm
aḃ
ψb∂mĀ− iψ̄ȧW̄ ′

)

(205)

= −
√
2
∫

d3x
(

σm
aḃ
ψb∂mĀ− iεȧḃψ̄ḃW̄

′
)

(206)

or more simply

Q =
√
2
∫

d3x
[ (

∂0Ā− ~σ · ∇Ā
)

ψ − W̄ ′ σ2ψ̄
]

. (207)

The adjoint supercharges Q̄ȧ are

Q̄ȧ = (Qa)
† =

√
2
∫

d3x
(

ψ̄ċσ̄
0ċbσm

bȧ ∂mA+ iψbσ0
bȧW

′
)

. (208)

In a mixed notation they are

Q̄ȧ = −
√
2
∫

d3x
(

ψ̄ḃσ
m
bȧ∂mA + iεȧḃψbW

′
)

(209)

or more simply

Q̄ȧ =
√
2
∫

d3x
[

ψ̄ (∂0 − ~σ · ∇)A +W ′ σ2ψ
]

. (210)
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6.5 A Pair of Left-Handed Fields

The action density for a left-handed spin-one-half field χ̄ interacting with a
complex scalar field A is

LL =
i

2
∂nχσ

nχ̄− i

2
χσn∂nχ̄− ∂nĀ∂

nA+ F̄F (211)

+ FW ′ + F̄ W̄ ′ − 1

2
W ′′χχ− 1

2
W̄ ′′χ̄χ̄, (212)

in which W (A) is a cubic polynomial in the field A. The equations of motion
are

− iσn∂nχ̄ = W ′′χ (213)

− ∂n∂
nA = FW ′′ − 1

2
W ′′′χχ (214)

F = − W̄ ′. (215)

If we implement the constraint (215) and ignore total derivatives, then we
may write the action density as

LL = − iχσn∂nχ̄− ∂nĀ∂
nA− |W ′|2 − 1

2
W ′′χχ− 1

2
W̄ ′′χ̄χ̄ (216)

and the equations of motion as

− iσn∂nχ̄ = W ′′χ (217)

∂n∂
nA = W̄ ′W ′′ +

1

2
W ′′′χχ. (218)

6.6 Invariance of the Left-Handed Chiral Action

Under the susy transformations (145–150), the change of the interaction part
(212) of the action density is

δLLI = δFW ′ + FW ′′δA+ δF̄ W̄ ′ + F̄ W̄ ′′δĀ−W ′′δχχ− W̄ ′′χ̄δχ̄ (219)

in which we have ignored the terms proportional to the product of three χ’s,
which vanish as shown earlier (194–195). This change is

δLLI =
(

−i
√
2∂mχσ

mξ̄
)

W ′ + FW ′′
(√

2χξ
)

+
(

i
√
2ξσm∂mχ̄

)

W̄ ′

+ F̄ W̄ ′′
(√

2ξ̄χ̄
)

−W ′′
(

−i
√
2ξ̄σ̄m∂mA+

√
2ξF

)

χ

− W̄ ′′χ̄
(

i
√
2σ̄mξ∂mĀ+

√
2ξ̄F̄

)

. (220)
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Of this change, the part that depends upon ξ is

δLLIξ = FW ′′
(√

2χξ
)

+
(

i
√
2ξσm∂mχ̄

)

W̄ ′ −W ′′√2ξFχ

− W̄ ′′χ̄
(

i
√
2σ̄mξ∂mĀ

)

. (221)

By using the identity (47), we may write this change as the divergence

δLLIξ = ∂nK
n
LIξ (222)

of the current
Kn

LIξ = i
√
2ξσnχ̄ W̄ ′. (223)

This result and the earlier one (162) establish the invariance of the action of
this theory under susy transformations.

6.7 Supercharges of the Left-Handed Chiral Theory

The interaction (212) contains no derivatives of χ or of A and so generates no
extra Noether current. The difference between the Noether current (164) and
sum of the currents Kn

Kξ (162) and Kn
LIξ (223) is therefore the susy current

of the interacting theory (211–212):

Sn
ξ = Jn

Kξ −Kn
Kξ −Kn

LIξ =
√
2χσnσ̄mξ ∂mĀ− i

√
2ξσnχ̄ W̄ ′, (224)

and it is conserved
∂nS

n
ξ = 0. (225)

The supercharges Qa of the left-handed chiral theory are given by

ξQ =
∫

d3xS0
ξ =

√
2
∫

d3x
(

χσ0σ̄mξ ∂mĀ− iξσ0χ̄ W̄ ′
)

. (226)

The identity (48) implies that χσ0σ̄mξ = ξσmσ̄0χ, and so the supercharges
Qa are

Qa =
√
2
∫

d3x
(

σm
aḃ
σ̄0ḃcχc ∂mĀ− iσ0

aḃ
χ̄ḃ W̄ ′

)

. (227)

Since σ0 = σ̄0 = −I, we may write the Qa in a mixed notation as

Qa = −
√
2
∫

d3x
(

σm
abχb ∂mĀ− iχ̄ȧ W̄ ′

)

(228)

= −
√
2
∫

d3x
(

σm
abχb ∂mĀ− iεȧḃχ̄ḃ W̄

′
)

(229)
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or in a simpler notation as

Q =
√
2
∫

d3x
[ (

∂0Ā− ~σ · ∇Ā
)

χ− W̄ ′ σ2χ̄
]

. (230)

The adjoint supercharges are

Q̄ȧ =
√
2
∫

d3x
(

χ̄ċσ̄
0ċbσm

bȧ ∂mA + iχbσ0
bȧW

′
)

(231)

or more simply

Q̄ =
√
2
∫

d3x
[

χ̄ (∂0A− ~σ · ∇A) +W ′ σ2χ
]

. (232)

7 The Supercharges

Supercharges satisfy the remarkable {anti-}commutation relations

{

Qa, Q̄ḃ

}

= 2σm
aḃ
Pm (233)

{Qa, Qb} =
{

Q̄ȧ, Q̄ḃ

}

= 0 (234)

[Qa, Pn] =
[

Q̄ȧ, Pn

]

= [Pm, Pn] = 0. (235)

In particular
{

Qa, Q̄ȧ

}

= Q1 (Q1)
† + (Q1)

†Q1 +Q2 (Q2)
† + (Q2)

†Q2

= 2Tr (σm)Pm = −4P0 = 4P 0 = 4H. (236)

The factors of 2 and 4 that litter these equations are due to the extra factors
of

√
2 in the conventional definition of the susy transformation (116–121) of

the chiral multiplet.

By using the canonical commutation relations, one may show that the
right-handed supercharges

Qa =
√
2
∫

d3x
(

σm
aḃ
σ̄0ḃcψc∂mĀ− iσ0

aḃ
ψ̄ḃW̄ ′

)

(237)

Q̄ȧ =
√
2
∫

d3x
(

ψ̄ċσ̄
0ċbσm

bȧ ∂mA + iψbσ0
bȧW

′
)

, (238)
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whose various forms were listed in eqs.(204–210), actually do satisfy the anti-
commutation relations (233, 235). The the canonical equal-time commuta-
tion and anti-commutation relations obeyed by the fields of the right-handed
chiral multiplet are:

[

A(t, ~x), ∂0Ā(t, ~y)
]

= iδ(~x− ~y) (239)
[

Ā(t, ~x), ∂0A(t, ~y)
]

= iδ(~x− ~y) (240)
{

ψa(t, ~x), ψ̄ḃ(t, ~y)
}

= δaḃδ(~x− ~y), (241)

[A(t, ~x), A(t, ~y)] =
[

A(t, ~x), Ā(t, ~y)
]

=
[

Ā(t, ~x), Ā(t, ~y)
]

= 0, (242)

[∂0A(t, ~x), ∂0A(t, ~y)] =
[

∂0A(t, ~x), ∂0Ā(t, ~y)
]

=
[

∂0Ā(t, ~x), ∂0Ā(t, ~y)
]

= 0,

(243)
and

{ψa(t, ~x), ψb(t, ~y)} =
{

ψ̄ȧ(t, ~x), ψ̄ḃ(t, ~y)
}

= 0. (244)

The anti-commutator (233) is
{

Qa, Q̄ḃ

}

= 2
∫

d3xd3y
{(

σm
aċψc∂mĀ− iεacψ̄ċW̄

′
)

,
(

ψ̄ḋσ
n
dḃ
∂nA+ iεḃḋψdW

′
)}

(245)
the sum of four terms. The simplest term arises from the anti-commutator
of the W̄ ′ term with the W ′ term

W̄Waḃ ≡ 2
∫

d3xd3y
{

−iεacψ̄ċ(x)W̄
′(x), iεḃḋψd(y)W

′(y)
}

. (246)

By using the anti-commutation relation (241), we may write this term as

W̄Waḃ = 2
∫

d3xd3y εacεḃḋW̄ ′(x)W ′(y)δcdδ(~x− ~y)

= 2
∫

d3x εacεḃċ|W ′(x)|2

= 2δaḃ

∫

d3x |W ′(x)|2. (247)

The next simplest term arises from the anti-commutator of the first W̄ ′ term
with the ∂A term

W̄Aaḃ ≡ 2
∫

d3xd3y
{

−iεȧċψ̄ċ(x)W̄
′, ψ̄ḋ(y)σ

n
dḃ
∂nA(y)

}

= −2i
∫

d3xd3y
(

εȧċψ̄ċ(x)W̄
′ψ̄ḋ(y)σ

n
dḃ
∂nA(y)

+ψ̄ḋ(y)σ
n
dḃ
∂nA(y)ε

ȧċψ̄ċ(x)W̄
′
)

. (248)

33



Due to the vanishing of the anti-commutator (244), we may write these terms
as

W̄Aaḃ = −2i
∫

d3xd3y εȧċψ̄ċ(x)ψ̄ḋ(y)σ
n
dḃ

[

W̄ ′, ∂nA(y)
]

. (249)

By referring to the commutators (239) and (242), we see that only the n = 0
part survives

W̄Aaḃ = −2i
∫

d3xd3y εȧċψ̄ċ(x)ψ̄ḋ(y)σ
0
dḃ

[

W̄ ′, ∂0A(y)
]

= 2
∫

d3xd3y εȧċψ̄ċ(x)ψ̄ḋ(y)σ
0
dḃ
W̄ ′′δ(~x− ~y)

= 2
∫

d3x εȧċψ̄ċ(x)ψ̄ḋ(x)σ
0
dḃ
W̄ ′′

= 2
∫

d3x ψ̄ḃ(x)ψ̄
ȧ(x)W̄ ′′. (250)

By completing an analogous argument, the reader may show that the adjoint
term ĀW is

ĀWaḃ ≡ 2i
∫

d3xd3y
{

σm
aċψc∂mĀ, iε

bdψdW
′
}

= 2
∫

d3xψa(x)ψb(x)W
′′. (251)

The last term is the full anti-commutator of the free theory

ĀAaḃ ≡ 2
∫

d3xd3y
{

σm
aċψc(x)∂mĀ(x), ψ̄ḋ(y)σ

n
dḃ
∂nA(y)

}

= 2
∫

d3xd3y
(

ψ̄ḋ(y)σ
n
dḃ
∂nA(y)σ

m
aċψc(x)∂mĀ(x)

+ σm
aċψc(x)∂mĀ(x)ψ̄ḋ(y)σ

n
dḃ
∂nA(y)

)

= 2
∫

d3xd3y
(

ψ̄ḋ(y)σ
n
dḃ
σm
aċψc(x)

[

∂nA(y), ∂mĀ(x)
]

+ σm
aċσ

n
dḃ
δċdδ(~x− ~y)∂mĀ(x)∂nA(y)

)

. (252)

By using the commutation relations (239) and (242), we see that the first
term is non-zero if both n = i 6= 0 and m = 0 or if both n = 0 and
m = j 6= 0. In the former case, we integrate by parts over y; in the latter
case, we integrate by parts over x

ĀAaḃ = 2
∫

d3xd3y
(

−∂iψ̄ḋ(y)σ
i
dḃ
σ0
aċψc(x)

