Spinors Made Simple

Kevin Cabhill
Department of Physics & Astronomy
University of New Mezico
Albuquerque, New Mezico 87131

(Dated: February 6, 2019)

Creation and annihilation operators inherit the transformation properties of states
of particles. Spinors, which are the coefficients of the creation and annihilation op-
erators in the Fourier expansions of fields, are defined so that the fields transform
according to representations of the Poincaré group. This note is intended to explain
to students how and why the Dirac spinors v, which are the coeflicients of the cre-
ation operators, are so different from the Dirac spinors u, which are the coefficients

of the annihilation operators.

I. SPIN-ONE-HALF PARTICLES

A spin-one-half particle of kind n and 4-momentum p = (p, p°) with p*> = —m? and spin
s = +1/2 in the z direction is represented by a state |p, s, n). For fixed kind and momentum,
these states form a two-dimensional space spanned by |p,1/2,n) and |p, —1/2,n).
If the momentum is in the z direction, then the state |pZ,s,n) is an eigenstate of the z
component J, of the angular momentum operator J with eigenvalue s
J.|pZ, s,n) = s|pz, s, n). (1)
So under a rotation by angle § about the z axis, the state |p2,s,n) goes as
o= 0

Ipz,s,n) = e |pz, 5, n). (2)

The creation operator af(p, s, n) adds such a particle to a state. It turns the vacuum state
|0) into the state |p, s, n)
a'(p,s,n)[0) = |p,s,n). (3)

It turns a state of several particles |py, s1,n1,...) into a state

a*(p, s,n)|p1, S1,M15 - - > = |p, S,N; Py, S1,MN1;5 - > (4)



that represents those particles plus a particle of 4-momentum p = (p, p°), spin s in the z
direction, and kind n.

The antiparticle of a particle of kind n is of kind n.. For antiparticles, the particle equa-

tions (1H4) apply with n — n.:

J.|pZ, s,n.) = s|pZ, s, ne) (5)

e 5 pz, s n.) = e p2, s, n.) (6)

a'(p, s,1.)|0) = |p, 5. 1) (7)
a'(p,s,n.)|py, 51,115 ...) = |D, 8, ne; Py, S1, N5 - - ). (8)

Under a rotation by angle 6, the creation operator a'(p, s,n) goes as
U(R(8))a (p, s,n) U~ (R(8)) = "ol (p, 5, n)e®
= D(R(8))ysa' (R(O)p, ', n)
in which

D(R(0))ss = [e_w"’/ﬂ = 05¢ €08(0/2) — 10 - (0)ss sin(6/2) (10)

is the 2 x 2 representation of the rotation group. The annihilation operator goes as the
adjoint equation (9]

U(R(8))a(p,s,n)U~"(R(0)) = e a(p, s,n)e’””
= D*(R(8))ss a(R(0)p,s',n)

(11)

For a rotation by angle 6 about the z axis, the matrix D(R(62)) is diagonal, and so the

creation operator a' (p, s,n) goes as
U(R(02))a! (p, s, n)U Y (R(02)) = e =l (R(02)p, 5, n)e”- )
12
= el (R(02)p, 5,n)

which makes sense since a'(R(02)p,s,n) adds s units of angular momentum to a state.
Taking the adjoint of this equation, we see that under a rotation by angle 6 about the z

axis, the annihilation operator a(p, s,n) goes as
U(R(02))a(p, s, n)U " (R(02)) = e""a(R(02)p, 5,n)c"”> (13)
= ¢""a(R(02)p, s, n)

which makes sense since a(R(02)p, s,n) subtracts s units of angular momentum from a state.
Creation and annihilation operators transform differently under rotations. That’s why the

spinors u and v must be different.



II. THE SPINORS OF DIRAC FIELDS
Under a rotation R(6Z) about the £ axis by angle 6, a Dirac field
ip-x ip-x T
Z/ P o(p.s,n) eP" a(p, s,n) + va(p, s,nc) e P al (p,s,ne)  (14)
transforms as its creation and annihilation operators transform and

U(R(02))tba(x)U " (R(02)) = e~ =4, (x)e
+0a(p, 5,nc)e” P e al (p, s, nc)ewz]
= Z/%[ua(p,s,n)eip"”eisea(R(Qﬁ)p,s,n)
+va(p, 5, nc)e” P e 0 al (R(02)p, s, ncﬂ : (15)

Since Rp - Rz = p - «, and d®*Rp = d3p, we can write this as

U(R(02))a(z)U~! -3 / [ 02)p. 91 e tatp,
+ (R (02)p, 5)e™ P e al(p, 5)|. (16)

On the other hand, under a rotation R(62) about the £ axis by angle 6, a Dirac field

goes as

e 0=qp, (2)e = D(RTY(02))apths(R(02)) (17)

in which D is the (3,0) @ (0, 3) representation of the Lorentz group. For rotations about the
2 axis DW/20®0.1/2)(R=1) i diagonal

e?/2 0 0

€i903/2 0 0 e—i0/2 0 0
D(R™) = . = . (18)
0 61603/2 0 0 619/2 0
0 0 0 e /2

because the two 2 x 2 representations of the Lorentz group are the same for rotations,

