
LATTICE GAUGE THEORYMi
hael CreutzBrookhaven LabDeep 
onne
tions between:� quantum me
hani
s� statisti
al me
hani
s� path integral  ! partition fun
tion� d  ! d+ 1� 3d QCD equivalent to 4d 
lassi
al stat. me
h.Computational proje
t:� Monte Carlo simulation� Z2 latti
e gauge theory� dramati
 �rst order phase transition

Slides and sample program at: http://thy.phy.bnl.gov/~
reutz/z2
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Wilson's formulation

Variables:� Gauge �elds generalize \phases"
Ui;j � exp(i Z xjxi A � dx)

i j

� On links 
onne
ting nearest neighbors� Uij = 3 by 3 unitary matrix 2 SU(3)� 3 quarks in a proton



Dynami
s:� Sum over elementary squares, \plaquettes"
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4Up = U1;2U2;3U3;4U4;1� like a \
url"� 
ux through 
orresponding plaquette.S = Z d4x (E2 +B2) �!Xp �1� 13ReTrUp�



Quantum me
hani
s:� via path integral� sum over paths �! sum over phases
Z = Z (dU)e��S

� invariant group measure� � de�nes the \bare" 
harge
� = 6g20

� must renormalize as a! 0� \
ontinuum limit"



Numeri
al SimulationZ = Z dUe��S104 latti
e )� 104 � 4� 8 = 320; 000 dimensional integral� 2 points/dimension )2320;000 = 3:8� 1096;329 terms� age of universe � 1027 nanose
ondsUse statisti
al methods� Z  ! partition fun
tion� 1�  ! temperatureFind \typi
al" equilibrium 
on�gurations CP (C) � e��S(C)Use a Markov pro
ess C ! C0 ! : : :



Z2 example: (L. Ja
obs, C. Rebbi, MC)

U = �1 S = �Xp UUUU P (1) = e��S(1)e��S(1) + e��S(�1)
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Some Experiments� M.C, L. Ja
obs, C. Rebbi, Phys. Rev. Lett. 42, 1390-1393 (1979).� M. C., L. Ja
obs, C. Rebbi, Phys. Rev. D20, 1915-1922 (1979).� Quarks, Gluons, and Latti
es, M. Creutz (Cambridge, 1983).Thermal 
y
le:� start ordered, � � 1:0� update while gradually redu
ing � � 0:� reheat ba
k to � � 1:0� strong hysteresisCoexisting phases:� set � = �t = 12 log(1 +p2)� start ordered� update 100 times� start random� update 100 times� distin
t �nal states



Mixed starts:� order latti
e� randomize the �rst third� run for several � � �t� the appropriate phase takes over� determines �t numeri
ally

Vary the dimension:� d = 2 no transition� d = 3 se
ond order, Ising� d = 4 �rst order� d = 5 �rst order?

Programming fun:� let d be a parameter� store U 's as bits in words� update in parallel with logi
al operations



Add spins to the sites:� S = �GPUp + �SPSiUijSj� limiting 
ases: Z2 gauge, Ising� M.C. Phys. Rev. D21, 1006-1012 (1980)

Wilson loops:� multiply U 's around a 
losed loop� expe
tation falls with size� small beta: � exp(�area)� large beta: � exp(�perimeter)

Clo
k models:� Z=f�1g ! ZN = fe2�in=N jn = 0; 1; :::; N � 1g� S =PReUp� two transitions for N >= 5� N !1 gives U(1)



U(1) = fei�g� one transition� ele
trodynami
s� 
on�ning vs. free 
hargesNon-Abelian theories� U 's matri
es� SU(3): 3 by 3 unitary, jU j = 1Add fermions : : :
Go to latti
e gauge 
onferen
es