[

A(y), ∂0Ā(x)
]
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− ψ̄ḋ(y)σ
0
dḃ
σj
aċ∂jψc(x)

[

∂0A(y), Ā(x)
]

+ σm
aċσ

n
cḃ
δ(~x− ~y)∂mĀ(x)∂nA(y)

)

(253)

= 2
∫

d3xd3y
(

−∂iψ̄ḋ(y)σ
i
dḃ
σ0
aċψc(x)iδ(~x− ~y)

− ψ̄ḋ(y)σ
0
dḃ
σj
aċ∂jψc(x)(−i)δ(~x − ~y)

+ σm
aċσ

n
cḃ
δ(~x− ~y)∂mĀ(x)∂nA(y)

)

= 2
∫

d3x
(

−i∂iψ̄ḋ(x)σ
i
dḃ
σ0
aċψc(x) + iψ̄ḋ(x)σ

0
dḃ
σj
aċ∂jψc(x)

+ σm
aċσ

n
cḃ
∂mĀ(x)∂nA(x)

)

= 2
∫

d3x
(

i∂iψ̄ḋ(x)σ
i
dḃ
ψa(x)− iψ̄ḃ(x)σ

i
aċ∂iψc(x)

+ σm
aċσ

n
cḃ
∂mĀ(x)∂nA(x)

)

. (254)

Collecting our four terms (247), (250), (251), and (254), we find for the
anti-commutator (245) of Qa with Q̄ḃ the expression

{

Qa, Q̄ḃ

}

= 2
∫

d3x
(

i∂iψ̄ḋ(x)σ
i
dḃ
ψa(x)− iψ̄ḃ(x)σ

i
aċ∂iψc(x)

+ σm
aċσ

n
cḃ
∂mĀ(x)∂nA(x) + δaḃ|W ′(x)|2

+ ψa(x)ψb(x)W
′′ + ψ̄ḃ(x)ψ̄

ȧ(x)W̄ ′′
)

. (255)

By setting a = b, summing from 1 to 2, and using the trace identity (41), we
obtain
{

Qa, Q̄ȧ

}

= 4
∫

d3x
(

i

2
∂iψ̄(x)σ

iψ(x)− i

2
ψ̄(x)σi∂iψ(x) + ∂nĀ(x)∂nA(x)

+
1

2
ψψW ′′ +

1

2
ψ̄ψ̄W̄ ′′ + |W ′(x)|2

)

. (256)

Thus the famous relation
{

Qa, Q̄ȧ

}

= 4H. (257)

We may select the momentum operator P3 by taking the trace with σ3:
{

Qa, Q̄ḃ

}

σ3
bȧ = 2

∫

d3x
(

i∂iψ̄ḋ(x)σ
i
dḃ
σ3
bȧψa(x)− iψ̄ḃ(x)σ

3
bȧσ

i
aċ∂iψc(x)

+ σm
aċσ

n
cḃ
σ3
bȧ∂mĀ(x)∂nA(x) + δaḃσ

3
bȧ|W ′(x)|2

+ ψa(x)σ3
bȧψb(x)W

′′ + ψ̄ḃ(x)σ
3
bȧψ̄

ȧ(x)W̄ ′′
)

. (258)
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The terms involving the potential W all vanish. The kinetic term for the
scalar field A contains the trace Tr (σmσnσ3) = −2δm0δn3 − 2δm3δn0. Thus
integrating by parts, we have

{

Qa, Q̄ḃ

}

σ3
bȧ = 2

∫

d3x
(

i∂iψ̄
{

σi, σ3
}

ψ − 2∂0Ā∂3A− 2∂3Ā∂0A
)

= 4
∫

d3x
(

i∂3ψ̄ψ − ∂0Ā∂3A− ∂3Ā∂0A
)

, (259)

which is the relation
{

Qa, Q̄ḃ

}

σ3
bȧ = 4P3. (260)

To verify that the supercharges anti-commute, we use the commutation
relations (242) and (244) to reduce {Qa, Qb} to

{Qa, Qb} = 2
∫

d3xd3y
({

σm
aċψc(x)∂mĀ(x),−iεḃḋψ̄ḋ(y)W̄

′
}

+
{

−iεȧċψ̄ċ(x)W̄
′, σn

bḋ
ψd(y)∂nĀ(y)

})

. (261)

Now using the anti-commutation relation (241), we get

{Qa, Qb} = 2
∫

d3xd3y
(

∂mĀ(x)W̄
′σm

aċ(−i)εḃḋδcdδ(~x− ~y)

+ W̄ ′∂nĀ(y)(−i)εȧċσn
bḋ
δcdδ(~x− ~y)

)

= −2i
∫

d3x ∂nĀ(x)W̄
′
(

σn
aċε

ḃċ + εȧċσn
bċ

)

. (262)

For n = 0, the σ’s and ε’s come to εḃȧ + εȧḃ = 0, and so only the spatial
terms survive

{Qa, Qb} = −2i
∫

d3x ∂iĀ(x)W̄
′
(

σi
aċε

ḃċ + εȧċσi
bċ

)

. (263)

But this quantity is a space integral of a total spatial divergence, and so it
vanishes

{Qa, Qb} = −2i
∫

d3x ∂i
(

W̄
(

σi
aċε

ḃċ + εȧċσi
bċ

))

= 0. (264)

It is worth checking, however, whether the surface terms that we here neglect
as well as those that we neglected in deriving eq.(253) from eq.(252) actually
do vanish. In particular, when susy is spontaneously broken, the minimum
of |W ′| is positive, and there is at least one massless fermion.
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8 The Supercharges As Generators

8.1 The Supercharges Lack Auxiliary Fields

The field equations

0 =
∂L
∂F̄

= F + W̄ ′ and 0 =
∂L
∂F

= F̄ +W ′ (265)

express the auxiliary fields F and F̄ in terms of the fields A and Ā as

F = −W̄ ′ and F̄ = −W ′. (266)

The supercharges Qa and Q̄ḃ involve the fields A and ψ explicitly

Qa = −
√
2
∫

d3x
(

σm
aḃ
ψb∂mĀ− iεȧḃψ̄ḃW̄

′
)

(267)

Q̄ȧ = −
√
2
∫

d3x
(

ψ̄ḃσ
m
bȧ∂mA+ iεȧḃψbW

′
)

. (268)

But in these formulas, the auxiliary fields F and F̄ appear only as −W̄ ′ and
−W ′.

8.2 The Supercharges Generate Susy Transformations

If as the generator G(ξ) of a susy transformation, we use

G(ξ) = ξQ+ Q̄ξ̄, (269)

then we find that the change in the field A(x) is

δξA(x) ≡ [iG(ξ), A(x)] = i
√
2
∫

d3y ξaσm
aḃ
ψb(y)

[

A(x), ∂mĀ(y)
]

= −
√
2
∫

d3y ξaσ0
aḃ
ψb(y)δ(~x− ~y)

=
√
2ξaψa(x) =

√
2ξψ, (270)
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which is (116). But if we apply G(ξ) to the field ψ(x), then we get

δξψa(x) ≡ [iG(ξ), ψa(x)]

=
√
2
∫

d3y
[

ψa(x), ξ
bεḃċψ̄ċ(y)W̄

′ + iψ̄ċ(y)σ
m
cḃ
ξ̄ ḃ∂mA(y)

]

=
√
2
(

−ξbεḃȧW̄ ′ + iσm
aḃ
ξ̄ ḃ∂mA(x)

)

=
√
2
(

ξbεbaW̄
′ + iσm

aḃ
ξ̄ ḃ∂mA(x)

)

=
√
2iσm

aḃ
ξ̄ ḃ∂mA(x)−

√
2ξaW̄

′ (271)

which agrees with (117) if we use −W̄ ′ = F .

8.3 Iterated Susy Transformations

We may now ask what happens when we perform a second susy transforma-
tion

δηδξA(x) ≡ [ iG(η), [iG(ξ), A(x)] ] =
[

iG(η),
√
2ξaψa(x)

]

=
√
2ξa [iG(η), ψa(x)] = 2iξaσm

aḃ
η̄ḃ∂mA(x)− 2ξaηaW̄

′. (272)

So the difference δηδξA− δξδηA is

[δη, δξ]A(x) ≡ [ iG(η), [iG(ξ), A(x)] ]− [ iG(ξ), [iG(η), A(x)] ]

= 2iξσmη̄∂mA(x)− 2ξηW̄ ′ − 2iησmξ̄∂mA(x) + 2ηξW̄ ′

= 2i
(

ξσmη̄ − ησmξ̄
)

∂mA(x). (273)

The algebra closes on the field A, as it must. For by the Jacobi identity,
the difference

[δη, δξ]A(x) = [ iG(η), [iG(ξ), A(x)] ]− [ iG(ξ), [iG(η), A(x)] ] (274)

is
[δη, δξ]A(x) = [A(x), [iG(ξ), iG(η)] ] . (275)

Now by using the definition (269) of the generators and successively eqs.(234)
and (233) of the susy algebra, we may write the commutator of the generators
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as

[iG(ξ), iG(η)] =
[

iξQ+ iQ̄ξ̄, iηQ+ iQ̄η̄
]

=
[

ηQ, Q̄ξ̄
]

−
[

ξQ, Q̄η̄
]

= ηa
{

Qa, Q̄ḃ

}

ξ̄ ḃ − ξa
{

Qa, Q̄ḃ

}

η̄ḃ

= ηa2σn
aḃ
Pnξ̄

ḃ − ξa2σn
aḃ
Pnη̄

ḃ

= 2ησnPnξ̄ − 2ξσnPnη̄. (276)

By virtue of the commutation relations

∂nA(x) = i [A(x), Pn] , (277)

the difference

[δη, δξ]A(x) =
[

A(x), 2ησnPnξ̄ − 2ξσnPnη̄
]

(278)

is
[δη, δξ]A(x) = 2i

(

ξσnη̄ − ησnξ̄
)

∂nA(x), (279)

which is eq.(273).

To see how the algebra closes on the field ψ, we examine the double susy
transformation

δηδξψa(x) ≡ [ iG(η), [ iG(ξ), ψa(x) ] ]

=
[

iG(η),
√
2iσm

aḃ
ξ̄ ḃ∂mA(x)−

√
2ξaW̄

′
]

=
√
2iσm

aḃ
ξ̄ ḃ∂m [ iG(η), A(x) ]−

√
2ξa

[

iG(η) W̄ ′
]

=
√
2iσm

aḃ
ξ̄ ḃ∂m

√
2ηcψc(x)−

√
2ξaW̄

′′
[

iG(η), Ā
]

= 2iσm
aḃ
ξ̄ ḃηc∂mψc(x)−

√
2ξaW̄

′′√2ψ̄ċη̄
ċ

= 2iσm
aḃ
ξ̄ ḃηc∂mψc(x)− 2ξaη̄ċψ̄

ċW̄ ′′. (280)

The Heisenberg equation of motion for the field ψ is

− iσ̄n∂nψ − W̄ ′′ψ̄ = 0. (281)

So we may write the second variation δηδξψa(x) as

δηδξψa(x) = 2iσm
aḃ
ξ̄ ḃηc∂mψc(x) + 2iξaη̄ċσ̄

nċd∂nψd(x). (282)
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We may manipulate the first term into the successive forms

2iσm
aḃ
ξ̄ ḃηc∂mψc = − 2iησmξ̄∂mψa +

∑

c 6=a

(

2iσm
aḃ
ξ̄ ḃηc∂mψc + 2iηcσm

cḃ
ξ̄ ḃ∂mψa

)

= − 2iησmξ̄∂mψa + 2i
∑

c 6=a

(

σm
cḃ
∂mψa − σm

aḃ
∂mψc

)

ηcξ̄ ḃ. (283)

The terms in the restricted sum with c = a actually cancel

2i
∑

c 6=a

(

σm
cḃ
∂mψa − σm

aḃ
∂mψc

)

ηcξ̄ ḃ

= 2i
(

σm
cḃ
∂mψa − σm

aḃ
∂mψc

)

ηcξ̄ ḃ

= 2iεḃḋ
(

εceσ̄
mḋe∂mψa − εaeσ̄

mḋe∂mψc

)

ηcξ̄ ḃ. (284)

Both for a = 1 and for a = 2, this sum is

2i
∑

c 6=a

(

σm
cḃ
∂mψa − σm

aḃ
∂mψc

)

ηcξ̄ ḃ = 2iεḃḋσ̄
mḋc∂mψcεfaη

f ξ̄ ḃ

= 2iσ̄mḋc∂mψcηaξ̄ḃ. (285)

By inserting Kronecker deltas, and next using first (42) and then (47) and
last (44), we may write this last term as

2iσ̄mḋc∂mψcηaξ̄ḃ = 2iσ̄mḋc∂mψcηg ξ̄ḣδ
g
aδ

ḣ
ḃ

= iσn
aḋ
σ̄mḋc∂mψcξ̄ḣσ̄

ḣg
n ηg

= − i (σnσ̄m∂mψ)a ησnξ̄

= 2iηaξ̄σ̄
m∂mψ(x). (286)

Gathering the results (282–286), we may write the second variation of the
field ψa(x) in the symmetrical form

δηδξψa(x) = −2iησmξ̄∂mψa(x) + 2iηaξ̄σ̄
m∂mψ(x) + 2iξaη̄σ̄

m∂mψ(x). (287)

Thus the double difference δηδξψ − δξδηψ is

[δη, δξ]ψa(x) = 2i
(

ξσmη̄ − ησmξ̄
)

∂mψa(x), (288)

which shows that the algebra also closes on the field ψ, as it must.
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9 Susy without Grassmann Variables

Exponentials of the generator G(ξ) = ξQ+ Q̄ξ̄ are not unitary operators be-
cause they involve Grassmann variables. Can one avoid these anti-commuting
variables?