DU/20(R) = DOY2(R). Thus under a rotation R(62) by angle § about the £ axis, a Dirac



field goes as

U(R(02))ha(2°, ) U (R(02)) = e =4p, (2°, ) e

€024, (20, R(02)x) if a=1,3 (19)
e=9/2 4, (2%, R(02)z) if a =2,4

If we now compare this equation with , then we see that for momentum in the 2

direction, the u,(pZ, s) spinors must satisfy

i0/2 S e
eis@ ua(])é, S) _ € ' U’a(pz7 S) if a 17 3 (20)
e 02 u,(pz,s) if a=2,4

while the v,(pZ, s) spinors must satisfy

i6/2 5 e
o0 (p2.s) = e - va(p2,s) if a=1,3 ‘ 1)
e 02 v,(p2,s) if a=2,4

Thus for momentum in the 2 direction, the u,(pZ2, %) spinors can have nonzero components

only for a = 1 and 3, while the u,(pZ2, —%) spinors can have nonzero components only for

a = 2 and 4. This is what one expects. But we also see that the v,(p2, %) spinors can have

nonzero components only for a = 2 and 4, while the v,(p2, —%) spinors can have nonzero
components only for a = 1 and 3. This surprises many physicists, but it is stated correctly
in books by Steven Weinberg [1, Chap. 5] and by Peskin and Schroeder [2, pp. 803-804] and
in various articles [3], 4].

Weinberg’s zero-momentum spinors are

1] 0
1 10 1 |1
u(0, 1) = — and u(0,—3)=— 22
(0,3) 7 | (0,—3) 7 1o (22)
_O_ _1_
and
o] o
1 1 1 0
U(O, %) = E 0 and U(O, —%> = E 1 (23)




The spinors for momentum p then are [3]

m—i,gz)

2p°(p° +m)

u(p, s) =

u(0,s) and v(p,s)=

m + Z;b
2p°(p° +m)

v(0, s) (24)

or more explicitly
m +p’ — ps
1 —p1 — P2

m+p0+p3
p1+ ip2

—p1 +ip2
1N 1 m + p° + p3

D1 — P2
m+p° — ps

—p1 + ip2
B 1 m+p0+p3
2¢/P°(0° +m)

v(p, 1) .
—p1 + 12

—m —p” + ps

—m —p" +ps
1 1 p1+lp2

2/ +m)

m—i—po—i—pg
D1+ P2

III. CROSSCHECKS

(25)

(26)

(27)

(28)

If we compare the two transformation laws and for how a Dirac field goes under

a rotation R(AZ) about the z axis, then we see that for momentum p the spinors must obey

the rules

i0/2 P
¢ uy (R (02)p, ) = e ' uqs(p,s) if a=1,3
o—i0/2 uq(p, s) if a=2,4

and
2 v,(p2,s) if a=1,3

—isO “1/pn-
e ", (R (02)p,s) = ‘ :
e 02 v,(p2,s) if a=2,4

(29)

(30)



As a check, we set s = % and a = 2 in and find

/

—p) —ipy = e (=p1 — ips)
where the primes mean p’ = R™'(02)p. That is,
Py = cosOp; +sinflp, and p, = cosfpy — sinOp;

which is a left-handed rotation, R™!(62), about the z axis.
As a final crosscheck, let’s examine a state of one antiparticle at rest. The state

a’(0, s,n.)|0) is (summed over a and s')

! S = 7,00,8) | ——v(p,s) e P*al(p, s n
i [ 200000 = 70.9) [T o) a5 m )

= 0,(0.5) [ 3 E)o(p. o) al (b, )0
= 7,(0,5)v(0,5) a' (0,5, n.)|0) (31)
= e a' (0, 8',1.)|0) = a' (0, s,n.)|0).

So
0,5,7,) = 3/22/d3xva0$wa 2)]0). (32)

To determine its spin, we act on it with the operator e~%”3 that rotates states about the z

axis by angle 6 in a right-handed way.

—i —i 1 -
R0, 5 ne) = R D / 20,0, )10 (1) [0) (33)
1 , . ,
= 2n)i Z/deﬁa(O, s)e 03qp, (z)e e 7105 )0).
™
Since the vacuum is invariant, this is

i 1 o i
GJS‘() s, nc = 27T)3/2 Z/d3xva 0 S 9J3wa< ) 9J3|0>

1

- (2)3/2 Z/d?’xva((),S)D(R_l)abwb(RxﬂO), (34)

Since the jacobian of a rotation is unity, we have

710J3

0.5:1) = (g 22 | o 0.)DU (a0 (35)



in which
e I
D(R™) O et 0 (36)
ab — .
0 0 €2 0
0 0 0 e /2
So this is
—i0J3 _ 3, = io(a)f/2
e 0, s,mnc) = e Z/d x U,(0, 8)e Y, (2)|0) (37)
in which o(a) =1fora=1& 3, and o(a) = —1 for a = 2 & 4. For s = £1/2, the spinors
v(0, s) are
o o
1|1 1 [0
v(0,2) = — and v(0,—1) = — (38)
02)=7 0 072 = 7 1

For s = 1/2, slots a = 2 & 4 of the spinor v(0, s) are nonzero, while slots a = 1 & 3 are zero.

Thus

010,12, ) = o012 (2;)3/2 3 / 0% 0,0, )0 (2)]0) (39)

which means that the state has spin 1/2 in the z direction. For s = —1/2, slots a = 1 & 3

of the spinor v(0, s) are nonzero, while slots a = 2 & 4 are zero. Thus

0 1 /2, — (2;)3/2 T / &3 5(0, 8)ba (2)]0) (40)

which means that the state has spin —1/2 in the z direction.
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