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in which x stands for x1, . . . , xk is a linear partial di↵erential equation of
order n = n1 + · · ·+ nk in the k variables x1, . . . , xk. (A partial di↵erential
equation is a whole di↵erential equation that has partial derivatives.)
Linear combinations of solutions of a linear homogeneous partial di↵eren-

tial equation also are solutions of the equation. So if f1 and f2 are solutions
of Lf = 0, and a1 and a2 are constants, then f = a1f1 + a2f2 is a solution
since Lf = a1 Lf1 + a2 Lf2 = 0. Additivity of solutions is a property of all
linear homogeneous di↵erential equations, whether ordinary or partial.
The general solution f(x) = f(x1, . . . , xk) of a linear homogeneous par-

tial di↵erential equation (6.15) is a sum f(x) =
P

j ajfj(x) over a com-
plete set of solutions fj(x) of the equation with arbitrary coe�cients aj .
A linear partial di↵erential equation Lfi(x) = s(x) with a source term
s(x) = s(x1, . . . , xk) is an inhomogeneous linear partial di↵erential equa-
tions because of the added source term.
Just as with ordinary di↵erential equations, the di↵erence fi1� fi2 of two

solutions of the inhomogeneous linear partial di↵erential equation Lfi = s
is a solution of the associated homogeneous equation Lf = 0 (6.15)

L [fi1(x)� fi2(x)] = s(x)� s(x) = 0. (6.16)

So we can expand this di↵erence in terms of the complete set of solutions
fj of the homogeneous linear partial di↵erential equation Lf = 0

fi1(x)� fi2(x) =
X
j

ajfj(x). (6.17)

Thus the general solution of the inhomogeneous linear partial di↵erential
equation Lf = s is the sum of a particular solution fi2 of Lf = s and the
general solution

P
j aj fj of the associated homogeneous equation Lf = 0

fi1(x) = fi2(x) +
X
j

ajfj(x). (6.18)
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One often uses primes or dots to denote derivatives as in

f 0 =
df

dx
or f 00 =

d2f

dx2
and ḟ =

df

dt
or f̈ =

d2f

dt2
.

For higher or partial derivatives, one sometimes uses superscripts

f (k) =
dkf

dxk
and f (k,`) =

@k+`f

@xk@y`
(6.19)