Let us consider using generators G(z) that are complex linear forms in
the supercharges Q and Q̄

G(z) = zQ + Q̄z̄ (289)

where za is a complex spinor.

Now the change in the field A(x) is

dA(x) ≡ [ iG(z), A(x) ] = − i
√
2
∫

d3y zaσm
aḃ
ψb(y)

[

∂mĀ(y), A(x)
]

= −
√
2
∫

d3y zaσ0
aḃ
ψb(y)δ(~x− ~y)

=
√
2zaψa(x) =

√
2zaψa, (290)

which is the same as (270) except that the Grassmann spinor ξ has been
replaced by the complex spinor z. The conjugate change is

dĀ =
√
2ψ̄ȧz̄

ȧ. (291)

This procedure will not work, however, for the Fermi field ψ. Instead we
must write dzψ as an anti-commutator. There are several ways of doing this.
If we want a single rule for the change in the product of two spinor fields
irrespective of whether they transform like ψ or like χ̄, then we can not have
dψ be the adjoint of dψ̄. We choose to have dψ be the adjoint of dψ̄. We
shall have four different rules for the change in the product of two spinor
fields. We define

dψa(x) ≡ −{iG(z), ψa(x)}
=

√
2
∫

d3y
{

zbεḃċψ̄ċ(y)W̄
′ + iψ̄ċ(y)σ

m
cḃ
z̄ḃ∂mA(y), ψa(x)

}

=
√
2
(

zbεḃȧW̄ ′ + iσm
aḃ
z̄ḃ∂mA(x)

)

=
√
2
(

−zbεbaW̄ ′ + iσm
aḃ
z̄ḃ∂mA(x)

)

=
√
2iσm

aḃ
z̄ḃ∂mA(x) +

√
2zaW̄

′. (292)
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The change in the conjugate ψ̄ is the conjugate of the change in ψ:

dψ̄ȧ ≡
{

iG(z), ψ̄ȧ

}

= (−{iG(z), ψa(x)})† = (dzψa)
†

= −
√
2izbσm

bȧ∂mĀ+
√
2z̄ȧW

′. (293)

Although these formulas differ from expression (271) for δψ and its conjugate
for δψ̄ by the signs of their second terms, and of course by the replacement
of a Grassmann spinor ξ by a complex one z, we shall see that these sign
differences are appropriate and that supersymmetry can be implemented by
unitary transformations acting on the states and physical operators of the
theory.

The key point is that the physical operators of the theory contain even
powers of the Fermi fields. Thus the change in the generic product ψφ is

d(ψφ) = [ iG(z), ψφ ]

= iG(z)ψφ− ψφ iG(z)

= iG(z)ψφ+ ψ iG(z)φ − ψ iG(z)φ− ψφ iG(z)

= {iG(z), ψ}φ− ψ {iG(z), φ}
= − dzψ φ+ ψ dzφ, (294)

in which the spinor indices, which may be different, are suppressed. It is easy
to see that the other three rules are:

d(ψ̄φ̄) =
[

iG(z), ψ̄φ̄
]

= dψ̄ φ̄− ψ̄ dφ̄ (295)

d(ψ̄φ) =
[

iG(z), ψ̄φ
]

= dψ̄ φ+ ψ̄ dφ (296)

d(ψφ̄) =
[

iG(z), ψφ̄
]

= −dψ φ̄− ψ dφ̄. (297)

Let us consider now the effect of these transformations on the action
density (171) or equivalently on the general chiral action density (179) with
the index i suppressed and with the auxiliary field F replaced by −W̄ ′,

L =
i

2
∂nψ̄σ̄

nψ − i

2
ψ̄σ̄n∂nψ − ∂nĀ∂

nA− |W ′|2 − 1

2
W ′′ψψ − 1

2
W̄ ′′ψ̄ψ̄. (298)

The change in L due to the changes dzA and dzψ and their conjugates is

dL = [ iG(z),L ] =
i

2
∂ndzψ̄σ̄

nψ +
i

2
∂nψ̄σ̄

ndzψ − i

2
dzψ̄σ̄

n∂nψ − i

2
ψ̄σ̄n∂ndzψ
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− ∂ndzĀ∂
nA− ∂nĀ∂

ndzA− W̄ ′W ′′dzA−W ′W̄ ′′dzĀ

− 1

2
W ′′′dzAψψ − 1

2
W̄ ′′′dzĀψ̄ψ̄ +

1

2
W ′′dzψψ − 1

2
W ′′ψdzψ

− 1

2
W̄ ′′dzψ̄ψ̄ +

1

2
W̄ ′′ψ̄dzψ̄. (299)

The part of dL that depends upon z is

dzL =
i

2
∂n(−

√
2izσm∂mĀ)σ̄

nψ +
i

2
∂nψ̄σ̄

n(
√
2zW̄ ′)

− i

2
(−

√
2izσm∂mĀ)σ̄

n∂nψ − i

2
ψ̄σ̄n∂n(

√
2zW̄ ′)

− ∂nĀ∂
n(
√
2zψ)− W̄ ′W ′′(

√
2zψ)

− 1

2
W ′′′(

√
2zψ)ψψ +

1

2
W ′′(

√
2zW̄ ′)ψ − 1

2
W ′′ψ(

√
2zW̄ ′)

− 1

2
W̄ ′′(−

√
2izσm∂mĀ)ψ̄ +

1

2
W̄ ′′ψ̄(−

√
2izσm∂mĀ). (300)

As in eqs.(194) and (195), the term proportional to W ′′′ vanishes. Also the
two terms proportional to W̄ ′W ′′ cancel. Finally the last two terms may be
written as

i

2
ψ̄ȧσm

bȧz
b∂mW̄

′ =
i

2
ψ̄ċ ε

ȧċσm
bȧε

bdzd ∂mW̄
′ =

i

2
ψ̄σ̄mz ∂mW̄

′ (301)

and as

− i

2
ψ̄ȧz

bσm
bċ ε

ȧċ∂mW̄
′ = − i

2
ψ̄ȧε

ȧċεbdσm
bċzd ∂mW̄

′ =
i

2
ψ̄σ̄mz ∂mW̄

′. (302)

So the change dzL in the action density is

dzL =
1√
2
zσmσ̄nψ∂n∂mĀ− 1√

2
zσmσ̄n∂nψ∂mĀ

−
√
2z∂nψ∂nĀ +

i

2
∂n
(

ψ̄σ̄nzW̄ ′
)

. (303)

Just as in eqs.(125) and (129), we may write this change dzL as the total
divergence

dzL = ∂nK
n
z (304)

of the current

Kn
z = − 1√

2
zσmσ̄n∂mĀ−

√
2zψ∂nĀ+

i

2
ψ̄σ̄nzW̄ ′, (305)
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which shows that the action is invariant under the unitary transformation

U(z) = e−iG(z) (306)

at least for infinitesimal values of the complex spinor z.

Thus unitary operators without Grassmann variables can implement su-
persymmetry transformations upon the action and other operators that in-
volve only even powers of Fermi fields. But the effect (292) of a susy trans-
formation upon a single Fermi field does not seem to admit such a represen-
tation.

Also if we define physical states |ψ〉 as those that under a rotation of
angle 2π about any axis θ̂ suffer at most a phase change

e−i2πθ̂· ~J |ψ〉 = eiφ|ψ〉, (307)

then the unitary operator (306), being the exponential of an operator G(z)
that is odd or fermionic, transforms all physical states that are not annihi-
lated by G(z) into states that are not physical.

10 The Free Supercharges QK

10.1 Expansions

We may expand the supercharges QKa of the free theory in terms of creation
and annihilation operators by using the expansions of the field operators ψa

and A. Since the free field ψa satisfies the free-field equation

− iσ̄n∂nψ = 0, (308)

we may expand it as

ψa(x) =
∫

d3p
√

(2π)3

[

eip·xu(p)ab(p) + e−ip·xv(p)ac
†(p)

]

(309)

in which the spinors u(p) and v(p) are eigenvectors of ~σ · ~p

~σ · ~p u(p) = |~p| u(p) and ~σ · ~p v(p) = |~p| v(p), (310)
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which are normalized u(p)†u(p) = v(p)†v(p) = 1. The expansion of the scalar
field A is

A(x) =
∫

d3k
√

(2π)32|~k|

[

eik·xa(k) + e−ik·xa†c(k)
]

, (311)

in which the operator a†c creates the particle that is the anti-particle of the
particle created by a†. By substituting the expansion (309) and the adjoint
of (311) into the formula (139) for the supercharges of the free theory, we
find after some elementary manipulations

QKa = 2 i
∫

d3p
√

|~p|
[

u(p)a b(p) a
†(p)− v(p)a c

†(p) ac(p)
]

. (312)

Since every term in the supercharge QKa and in its adjoint Q̄Kȧ contains an
annihilation operator, it is clear that both QKa and Q̄Kȧ = Q†

Ka annihilate
the no-particle state |0〉, which is the vacuum of the free-field theory

QKa|0〉 = 0 and Q†
Ka|0〉 = 0, (313)

which incidentally shows that susy is unbroken in the free theory.

10.2 Functional Methods

It may be useful to see how the equations (313) look in terms of the wave
function of the vacuum of the free theory. Let the state |A〉 be a simultaneous
eigenstate of the field operators A and Ā at time t = 0

A(0, ~x)|A〉 = A(~x)|A〉 and Ā(0, ~x)|A〉 = Ā(~x)|A〉. (314)

To define the analogous state for the Fermi field ψ, we follow Weinberg [4],
mutatis mutandis , and write

|ϕ〉 = exp
(∫

d3xψ†
a(0, ~x)ϕa(~x)

)

(

∏

~xb

ψb(0, ~x)

)

|0〉 (315)

in which the sum over a is from 1 to 2. The state |ϕ〉 is an eigenstate of the
operator ψa(0, ~x)

ψa(0, ~x)|ϕ〉 = ϕa(~x)|ϕ〉. (316)
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We may also construct the state

|ϕ̄〉 = exp
(∫

d3x ϕ̄a(~x)ψa(0, ~x)
)

(

∏

~xb

ψ†
b(0, ~x)

)

|0〉 (317)

which is an eigenstate of ψ†
a(0, ~x)

ψ†
a(0, ~x)|ϕ̄〉 = ϕ̄a(~x)|ϕ̄〉. (318)

We shall write the adjoint states as

〈ϕ̄| = 〈0|
(

∏

~xb

ψ†
b(0, ~x)

)

exp
(∫

d3x ϕ̄ȧ(~x)ψa(0, ~x)
)

(319)

which satisfies

〈ϕ̄| ψ̄ȧ(0, ~x) = (ψa(0, ~x)|ϕ〉)† = 〈ϕ̄| ϕ̄ȧ(~x) (320)

and as

〈ϕ| = 〈0|
(

∏

~xb

ψb(0, ~x)

)

exp
(∫

d3xψ†
a(0, ~x)ϕa(~x)

)

(321)

which satisfies

〈ϕ|ψa(0, ~x) =
(

ψ†
a(0, ~x)|ϕ̄〉

)†
= 〈ϕ|ϕa(~x). (322)

But to obtain the effect from the right of ψ on the state 〈ϕ̄| or of ψ† on
the state 〈ϕ|, one differentiates

〈ϕ̄|ψa(0, ~x) =
δ

δϕ̄ȧ
〈ϕ̄| and 〈ϕ|ψ†

a(0, ~x) = − δ

δϕa
〈ϕ| (323)

Both the states |ϕ〉 and the states |ϕ̄〉 form complete sets of states.

