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Let’s look again at Langevin’s equation (13.116) but with u as the indepen-
dent variable

P+ B~ a(u). (13.146)

If we multiply both sides by the exponential exp(u/T)

dv v d
wv v u/T - v u/T — u/T
(du + T> e — (ve ) a(u) e (13.147)
and integrate from 0 to ¢
/ d (e du=w(t) e/~ v(0) = / Ca(w) e du (13.148)
0 du 0 '
then we get
¢
v(t) = e v (0) + e_t/T/ a(u) "™ du. (13.149)
0

Thus the ensemble average of the square of the velocity is

(W2(t)) = e /7 (v2(0)) + 2727 / t(v(())-a(u))e“/T du (13.150)

0
_+_672t/‘r ! t<a(u . (u1+tu2)/T
1) -a(uz))e duydus.
0o JO

The second term on the RHS is zero, so we have

(0*(t)) = e /7 (02(0)) + /T /ot /Ot<a(“1) - a(ug)) "I duy dug.

(13.151)
The ensemble average

C(ul,u2) = <a(u1) . a(u2)> (13152)

is an example of an autocorrelation function.
All autocorrelation functions have some simple properties, which are easy
to prove (Pathria, 1972, p.458):

1. If the system is independent of time, then its autocorrelation function for
any given variable A(t) depends only upon the time delay s:

Ct,t+s)=(A(t)- A(t+ s)) = C(s). (13.153)
2. The autocorrelation function for s = 0 is necessarily non-negative

C(t,t) = (A(t) - A(t)) = (A(t)?) > 0. (13.154)
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If the system is time independent, then C(¢,t) = C(0) > 0.
3. The absolute value of C'(t1, t2) is never greater than the average of C'(t1,11)
and C(t2,t2) because

(A(t) £ A(12)]2) = (A(1)2) + (A(t2)?) £2(A(t1) - A(tz)) > 0 (13.155)

which implies that

Ot 1) < %(C(tl,tl) b Clta 1)) > Cltr, ) (13.156)
C(t1,1)] < % (Clt1,11) + Clta, 12)) (13.157)

For a time-independent system, this inequality is |C(s)| < C(0) for every
time delay s.

4. If the variables A(t;) and A(t2) commute, then their autocorrelation
function is symmetric

Clt1,t2) = (A(ty) - At2)) = (A(t2) - A(t)) = Clta,t1).  (13.158)

For a time-independent system, this symmetry is C(s) = C(—s).
5. If the variable A(t) is randomly fluctuating with zero mean, then we
expect both that its ensemble average vanishes

(A(t)) =0 (13.159)

and that there is some characteristic time scale T' beyond which the
correlation function falls to zero:

(A(t1) - A(t2)) = (A(t1)) - (A(t2)) =0 (13.160)
when |t} —to| > T.

In terms of the autocorrelation function C(u,u2) = (a(u1)-a(ug)) of the
acceleration, the variance of the velocity (13.151) is

t t
(WP (1)) = e /T (v (0)) + €727 / / C(u1, ug) e/ duy dus.
0 JO

(13.161)
Since C(uy,us2) is big only for tiny values of |uz — w;|, it makes sense to
change variables to

1
s=wuy—u; and w= §(u1 + ug). (13.162)

The element of area then is by (12.6-12.14)
dui A dug = dw A ds (13.163)