Let us now compute the inner product of the no-particle state |0〉 with
the eigenstates of the Fermi fields ψ and ψ†. To this end it will be useful first
to calculate the integrals that occur in the exponentials (315) and (317). We
may expand the field ψ at time t = 0 in terms of the annihilation operators
b(~p) and the creation operators c†(−~p)

ψa(0, ~x) =
∫

d3p
√

(2π)3
ei~p·~x

[

u(~p)ab(~p) + v(−~p)ac†(−~p)
]

. (324)
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We may also expand the Grassmann field ϕ(~x) as

ϕa(~x) =
∫ d3k
√

(2π)3
ei
~k·~x

2
∑

s=1

w(~k, s)a ϕ(k, s) (325)

in which the variables ϕ(k, s) are grassmannian and the vectors w(~k, s) are
chosen to obey the orthonormality relations

2
∑

a=1

w∗(~p, 1)au(~p)a = 1 and
2
∑

a=1

w∗(~p, 1)av(−~p)a = 0

2
∑

a=1

w∗(~p, 2)au(~p)a = 0 and
2
∑

a=1

w∗(~p, 2)av(−~p)a = 1. (326)

Then the integrals are

∫

d3xψ†
a(0, ~x)ϕa(~x) =

∫

d3p
[

b†(~p)ϕ(~p, 1) + c(−~p)ϕ(~p, 2)
]

(327)

and its adjoint

∫

d3x ϕ̄a(~x)ψa(0, ~x) =
∫

d3p
[

ϕ̄(~p, 1)b(~p) + ϕ̄(~p, 2)c†(−~p)
]

, (328)

in which sums over a from 1 to 2 are understood.

We may now evaluate the inner product

〈0|ϕ〉 = 〈0| exp
(∫

d3xψ†
a(0, ~x)ϕa(~x)

)

(

∏

~xb

ψb(0, ~x)

)

|0〉. (329)

In the infinite product, only the negative-frequency parts

ψ
(−)
b (0, ~x) =

∫

d3p
√

(2π)3
ei~p·~xv(−~p)ac†(−~p) (330)

survive

〈0|ϕ〉 = 〈0| exp
(∫

d3xψ†
a(0, ~x)ϕa(~x)

)

(

∏

~xb

ψ
(−)
b (0, ~x)

)

|0〉. (331)
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Substituting our formula (327) for the integral, we get

〈0|ϕ〉 = 〈0| exp
(∫

d3p
[

b†(~p)ϕ(~p, 1) + c(−~p)ϕ(~p, 2)
]

)

(

∏

~xb

ψ
(−)
b (0, ~x)

)

|0〉.

(332)
If at each momentum ~p we now expand the exponential, remembering that
ϕ is Grassmann, then we find

〈0|ϕ〉 = 〈0|




∏

~p

[

1 + d3p
(

b†(~p)ϕ(~p, 1) + c(−~p)ϕ(~p, 2)
)]





(

∏

~xa

ψ(−)
a (0, ~x)

)

|0〉.

(333)
None of the b†(~p) terms survive, and so apart from an overall factor indepen-
dent of ϕ, we have

〈0|ϕ〉 =
∏

~p

ϕ(~p, 2). (334)

By a similar argument we find

〈0|ϕ̄〉 = 〈0| exp
(∫

d3x ϕ̄a(~x)ψa(0, ~x)
)

(

∏

~xb

ψ†
b(0, ~x)

)

|0〉

= 〈0| exp
(∫

d3p
[

ϕ̄(~p, 1)b(~p) + ϕ̄(~p, 2)c†(−~p)
]

)

(

∏

~xb

ψ
(+)†
b (0, ~x)

)

|0〉

=
∏

~p

ϕ̄(~p, 1). (335)

The bosonic wave-function of the vacuum is well known to be

〈A, Ā|0〉 = exp
(

−
∫

d3x Ā(~x)
√
−∇2A(~x)

)

(336)

or equivalently

〈A, Ā|0〉 = exp
(

−
∫

d3xA(~x)
√
−∇2Ā(~x)

)

. (337)

Thus the full wave-functions of the vacuum are

〈ϕ,A, Ā|0〉 =




∏

~p

ϕ(~p, 1)



 exp
(

−
∫

d3xA(~x)
√
−∇2Ā(~x)

)

(338)
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and

〈ϕ̄, A, Ā|0〉 =




∏

~p

ϕ̄(~p, 2)



 exp
(

−
∫

d3x Ā(~x)
√
−∇2A(~x)

)

. (339)

We may now verify in this functional formalism that the free supercharges
QKa and Q̄Kȧ annihilate the no-particle state |0〉. By referring to eq.(139),
we have

〈ϕ,A, Ā|QKa|0〉 = 〈ϕ,A, Ā|(−
√
2)
∫

d3xσm
aḃ
ψb(0, ~x)∂mĀ(0, ~x)|0〉. (340)

The time derivative ∂0Ā(~x) is the canonical momentum operator π(~x) which
may be represented as a functional derivative

〈ϕ,A, Ā|∂0Ā(0, ~x) = 〈ϕ,A, Ā|π(0, ~x) = δ

iδA(~x)
〈ϕ,A, Ā|. (341)

Thus we have

〈ϕ,A, Ā|QKa|0〉 = −
√
2〈ϕ,A, Ā|

∫

d3xσi
aḃ
ψb(0, ~x)∂iĀ(0, ~x)−ψa(0, ~x)π(0, ~x)|0〉.

(342)
Now using the eigenvalue relation (321) and the functional relation (341), we
find

〈ϕ,A, Ā|QKa|0〉 = −
√
2
∫

d3x

[

σi
aḃ
ϕb(~x)∂iĀ(~x)− ϕa(~x)

δ

iδA(~x)

]

〈ϕ,A, Ā|QKa|0〉.
(343)

By using our formula (338) for the wave-function of the vacuum, we have

〈ϕ,A, Ā|QKa|0〉 = −
√
2
∫

d3x

[

σi
aḃ
ϕb(~x)∂iĀ(~x)− ϕa(~x)

δ

iδA(~x)

]

×




∏

~p

ϕ(~p, 1)



 exp
(

−
∫

d3y A(~y)
√
−∇2Ā(~y)

)

= −
√
2
∫

d3x
[

σi
aḃ
ϕb(~x)∂iĀ(~x)− iϕa(~x)

√
−∇2Ā(~x)

]

×




∏

~p

ϕ(~p, 1)



 exp
(

−
∫

d3y A(~y)
√
−∇2Ā(~y)

)
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or after integrating by parts

〈ϕ,A, Ā|QKa|0〉 = i
√
2
∫

d3xĀ(~x)
[(

−i~σ · ∇+
√
−∇2

)

ϕ(~x)
]

a
〈ϕ,A, Ā|QKa|0〉.

(344)

The effect of the differential operator −i~σ ·∇+
√
−∇2 on the Grassmann

field ϕ is

(

−i~σ · ∇+
√
−∇2

)

ϕ(~x) =
∫ d3k
√

(2π)3

(

~σ · ~k + |~k|
)

ei
~k·~x

2
∑

s=1

w(~k, s)ϕ(k, s).

(345)

By their definitions (326), the spinors w(~k, 1) and w(~k, 2) respond to ~σ ·~k+|~k|
the same ways as do the spinors u(~k) and v(−~k) respectively. Thus by the
spinor eigenvalue equations (310), the operator −i~σ ·∇+

√
−∇2 projects out

the part of ϕ that is proportional to w(~k, 1)

(

−i~σ · ∇+
√
−∇2

)

ϕ(~x) =
∫

d3k
√

(2π)3
2|~k|ei~k·~xw(~k, 1)ϕ(~k, 1). (346)

Hence on the vacuum the free supercharge QK produces a doubling of the
Grassmann variable ϕ(~k, 1)

〈ϕ,A, Ā|QKa|0〉 = i
√
2
∫

d3x Ā(~x)
∫

d3k
√

(2π)3
2|~k|ei~k·~xw(~k, 1)aϕ(~k, 1)

×




∏

~p

ϕ(~p, 1)



 e−
∫

d3y A(~y)
√
−∇2Ā(~y) = 0 (347)

which vanishes.

The free adjoint supercharges Q†
K may be shown to annihilate the free

vacuum |0〉 by similar functional manipulations. Indeed because 〈ϕ̄, A, Ā|0〉
is proportional by (339) to the product of ϕ̄(~k, 2) for all ~k, the matrix element

〈ϕ̄, A, Ā|Q†
Kȧ|0〉 = −

√
2
∫

d3x 〈ϕ̄, A, Ā|ψ̄ḃσ
m
bȧ∂mA|0〉

= −
√
2
∫

d3x

[

ϕ̄

(

~σ · ∇A− δ

iδĀ

)]

ȧ

〈ϕ̄, A, Ā|0〉
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= i
√
2
∫

d3x
[

ϕ̄
(

i~σ · ∇A+
√
−∇2A

)]

ȧ
〈ϕ̄, A, Ā|0〉

= i
√
2
∫

d3xA
(

−i∂iϕ̄σi +
√
−∇2ϕ̄

)

ȧ
〈ϕ̄, A, Ā|0〉

= i
√
2
∫

d3xd3k
√

(2π)3
Ae−i~k·~x2|~k|w†

ȧ(
~k, 2)ϕ̄(~k, 2)〈ϕ̄, A, Ā|0〉

= 0 (348)

is proportional to a sum of squares of ϕ̄(~k, 2) and therefore vanishes.

11 Abelian Supersymmetric Gauge Theories

11.1 The Vector Multiplet

The action density of the supersymmetric U(1) gauge theory is

L = −1

4
vmnv

mn − iλ̄σ̄m∂mλ +
1

2
D2 (349)

in which vn is the gauge field and

vmn = ∂mvn − ∂nvm (350)

is the Maxwell field-strength tensor, which is often written as Fmn. Because
the gaugino or photino field λ is, like vn, in the adjoint representation, its
covariant derivative is the same as its ordinary derivative. The theory thus
describes two non-interacting free fields after the constraint D = 0 on the
auxiliary field D is implemented.

The fields vm, λ, and D form part of a vector supermultiplet. One may
make the other fields of the supermultiplet vanish by performing a supergauge
transformation to the Wess-Zumino gauge. Under a general supersymmetry
transformation, these extra fields do not remain zero. But if one augments
an arbitrary supersymmetry transformation by a related supergauge trans-
formation, one may keep the extra fields zero and restore the Wess-Zumino
gauge. The action density (349) changes by at most a total derivative under
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such an augmented supersymmetry transformation

δvm = −iλ̄σ̄mξ + iξ̄σ̄mλ (351)

δλ = σmnξvmn + iξD (352)

δD = −ξσm∂mλ̄− ∂mλσ
mξ̄ (353)

and is invariant under the ordinary gauge transformation

δvm = ∂mω (354)

δλ = 0 (355)

δD = 0 (356)

in which the function ω(x) is a scalar.

11.2 The Fayet-Iliopoulos D Term

Because the auxiliary field D changes only by a space-time derivative un-
der the supersymmetry transformation (353) and not at all under the gauge
transformation (356), the space-time integral of D is invariant and may be
added to the action. This extra piece ξD in the action, conventionally mul-
tiplied by the constant ξ, is known as the Fayet-Iliopoulos D term.

With the Fayet-Iliopoulos D term, the action density

L = −1

4
vmnv

mn − iλ̄σ̄m∂mλ+
1

2
D2 + ξD (357)

entails for the auxiliary field D the constraint

D = −ξ, (358)

and may be written as

L = −1

4
vmnv

mn − iλ̄σ̄m∂mλ− 1

2
ξ2. (359)

The energy density thus acquires the positive term

V =
1

2
ξ2, (360)

and supersymmetry is spontaneously broken.
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11.3 The General Abelian Gauge Theory

The action density for a general supersymmetric abelian gauge theory is

L = −1

4
vmnv

mn (361)

− iλ̄σ̄m∂mλ (362)

+
1

2
D2 (363)

+ ξD (364)

−DmAi DmAi (365)

− iψ̄iσ̄mDmψ
i (366)

+ F̄iFi (367)

− i
√
2gi

(

Āiψiλ− λ̄ψ̄iAi

)

(368)

− giDĀiAi (369)

+mij

(

AiFj −
1

2
ψiψj

)

+ m̄ij

(

ĀiF̄j −
1

2
ψ̄iψ̄j

)

(370)

+ gijk (FiAjAk − ψiψjAk) + ḡijk
(

F̄iĀjĀk − ψ̄iψ̄jĀk

)

, (371)

in which vm is the gauge field, λ is the gaugino field, and the chiral fields ψi

and Ai carry charge gi. The indices i, j, and k which label chiral multiplets
with abelian charges gi, gj, and gk are summed over. The symmetric tensors
mij and gijk must be invariant under the action of the gauge group. The
covariant derivatives‡ are

DmAi = ∂mAi − igivmAi (372)

Dmψi = ∂mψi − igivmψi (373)

Dmψ̄i = ∂mψ̄i + igivmψ̄i (374)

vmn = ∂mv
a
n − ∂nv

a
m . (375)

‡The notation used here for the covariant derivatives follows that of Weinberg [5, 6] in
which the covariant derivative of a field that annihilates a particle of charge q is (∂m −
iqAm)ψ.
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11.4 Super QED

An important example of an abelian gauge theory is super QED with a
Fayet-Iliopoulos D term. The action density is a special case of the general
abelian action density (361–371) in which the index i runs from 1 to 2

Lsqed = − 1

4
vmnv

mn − iλ̄σ̄m∂mλ+
1

2
D2 + ξD

−DmAi DmAi − iψ̄iσ̄mDmψ
i + F̄iFi

− i
√
2gi

(

Āiψiλ− λ̄ψ̄iAi

)

− giDĀiAi

+mij

(

AiFj −
1

2
ψiψj

)

+ m̄ij

(

ĀiF̄j −
1

2
ψ̄iψ̄j

)

(376)

with ψ1 being the right-handed electron and ψ2 being the right-handed
positron. Thus g1 = −q < 0 and Dmψ

1 = (∂m + iqvm)ψ
1; g2 = q > 0

and Dmψ
2 = (∂m − iqvm)ψ

2; and the only non-zero values of the symmetric
tensor mij are m12 = m21 = m.

We may also write this action density in terms of the right- and left-
handed electron fields eR = ψ1 and ēL = ψ̄2. By using the identity (47),
integrating by parts, and dropping surface terms, we see that the action
density

− iψ̄2σ̄mDmψ
2 = −iψ̄2σ̄m(∂m − iqvm)ψ

2 (377)

is equivalent to

− iψ2σmDmψ̄
2 = −iψ2σm(∂m + iqvm)ψ̄

2. (378)

So if we denote the right-handed selectron field as ẽR = A1 and the left-
handed selectron field as ẽL = Ā2, then we may write the action density
(376) in the form

Lsqed = − 1

4
vmnv

mn − iλ̄σ̄m∂mλ+
1

2
D2 + ξD

−DmẽR DmẽR −DmẽL DmẽL − iēRσ̄
mDmeR − ieLσ

mDmēL

+ èRèR + èLèL + i
√
2q
(

ẽReRλ− λ̄ēRẽR
)

− i
√
2q
(

ẽLeLλ− λ̄ēLẽL
)

+ eD(ẽRẽR − ẽLẽL)

+m
(

ẽRèL + ẽLèR − eReL
)

+ m̄
(

ẽRèL + ẽLèR − ēRēL
)

(379)

54



in which we have used for the auxiliary fields of the right- and left-handed
electron the notation èR = F1 and èL = F̄2. Because all the matter fields in
this expression have negative charge −q, all the covariant derivatives in it are
Dm = ∂m+iqvm. It is clear that we may choose the phase of the fields eR, èR,
and ẽR so as to render the mass parameter m real and non-negative whatever
the arbitrary phases of the corresponding left-handed-electron fields might
be. So from now on we shall take m ≥ 0.

The constraints on the auxiliary fields are:

D = −ξ − q
(

|ẽR|2 − |ẽL|2
)

èR = −mẽL
èL = −mẽR, (380)

and when these constraints are enforced the action density takes the form

Lsqed = − 1

4
vmnv

mn − iλ̄σ̄m∂mλ

−DmẽR DmẽR −DmẽL DmẽL − iēRσ̄
mDmeR − ieLσ

mDmēL

+ i
√
2q
(

ẽReRλ− λ̄ēRẽR
)

− i
√
2q
(

ẽLeLλ− λ̄ēLẽL
)

−m(eReL − ēRēL)

− 1

2

[

ξ + q
(

|ẽR|2 − |ẽL|2
)]2 −m2

(

|ẽR|2 + |ẽL|2
)

. (381)

Thus the scalar potential is

V =
1

2

[

ξ + q
(

|ẽR|2 − |ẽL|2
)]2

+m2
(

|ẽR|2 + |ẽL|2
)

. (382)

If ξ = 0, but m 6= 0, then the mean values 〈ẽR〉 and 〈ẽL〉 of the selectron fields
in the vacuum vanish, and neither supersymmetry nor gauge symmetry is
broken. If ξ 6= 0, but m = 0, then gauge symmetry, but not supersymmetry,
is broken in a three-parameter valley of vacua which satisfy

〈Ω|
(

|ẽL|2 − |ẽR|2
)

|Ω〉 = ξ

q
. (383)

When both ξ and m are non-zero with |m|2 > |ξq|, then the mean values
〈ẽR〉 and 〈ẽL〉 both vanish in the vacuum, and gauge symmetry is exact, but
the mean value of the potential in the vacuum is

〈V 〉 = 1

2
ξ2, (384)
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and supersymmetry is broken. On the other hand, when both ξ and m are
non-zero with m2 < |ξq|, then for ξ > 0 there is a one-parameter ring of
vacua Ω in which the mean values of the scalar fields satisfy

〈Ω|ẽR|Ω〉 = 0 (385)

|〈Ω|ẽL|Ω〉| =

√

ξ

q
− m2

q2
. (386)

The U(1) gauge symmetry is broken because this mean value gives mass to
the gauge boson vm, which absorbs the derivative of the phase of the left-
handed selectron field as its longitudinal component. But the overall phase
of the left-handed selectron field is still arbitrary; we now choose it so that
its mean value in the vacuum is non-negative:

h = 〈Ω|ẽL|Ω〉 ≥ 0. (387)

For ξ < 0 one may use these formulae provided one interchanges 1 with 2
and replaces ξ by |ξ|. In these vacua the mean value of the potential is

〈V 〉 = m2|ξ|
q

− m4

2q2
> 0, (388)

and so both gauge symmetry and supersymmetry are broken.

11.5 The Goldstino

When supersymmetry is spontaneously broken, some of the fermions acquire
masses along with some of the gauge bosons, but at least one of the fermions
remains massless. This massless fermion is called the goldstino. We may
illustrate this effect by computing the tree-level masses of the various particles
of super QED for ξ > 0 and m > 0.

In the case m2 > ξq > 0, the mean values of the selectron fields in the
vacuum vanish. Thus the gauge symmetry is unbroken, and the gauge boson
vm remains massless. Also there is no mixing between the electrons eL and eR
and the photino λ, and so the photino remains massless: it is the goldstino.
The right- and left-handed electron fields form a Dirac electron of mass

me = m. (389)

56



The scalar potential V contains the mass terms
(

m2 + ξq
)

|ẽR|2 +
(

m2 − ξq
)

|ẽL|2. (390)

Because in (381) the kinetic action of the complex selectron fields contains
no prefactor of 1/2, we may identify the masses of the selectrons as

m2
ẽR

= m2 + ξq (391)

and
m2

ẽL
= m2 − ξq. (392)

In the case ξq > m2 > 0, both gauge symmetry and supersymmetry
are broken. The simplest mass to identify is that of the gauge boson vm.
In the action density (381), the kinetic term of the left-handed selectron,
−DmẽL DmẽL, contains the mass term of the gauge boson

− q2h2vmv
m = −1

2
m2

vvmv
m (393)

which arises from the mean value

h = 〈Ω|ẽL|Ω〉 =
√

ξ

q
− m2

q2
≥ 0 (394)

of the left-handed selectron which is given by (386) and which we have chosen
to be real and non-negative (387). Thus the mass squared of the gauge boson
vm is

m2
v = 2q2h2 = 2qξ − 2m2, (395)

the U(1) gauge symmetry is broken, and charge is not conserved.

To find the masses of the selectrons, we write the left-handed selectron
as

ẽL = h+ r (396)

in which the field r is hermitian. Then by expressing formula (382) for the
potential V in terms of r, h, and ẽR, we see that the terms linear in r cancel
by (386), and that V contains the mass terms

2m2|ẽR|2 + 2q2h2r2 = m2
ẽR
|ẽR|2 +m2

rr
2. (397)
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Because in (381) the kinetic action of the complex selectron fields contains
no prefactor of 1/2, there is none in this equation. Thus the mass squared
of the right-handed selectron is

m2
ẽR

= 2m2, (398)

and that of the radial part r of the left-handed selectron is

m2
r = 2q2h2 = 2qξ − 2m2 = m2

v. (399)

To find the masses of the fermions of this model, we write down their
linearized equations of motion by differentiating the action density:

iσ̄m∂mλ = i
√
2qh ēL

iσ̄m∂meR = −m ēL

iσ̄m∂meL = i
√
2qh λ̄−m ēR

iσm∂mλ̄ = −i
√
2qh eL

iσm∂mēR = −meL

iσm∂mēL = −i
√
2qh λ−meR. (400)

The Pauli identity (39) implies that the product of the two differential oper-
ators in the above sextet of equations is the operator of Le Rond d’Alembert

iσm∂miσ̄
n∂n = ηmn∂m∂n = ✷. (401)

Thus the second-order linearized field equations are:

✷λ = 2q2h2 λ− i
√
2qhmeR = m2

v λ− imvmeR

✷ eR = i
√
2qhmλ+m2 eR = imvmλ+m2 eR

✷ eL =
(

m2 + 2q2h2
)

eL =
(

m2 +m2
v

)

eL. (402)

It is clear that the squared mass of eL is

m2
eL

= m2 +m2
v. (403)

The eigenvalues of the matrix of squared masses

(

m2
v −imvm

imvm m2

)

(404)
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are 0 and
m2

e′ = m2 +m2
v = m2

eL
. (405)

The massive eigenvector is the field e′R

e′R =
mv λ+ im eR

me′
(406)

which with the field ē′L = ēL forms a Dirac spinor e′ of mass me′ . It is
interesting to note that although the coupling of the left-handed electron to
the massive photon is −q, that of the right-handed electron is less

− qR = −q m
me′

=
−q

√

1 + m2
v

m2

= −q m√
2ξq −m2

(407)

and small if ξq >> m2.

The massless eigenvector is the Goldstone spinor or goldstino

ψ =
imλ +mv eR

me′
. (408)

Let us add up the squared masses of the bosons and subtract the squared
masses of the fermions; we find

∑

i

(−1)2ji(2ji + 1)m2
i = 2m2

ẽR
+m2

r − 4m2
e′ + 3m2

v

= 4m2 +m2
v − 4(m2 +m2

v) + 3m2
v

= 0, (409)

which is an example of the remarkable formula of S. Ferrara, L. Girardello,
and F. Palumbo [7].

The previous case in which m2 > ξq > 0 provides a second example of the
vanishing of the super-trace of the squared masses. In this case the masses
are: mv = mλ = 0, me = m, m2

ẽR
= m2 + ξq, and m2

ẽL
= m2 − ξq. Thus the

supertrace again vanishes:
∑

i

(−1)2ji(2ji + 1)m2
i = 2m2

ẽR
+ 2m2

ẽL
− 4m2

e

= 2(m2 + ξq) + 2(m2 − ξq)− 4m2

= 0. (410)
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12 Non-Abelian Susy Gauge Theories

12.1 The Non-Abelian Vector Multiplet

For an arbitrary non-abelian gauge group, the action density of the super-
symmetric pure gauge theory is

L = −1

4
vamnv

mn
a − iλ̄aσ̄mDab

mλ
b +

1

2
DaDa (411)

in which the indices a, b, and c here represent Yang-Mills indices in the adjoint
representation of the gauge group. The term “pure” means that the gauge
fields vam and λa are not coupled to “matter” fields, and that there are no
matter fields in the theory. The Yang-Mills field strength vamn is

vamn = ∂mv
a
n − ∂nv

a
m + gtabcvbmv

c
n, (412)

and the covariant derivative of the gaugino field λa is

Dab
mλ

b = ∂mδabλ
b + gtacbvcmλ

b, (413)

in which the real numbers tabc are the structure constants of the gauge group
and therefore also the generators of the adjoint representation.

The action density (411) changes by at most a total derivative under the
augmented supersymmetry transformation

δvam = −iλ̄aσ̄mξ + iξ̄σ̄mλa (414)

δλa = σmnξvamn + iξDa (415)

δDa = −ξσmDab
m λ̄

b −Dab
mλ

bσmξ̄. (416)

The constraints imposed on the auxiliary fields Da by the action density
(411) are

Da = 0. (417)
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12.2 Adding Matter Multiplets

One may add to the action density (411) terms for a right-handed chiral
multiplet

LR = −Dij
mAj DmikAk − iψ̄iσ̄

mDij
mψj + F̄iFi

− i
√
2g
(

ĀiT
a
ijψjλ

a − λ̄aψ̄iT
a
ijAj

)

− gDaĀiT
a
ijAj (418)

in which the covariant derivatives are:

Dij
mAj = δij∂mAj − igvamT

a
ijAj (419)

Dij
mψj = δij∂mψj − igvamT

a
ijψj , (420)

and the hermitian matrices T a
ij are the generators of the gauge group in the

representation according to which the fields ψj and Ai transform.

From these formulae for the right-handed multiplet (Ai, ψi, Fi), we may
infer the terms for a left-handed multiplet (Bi, χ̄i, Gi). By integrating by
parts and using the identity (47), we see that the action density

− iψ̄iσ̄
m(δij∂m − igvamT

a
ij)ψj (421)

is equivalent to
− iψjσ

m(δij∂m + igvamT
a
ij)ψ̄i. (422)

Thus if we wish to define the covariant derivatives of the fields Bi and χ̄i of
the left-handed multiplet as

Dij
mBj = δij∂mBj − igvamT

a
ijBj (423)

Dij
mχ̄j = δij∂mχ̄j − igvamT

a
ijχ̄j (424)

which is similar to the definitions (419–420) for the covariant derivatives of
the fields of the right-handed multiplet, then we must replace T a

ij by −T a
ji =

−T a∗
ij throughout the terms that refer to the left-handed multiplet (B, χ̄, G).

This is permissible since the generators T a and −T a∗ have the same structure
constants. The action density for the left-handed multiplet (B, χ̄, G) is thus:

LL = −Dij
mBj DmikBk − iχiσ

mDij
mχ̄j + ḠiGi

− i
√
2g
(

λ̄aB̄iT
a
ijχ̄j − χiT

a
ijBjλ

a
)

+ gDaB̄iT
a
ijBj. (425)
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12.3 The General Non-Abelian Gauge Theory

After field shifts to omit the terms linear in the complex scalar fields and after
some integrations by parts, the most general renormalizable, supersymmetric,
gauge-invariant Lagrange density is

L = −1

4
vamnv

mn
a (426)

− iλ̄aσ̄mDab
mλ

b (427)

+
1

2
DaDa (428)

+ ξaD
a (429)

−Dij
mAj DmikAk (430)

− iψ̄iσ̄mDij
mψ

j (431)

+ F̄iFi (432)

+ µiFi + µ̄iF̄i (433)

− i
√
2g
(

ĀiT
a
ijψjλ

a − λ̄aψ̄iT
a
ijAj

)

(434)

− gDaĀiT
a
ijAj (435)

+mij

(

AiFj −
1

2
ψiψj

)

+ m̄ij

(

ĀiF̄j −
1

2
ψ̄iψ̄j

)

(436)

+ gijk (FiAjAk − ψiψjAk) + ḡijk
(

F̄iĀjĀk − ψ̄iψ̄jĀk

)

, (437)

in which the indices a, b, and c here are Yang-Mills indices in the adjoint rep-
resentation of the gauge group and the indices i, j, and k here are Yang-Mills
indices in an arbitrary representation of the gauge group. In the Fayet-
Iliopoulos term (429), the sum must be restricted to those generators of
the gauge group that commute with all the generators of the gauge group.
(Such generators are said to form invariant abelian subalgebras.) In the
O’Raifeartaigh term (433), the sum must be restricted to those chiral fields
that are singlets under all gauge transformations, i.e., to fields that are com-
pletely neutral and interact only with gravity or with other fields not in the
present model. The symmetric tensors mij and gijk must be invariant under
the action of the gauge group.

The Yang-Mills terms are in vector notation:

DmA = ∂mA− igvamT
aA (438)
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Dmψ = ∂mψ − igvamT
aψ (439)

Dab
mλ

b = ∂mλ
a + gtabcvbmλ

c (440)

vamn = ∂mv
a
n − ∂nv

a
m + gtabcvbmv

c
n (441)

in which vam is the gauge field, λa is the gaugino field, ψ is the chiral Fermi
field, A is the chiral scalar field, T a is a generator of the gauge group in
the arbitrary representation, the tabc are the structure constants of the gauge
group (and therefore also the generators of the adjoint representation), and
g is the coupling constant of the gauge group.

The first term (426) is the gauge-field action. The second term (427)
is the gauged kinetic action of the gauginos. The third term (428) is the
auxiliary fields of the vector multiplet. The fourth term (430) is the gauged
kinetic action of the scalar fields (squarks and sleptons and Higgs). The fifth
term (431) is the gauged kinetic action of the chiral Fermi fields (quarks
and leptons and higgsinos). The sixth term (432) is the auxiliary fields of
the chiral multiplet. The seventh term (434) is a Yukawa interaction of the
chiral scalar, chiral Fermi, and gaugino fields. The eighth term (435) couples
the auxiliary fields of the vector multiplet with the chiral scalar fields. The
ninth term (436) is a hermitian combination of mass terms that couple the
chiral scalar and auxiliary fields and the chiral Fermi fields. The last term
(437) is a hermitian combination of Yukawa interactions among the chiral
scalar and auxiliary fields and the chiral Fermi and scalar fields.

Under the augmented supersymmetry transformation

δAi =
√
2ξψi (442)

δψi = i
√
2σmξ̄Dij

mA
j +

√
2ξF i (443)

δF i = i
√
2ξ̄σ̄mDij

mψ
j − 2igT a

ijA
j ξ̄λ̄a (444)

δvam = −iλ̄aσ̄mξ + iξ̄σ̄mλa (445)

δλa = σmnξvamn + iξDa (446)

δDa = −ξσmDab
m λ̄

b −Dab
mλ

bσmξ̄, (447)

the Lagrange density (426–437) changes only by a total derivative. The Yang-
Mills group indices a, b, c, i, j, k are placed where they fit, and no distinction
is made between raised and lowered Yang-Mills indices.
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The constraints are

0 =
∂L
∂Da

= ξa +Da −
∑

gĀiT
a
ijAj (448)

in which the sum is over all the matter multiplets that couple to Da as well
as over i and j,

0 =
∂L
∂Fi

= µi + F̄i +mijAj + gijkAjAk, (449)

and

0 =
∂L
∂F̄i

= µ̄i + Fi + m̄ijĀj + ḡijkĀjĀk. (450)

By implementing these constraints, we may remove the auxiliary fields Da,
Fi, and F̄i from the action density (426–437). The resulting expression is the
most general supersymmetric, gauge-invariant Lagrange density into which
we must fit the minimal supersymmetric standard model apart from terms
that explicitly break supersymmetry:

L = −1

4
vamnv

mn
a − iλ̄aσ̄mDab

mλ
b −Dij

mAj DmikAk − iψ̄iσ̄mDij
mψ

j (451)

− 1

2

(

ξa −
∑

gĀiT
a
ijAj

)2 − i
√
2g
(

ĀiT
a
ijψjλ

a − λ̄aψ̄iT
a
ijAj

)

(452)

− 1

2
mijψiψj −

1

2
m̄ijψ̄iψ̄j − gijkψiψjAk − ḡijkψ̄iψ̄jĀk (453)

− |µi +mijAj + gijkAjAk|2. (454)

The first line (451) consists of the kinetic action densities of the gauge, gaug-
ino, and matter fields. These terms will be present in any SSM. The only
arbitrariness in them is the choice of the gauge group and of the representa-
tions into which we fit the known fields. In the MSSM, the gauge group is
SU(3)c⊗SU(2)L⊗U(1)Y , and the particles are the usual three generations of
15 suspects, plus the gauge fields, plus two Higgs doublets, plus all the super-
partners. The second line (452) contains the quartic and Yukawa interaction
terms that are required by susy and by the first line (451), as well as the
Fayet-Iliopoulos term (proportional to ξa), which is absent when the gauge
group is semi-simple (i.e., when its Lie group has no invariant abelian sub-
algebras). The third line (453) contains completely arbitrary fermion mass
terms and Yukawa interactions. The fourth line (454) consists of mass terms
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for the scalar matter fields and of cubic and quartic self-interactions among
these fields; these terms are dependent upon the preceding line (453) which
is itself wholly arbitrary, and upon the O’Raifeartaigh term (proportional to
µi), which occurs only when there is a chiral field that is completely neutral.
Yet the gauge group of the standard model is not semi-simple; and if neutri-
nos are Dirac fermions, then the right-handed neutrino is a chiral field that
is completely neutral.

One of the principal benefits of supersymmetry is the cancellation of quar-
tic and quadratic divergences. The most obvious of the obviated divergences
are the first two terms of the zero-point energy

E0 =
∑

i

(−1)2j(2j + 1)
∫

d3k
1

2

√

k2 +m2
i (455)

in which mi is the mass of particle i of spin j. If
∑

i

(−1)2j(2j + 1) = 0, (456)

then the quartic divergence cancels; if
∑

i

(−1)2j(2j + 1)m2
i = 0, (457)

then the quadratic divergence also cancels. When supersymmetry is a sym-
metry of the action but not a symmetry of the vacuum, the cancellations
(456) and (457) in general persist at least at tree level as shown by Ferrara,
Girardello, and Palumbo [7].

Other sum rules similar to (457) but specific to a single chiral supermul-
tiplet also hold when supersymmetry is broken spontaneously. These more
specific sum rules may be incompatible with observed masses, and theories
that evade them — such as ones with a Fayet–Iliopoulos D-term, e.g. (357),
— often have their own problems. But by introducing mirror fermions, so
that every left-handed fermion has a right-handed partner with the same
behavior under gauge transformations, one may be able to construct a the-
ory that respects the sum rules (456) and (457) and still has an acceptable
phenomenology.

Most phenomenologists, however, have resorted to the use of terms that
explicitly break supersymmetry but in ways that do not give rise to new, field-
dependent quadratic divergences. The possible terms that can be added to
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break supersymmetry softly are Majorana mass terms for the gauginos

δLm = −1

2
mλλ− 1

2
m̄ λ̄λ̄, (458)

cubic analytic polynomials in the scalar fields

δLA = c0 + ciAi + cijAiAj + cijkAiAjAk + c̄0 + c̄iĀi + c̄ijĀiĀj + c̄ijkĀiĀjĀk,
(459)

and quadratic forms in the scalar fields

δLA∗A = −mijĀiAj . (460)

Such terms can arise in the low-energy limit of a theory in which local su-
persymmetry, i.e., supergravity, is spontaneously broken at high energy.

Some dimension-three terms do generate awkward quadratic divergences:
explicit mass terms for matter fermions and cubic forms that mix scalar fields
and their hermitian conjugates are not soft [8].

It should be noted, however, that the explicit breaking of supersymmetry
entails a quadratic divergence in the zero-point energy.

13 Superfield Notation

13.1 Superfields

Superfields are functions of space-time and Grassmann coordinates x, θ, θ̄.
They provide an efficient way of finding action densities and of computing
Feynman diagrams. By using superfield notation, one may symbolize com-
pactly the structural parts of the action densities that were described in the
long formulas of the preceding section. But the superfield formalism is a very
technical subject, and so I shall focus on its use as notation.

Because Grassmann coordinates are anti-commuting numbers, a general
superfield F (x, θ, θ̄) may be expressed as a polynomial in the Grassmann
coordinates with highest term θθ θ̄θ̄

F (x, θ, θ̄) = f(x) + θ φ(x) + θ̄ χ̄(x)
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+ θθm(x) + θ̄θ̄ n(x) + θσmθ̄ vm(x)

+ θθ θ̄λ̄(x) + θ̄θ̄ θψ(x) + θθ θ̄θ̄ d(x). (461)

This long, reducible expression involves nine different fields.

13.2 Chiral Superfields

A simpler superfield is the right-handed chiral superfield Φ which is a function
of xm + iθσmθ̄ and θ

Φ(xm + iθσmθ̄, θ) = A(x) + iθσmθ̄ ∂mA(x) +
1

4
θθ θ̄θ̄✷A(x)

+
√
2 θψ(x)− i√

2
θθ ∂mψ(x)σ

mθ̄ + θθ F (x). (462)

We recognize the fields of the right-handed chiral multiplet (111). In fact if
we let ym = xm + iθσmθ̄, then we may write the superfield Φ in the form

Φ(y, θ) = A(y) +
√
2 θψ(y) + θθ F (y), (463)

in which the argument of the auxiliary field F could as well be x.

The adjoint superfield Φ† is a left-handed superfield which is a function
of xm − iθσmθ̄ and θ̄

Φ†(xm − iθσmθ̄, θ̄) = A†(x)− iθσmθ̄ ∂mA
†(x) +

1

4
θθ θ̄θ̄✷A†(x)

+
√
2 θ̄ψ̄(x) +

i√
2
θ̄θ̄ θσm∂mψ̄(x) + θ̄θ̄ F †(x).(464)

With zm = xm − iθσmθ̄, the adjoint superfield Φ† may be written as

Φ†(z, θ̄) = A†(z) +
√
2 θ̄ψ̄(z) + θ̄θ̄ F †(z). (465)

One of the neat things about superfields is that the supersymmetry trans-
formations (116–121), etc., can be thought of as translations in superspace

x′
m

= xm + iθσmξ̄ − iξσmθ̄

θ′ = θ + ξ

θ̄′ = θ̄ + ξ̄. (466)
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For instance after this translation, the part of Φ that is independent of θ and
of θ̄ is

A(x) + δA(x) = A(x) +
√
2 ξψ(x); (467)

the part that depends linearly upon θ is

√
2 θ (ψ(x) + δψ(x)) =

√
2 θ
(

ψ(x) + i
√
2σmξ̄∂mA(x) +

√
2 ξF (x)

)

, (468)

in which the second term of δψ has arisen both from the translation of the
argument x of A(x) and from the translation of θ̄; and the part that depends
quadratically upon θ is

θθ (F (x) + δF (x)) = θθ
(

F (x) + i
√
2 ξ̄σ̄m∂mψ

)

, (469)

in which the change δF (x) has arisen both from the translation of the argu-
ment x of ψ(x) and from the translation of θ̄.

Under a susy transformation, the auxiliary field F (x) of a chiral super-
field changes only by a total derivative, and its space-time integral is a susy
invariant. Such a term, stripped of Grassmann variables, may therefore be
used as an invariant part of a supersymmetric action density. Many susy
invariants are of this form.

The product of two right-handed chiral superfields

Φ1(y, θ)Φ2(y, θ) =
[

A1(y) +
√
2θψ1(y) + θθF1(y)

]

×
[

A2(y) +
√
2θψ2(y) + θθF2(y)

]

(470)

is a right-handed chiral superfield:

Φ1(y, θ)Φ2(y, θ) = A1(y)A2(y) +
√
2θ [A1(y)ψ2(y) + A2(y)ψ1(y)]

+ θθ [A1(y)F2(y) + A2(y)F1(y)− ψ1(y)ψ2(y)] (471)

in which the identity (29) was used to write 2θψ1θψ2 as −θθψ1ψ2. Similarly
the product of two left-handed chiral superfields

Φ†
1(z, θ̄)Φ

†
2(z, θ̄) =

[

A†
1(z) +

√
2θ̄ψ†

1(z) + θ̄θ̄F †
1 (z)

]

×
[

A†
2(z) +

√
2θ̄ψ†

2(z) + θ̄θ̄F2(z)
†
]

(472)
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is a left-handed chiral superfield:

Φ†
1(z, θ̄)Φ

†
2(z, θ̄) = A†

1(z)A
†
2(z) +

√
2θ̄
[

A†
1(z)ψ

†
2(z) + A†

2(z)ψ
†
1(z)

]

+ θ̄θ̄
[

A†
1(z)F

†
2 (z) + A†

2(z)F
†
1 (z)− ψ†

1(z)ψ
†
2(z)

]

.(473)

Thus under a supersymmetry transformation, the θθ component of the
product of two chiral superfields

ΦiΦj |θθ = AiFj + AjFi − ψiψj = AiFj + AjFi − 1
2
(ψiψj + ψjψi) (474)

changes only by a total derivative, and its space-time integral therefore is a
susy invariant, one encountered earlier (436). Similarly the θθ component of
the product of three chiral superfields is a susy invariant:

ΦiΦjΦk|θθ = FiAjAk+FjAkAi+FkAiAj−ψiψjAk−ψjψkAi−ψkψiAj , (475)

which occurs in (437). Such θθ components sometimes are called “F terms”
because the θθ component of the superfield Φ is F , as shown by (462).

Chiral superfields commute, and so the expressions (474) and (475) for
ΦiΦj and ΦiΦjΦk are symmetric in i, j and in i, j, k, respectively. This sym-
metry is the reason why the matrices m and g the superpotential (190) are
symmetric. It follows that combinations like εijΦiΦj vanish. But one may
construct “anti-symmetric” forms like

εijΦiΨj = Φ1Ψ2 − Φ2Ψ1 (476)

that do not vanish. At the risk of overemphasizing this point, which I find
confusing, let us distinguish the two superfields Φ and Ψ by indices and write
the preceding expression as

εijΦiΨj = εijΦ1iΦ2j . (477)

Then the AF part of this “anti-symmetric” form is

A11F22+F11A22−A12F21−F12A21 = A11F22+A22F11−A12F21−A21F12 (478)

which is anti-symmetric under the interchange of the first indices and of the
second indices but is symmetric under the interchange of the double indices.
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The kinetic part of the chiral action density (192) apart from total deriva-
tives is the θθ θ̄θ̄ component of the product Φ†

iΦi

Φ†
iΦi|θθ θ̄θ̄ =

i

2
∂nψ̄iσ̄

nψi −
i

2
ψ̄iσ̄

n∂nψi − ∂nĀi∂
nAi + F̄iFi. (479)

Such θθ θ̄θ̄ components often are called “D terms” because the θθ θ̄θ̄ compo-
nent of the vector superfield V in the Wess-Zumino gauge is D, as shown by
(480).

13.3 Vector Superfields

In what is called the Wess-Zumino gauge, the vector superfield is

V = θσmθ̄ vm(x) + iθθ θ̄λ̄(x)− iθ̄θ̄ θλ(x) +
1

2
θθ θ̄θ̄ D(x), (480)

in which both vm and D are hermitian fields so that the superfield V is also
hermitian.

Superfield notation is less transparent for gauge fields than for chiral
fields. One first defines the differential operators

Da =
∂

∂θa
+ iσm

aȧθ̄
ȧ ∂

∂xm
and D̄ȧ = − ∂

∂θ̄ȧ
− iθaσm

aȧ

∂

∂xm
, (481)

in which the differentiation with respect to θa is from the left, e.g.,

∂

∂θa
θθ =

∂

∂θa
θbθb = θa. (482)

In terms of the real superfield V , one then defines the chiral superfields

Wa = −1

4
D̄D̄ DaV and W̄ȧ = −1

4
DD D̄ȧV. (483)

The θθ component of WW is

WW |θθ = −1

2
vmnvmn − 2iλσm∂mλ̄+D2 +

i

4
vmnvlkεmnlk, (484)

in which D is the auxiliary field, not the differential operator, and εmnlk is the
totally anti-symmetric tensor in four indices with ε0123 = −1. The meager
notational payoff for these spectacularly elaborate definitions is that we may
now write the abelian action density (349) in the form

1

4

(

W aWa|θθ + W̄ȧW̄
ȧ|θ̄θ̄

)

= −1

4
vmnvmn − iλσm∂mλ̄+

1

2
D2. (485)
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14 The Minimal Supersymmetric Standard

Model

The gauge group of the standard model is SU(3)c ⊗ SU(2)L ⊗ U(1)Y which
is spontaneously broken to SU(3)c ⊗ U(1)em. There are three families or
generations of quarks and leptons, each with 15 or 16 particles depending
on whether there are right-handed neutrinos. The first family consists of 6
left-handed quarks which form a triplet under SU(3)c and a doublet under
SU(2)L and carry hypercharge Y = 1/3, quantum numbers which may be
written as (3, 2, 1/3). The hypercharge Y is chosen so as to satisfy the Gell-
Mann–Nishijima relation

Q = I3 +
1

2
Y. (486)

The other 6 first-family quarks form a right-handed color triplet uR that is
a singlet under SU(2)L and has Y = 4/3 and a second right-handed color
triplet dR that is also a singlet under SU(2)L and has Y = −2/3. The leptons
are colorless and form a left-handed doublet under SU(2)L with Y = −1, a
right-handed SU(2)L singlet eR with Y = −2, and possibly a right-handed
SU(2)L singlet νR with Y = 0. These quantum numbers may be restated as

(

~uL
~dL

)

~uR ~dR

(3, 2, 1
3
) (3, 1, 4

3
) (3, 1,−2

3
)

(487)

for the quarks and as

(

νL
eL

)

νR eR

(1, 2,−1) (1, 1, 0) (1, 1,−2)

(488)

for the leptons.

The standard model agrees with all experiments, except possibly in the
neutrino sector where it is easy to add right-handed neutrino spinors to
make mass terms. So in building the minimal supersymmetric standard
model (MSSM), one tries to rock this peaceful boat as little as possible.
It would be nice if we could put the known particles into supersymmetric
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multiplets without adding any super particles. Alas, exactly the opposite is
true: nobody has identified a single pair of particles that are exchanged by
supersymmetry. So supersymmetry doubles the number of particles, as well
as the number of typos. Thus to every particle, we attach a super particle.
For instance to the left-handed quark field qL we associate a “left-handed”
squark field q̃L, and to the right-handed quark field dR, we associate a “right-
handed” field d̃R. Actually the situation is slightly worse: we must add a
second Higgs doublet and its super partners.

14.1 Why Two Higgs Superfields?

There are three reasons why one must have two Higgs doublets and the spart-
ners. The simplest reason is that the spartner of the Higgs doublet (h+, h0)
of the standard model is a doublet of fermions (h̃+, h̃0). These higginos have
Y = 1 and would generate a U(1) anomaly since the trace over all fermions
would now be non zero,

Tr Y 3 = 2. (489)

One may solve this problem by adding a second Higgs superfield with spin-
zero fields (h0, h−) and higgsinos (h̃0, h̃−) with Y = −1. Now we are back
to

Tr Y 3 = 0 (490)

as in the standard model.

The second reason why two Higgs fields are needed is to give mass to the
up quarks, u, c, and t. The quark mass terms of the standard model are of
the form

cu εij qLihj u
†
R + cd h

†
iqLi d

†
R + h.c., (491)

in which h is the Higgs doublet (h̃+, h̃0), qL is the doublet of left-handed
quark fields (uL, dL), and the family indices have been suppressed. If we
promote all the fields of the first term to superfields, using the conventional
notation H2 = (H+

2 , H
0
2) and QL = (UL, DL), then there is no problem with

the mass term for the up quarks

cu εij QLiH2j U
†
R

∣

∣

∣

θ̄θ̄
(492)

which is the product of three left-handed chiral superfields. The problem is
with the mass term for the down quarks. A product of three superfields is
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invariant under supersymmetry only if all three superfields are of the same
chirality. Now QLi and D

†
R are left handed, but H†

2i is right handed. So one
introduces a second left-handed doublet of Higgs superfields H1 = (H0

1 , H
−
1 )

with Y = −1 and writes the down-quark mass term as

cd εij QLiH1j D
†
R

∣

∣

∣

θ̄θ̄
. (493)

The third reason why one needs two Higgs superfield doublets, H1 and
H2, is that the electroweak gauge bosonsWi and B of SU(2)L⊗U(1)Y are the
spin-one fields of the superfields Vi and V . Three of these four massless gauge
bosons become the massive vector bosonsW+,W−, and Z by absorbing three
massless spin-zero bosons; three of their massless spin-one-half superpartners
W̃i and B̃ must therefore become massive by absorbing three massless spin-
one-half fields. Were there only one Higgs superfield doublet, there would
only be two massless spin-one-half fields as candidates for absorption. With
a second Higgs superfield doublet, there is one massless spin-one-half field to
spare.

After the spontaneous breakdown of SU(2)L ⊗ U(1)Y to U(1)EM , the
physical fields are: the massive charged W±’s, the massive Z, and the mass-
less photon, all vector bosons; three massive Dirac fields W̃±, Z̃, and one
massless neutral chiral spinor, all spin-one-half fields; and two charged and
three neutral bosons, all of spin zero. Of course, these spin-one-half and
spin-zero fields may mix with other fields of the MSSM.

14.2 The Electroweak Superpotential

Since the rotation group, SU(3)c, and U(1)EM are unbroken, the fields that
might assume non-zero mean values in the vacuum are likely to be the spin-
zero, colorless, and neutral. The left-handed purely electroweak chiral super-
fields of the MSSM are the two Higgs doublets H1 and H2, the lepton doublet
L = (N0, E−), and the adjoint E†

R of the superfield of the right-handed elec-
tron. In view of the neutrino experiments which are suggestive of neutrino
masses, it makes sense to include the adjoint N †

R of the superfield of the
right-handed neutrino. Then avoiding the letter W and again suppressing
family indices, we may write the electroweak superpotential as

P = c1 εij H1iH2j + c2 εij LiH2j + c3 εij LiH1jE
†
R
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+ c4N
†
R + c5N

†
RN

†
R + c6N

†
RN

†
RN

†
R

+ c7 εij H1iH2jN
†
R + c8 εij LiH2jN

†
R. (494)

Keeping in mind that ε12 = −1, one may expand this gauge-invariant and
susy-invariant superpotential in terms of the components of the several dou-
blets

P = c1
(

H−
1 H

+
2 −H0

1H
0
2

)

+ c2
(

ELH
+
2 −NLH

0
2

)

+ c3
(

ELH
0
1 −NLH

−
1

)

E†
R + c4N

†
R + c5N

†
RN

†
R

+ c6N
†
RN

†
RN

†
R + c7

(

H−
1 H

+
2 −H0

1H
0
2

)

N †
R

+ c8
(

ELH
+
2 −NLH

0
2

)

N †
R. (495)

We may add to the action density the θ̄θ̄ component of P and its hermitian
adjoint.

One conventionally distinguishes superpartners by tildes, writing the se-
lectron as ẽ. Let us extend this notation to auxiliary fields, distinguishing
them with a grave accent, è, so that the superfield of the left-handed electron
takes the form

EL = ẽL +
√
2 θ̄eL + θ̄θ̄ èL. (496)

Then the bosonic part of the θ̄θ̄ component of P is

P |θ̄θ̄b = c1
(

h−1 h̀
+
2 + h̀−1 h

+
2 − h01h̀

0
2 − h̀01h

0
2

)

+ c2
(

ẽLh̀
+
2 + èLh

+
2 − ν̃Lh̀

0
2 − ν̀Lh

0
2

)

+ c3
[(

ẽLh̀
0
1 + èLh

0
1 − ν̃Lh̀

−
1 − ν̀Lh

−
1

)

ẽ†R +
(

ẽLh
0
1 − ν̃Lh

−
1

)

è†R
]

+ c4 ν̀
†
R + 2c5 ν̃

†
Rν̀

†
R + 3c6 ν̃

†
Rν̃

†
Rν̀

†
R

+ c7
[(

h−1 h̀
+
2 + h̀−1 h

+
2 − h01h̀

0
2 − h̀01h

0
2

)

ν̃†R

+
(

h−1 h
+
2 − h01h

0
2

)

ν̀†R
]

+ c8
[(

ẽLh̀
+
2 + èLh

+
2 − ν̃Lh̀

0
2 − ν̀Lh

0
2

)

ν̃†R

+
(

ẽLh
+
2 − ν̃Lh

0
2

)

ν̀†R
]

. (497)

Let us collect the terms of the action density that involve the auxiliary
field ν̀R of the right-handed neutrino:

Lν̀R = ν̀†Rν̀R + c4 ν̀
†
R + c̄4 ν̀R + 2c5 ν̃

†
Rν̀

†
R + 2c̄5 ν̃Rν̀R
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+ 3c6 ν̃
†
Rν̃

†
Rν̀

†
R + 3c̄6 ν̃Rν̃Rν̀R

+ c7
(

h−1 h
+
2 − h01h

0
2

)

ν̀†R + c̄7
(

h+1 h
−
2 − h0†1 h

0†
2

)

ν̀R

+ c8
(

ẽLh
+
2 − ν̃Lh

0
2

)

ν̀†R + c̄8
(

ẽ†Lh
−
2 − ν̃†Lh

0†
2

)

ν̀R. (498)

The constraint on ν̀R is

ν̀R = −c4−2c5ν̃
†
R−3c6

(

ν̃†R
)2−c7

(

h−1 h
+
2 − h01h

0
2

)

−c8
(

ẽLh
+
2 − ν̃Lh

0
2

)

. (499)

So the action density Lν̀R becomes

Lν̀R = −
∣

∣

∣

∣

c4 + 2c5ν̃
†
R + 3c6

(

ν̃†R
)2

+ c7
(

h−1 h
+
2 − h01h

0
2

)

+ c8
(

ẽLh
+
2 − ν̃Lh

0
2

)

∣

∣

∣

∣

2

.

(500)

The part of the action density that involves the auxiliary field h̀01 is

Lh̀0

1

= h̀0†1 h̀
0
1 − c1 h̀

0
1h

0
2 − c̄1 h̀

0†
1 h

0†
2 + c3 ẽLẽ

†
R h̀

0
1 + c̄3 ẽ

†
LẽR h̀

0†
1

− c7 h̀
0
1h

0
2 ν̃

†
R − c̄7 h̀

0†
1 h

0†
2 ν̃R. (501)

So h̀01 must be
h̀01 = c̄1 h

0†
2 − c̄3 ẽ

†
LẽR + c̄7 h

0†
2 ν̃R, (502)

and Lh̀0

1

becomes

Lh̀0

1

= −
∣

∣

∣c̄1 h
0†
2 − c̄3 ẽ

†
LẽR + c̄7 h

0†
2 ν̃R

∣

∣

∣

2
. (503)

The action density for the auxiliary field h̀02 is

Lh̀0

2

= h̀0†2 h̀
0
2 − c1 h

0
1h̀

0
2 − c̄1 h

0†
1 h̀

0†
2 − c2 ν̃Lh̀

0
2 − c̄2 ν̃

†
Lh̀

0†
2

− c7 h
0
1h̀

0
2 ν̃

†
R − c̄7 h

0†
1 h̀

0†
2 ν̃R − c8ν̃Lν̃

†
Rh̀

0
2 − c̄8ν̃

†
Lν̃Rh̀

0†
2 . (504)

So h̀02 must be

h̀02 = c̄1 h
0†
1 + c̄2 ν̃

†
L + c̄7 h

0†
1 ν̃R + c̄8 ν̃

†
Lν̃R, (505)

and Lh̀0

2

must be

Lh̀0

2

= −
∣

∣

∣c̄1 h
0†
1 + c̄2 ν̃

†
L + c̄7 h

0†
1 ν̃R + c̄8 ν̃

†
Lν̃R

∣

∣

∣

2
. (506)
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The action density for the remaining neutral chiral auxiliary field ν̀L is

Lν̀L = ν̀†Lν̀L−c2ν̀Lh02−c̄2 ν̀†Lh0†2 −c3ν̀Lh−1 ẽ†R−c̄3 ν̀†Lh+1 ẽR−c8ν̀Lν̃†Rh02−c̄8ν̀†Lν̃Rh0†2 .
(507)

The constraint on ν̀L is

ν̀L = c̄2 h
0†
2 + c̄3 h

+
1 ẽR + c̄8ν̃Rh

0†
2 . (508)

So the action density Lν̀L is

Lν̀L = −
∣

∣

∣c̄2 h
0†
2 + c̄3 h

+
1 ẽR + c̄8ν̃Rh

0†
2

∣

∣

∣

2
. (509)

Since charge is conserved, we shall be interested mainly in the purely
neutral part of the above contributions to the scalar potential and in other
purely neutral terms that arise from the SU(2)L auxiliary fields ~D

L ~D = −1

2

(

∑

g2Āi
1
2
~σijAj

)2
(510)

and from the U(1)Y auxiliary field D

LD = −1

2

(

−ξ +
∑

g1
1
2
yi|Ai|2

)2
. (511)

The purely neutral part of L ~D is

L0
~D
= −1

8
g22
(

|h01|2 − |h02|2 + |ν̃L|2
)2
, (512)

while that of LD is

L0
D = −1

2

[

−ξ + g1
2

(

−|h01|2 + |h02|2 − |ν̃L|2
)

]2

. (513)

If we now gather all these purely neutral terms, then we may write the
purely neutral scalar potential as

V0 =

∣

∣

∣

∣

c4 + 2c5ν̃
†
R + 3c6

(

ν̃†R
)2 − c7 h

0
1h

0
2 − c8 ν̃Lh

0
2

∣

∣

∣

∣

2

+ |c̄1 + c̄7 ν̃R|2
∣

∣

∣h02

∣

∣

∣

2

+
∣

∣

∣c̄1 h
0†
1 + c̄2 ν̃

†
L + c̄7 h

0†
1 ν̃R + c̄8 ν̃

†
Lν̃R

∣

∣

∣

2
+ |c̄2 + c̄8ν̃R|2

∣

∣

∣h02

∣

∣

∣

2

+
1

2

[

ξ +
g1
2

(

|h01|2 − |h02|2 + |ν̃L|2
)

]2

+
1

8
g22
(

|h01|2 − |h02|2 + |ν̃L|2
)2
. (514)
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The last two terms in this expression for V0 are positive and can not both
be zero unless ξ = 0. Thus if ξ 6= 0, then V0 > 0, and supersymmetry is
broken spontaneously. It is also clear that if |ξ| is sufficiently large, then the
minimum of the potential will be drawn toward

|h01|2 − |h02|2 + |ν̃L|2 = −2
ξ

g1
, (515)

so that gauge symmetry will also be broken spontaneously.
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