1074 Solutions to the exercises

23.19 Solutions to the exercises on path integrals

1. From (20.1), derive the multiple gaussian integral for real a; and b;

0o n n n . '
/ exp E iaj$]2+2ibjxj | | drj = | | T eit/a, (23.471)
a
g=1 V7

> Jj=1 Jj=1

Solution: The integral (20.1) tells us that for each j

/ exp (ia; wJZ + 2ib; z;) do; = \/Zexp (—z'b]z/aj) . (23.472)

—00
So multiplying such integrals together, we get the result (23.471).

2. Use (20.285) (or equivalently (23.471)) to derive the multiple imaginary
gaussian integral (20.3). Hint: Any real symmetric matrix s can be diag-
onalized by an orthogonal transformation a = osoT. Let y = ox.

Solution: Any real symmetric matrix s can be diagonalized by an or-

thogonal transformation a = 0soT, so we let y = ox and write s = oTao,

x = o'y, and d = oc. Then the quadratic form appearing in the first
exponential of (20.3) takes the form of a sum over ¢ and j from 1 to n
1852 + 2ic;x; = ixTsx + 2icTx = ixzToTaox + 2icToT

Ik gty =° , e V' (23.473)

= 1yTay + 2id"y = iaj;y; + 2id;y;.

The jacobian (section 1.21) of the transformation from x to y is the

determinant of an orthogonal matrix the absolute value of which is unity.
Thus

00 o
/ EHRTITARGTS Gy, = / TR dyy - dyy

—0o0 —0o0
Hn %
;72
— R e—zdj/ajj .
Qi
j=1 27

But a1y ...an, = deta and dTa='d = cToTos loToc = ¢Ts ¢, so we have

(23.474)

/OO ISR TG T gy, = ()" ey s ucr, (23.475)
det s

—0o0
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3. Use (20.2) to show that for positive a;

n

00 n
/ exp Z —ajsz + 2ibjx; H dx; = H ‘ /1 e ¥/, (23.476)
o0 7 =1 j=1 V4

Solution: For each j, (20.2) says that

o —a;x242ibx; m —b?/ay
/ e “dxj:\/76 3/a; (23.477)
o a;

So the product of n such integrals is (23.476).

4. Use (20.286) to derive the many variable real gaussian integral (20.4).
Same hint as for exercise 20.2.
Solution: The positive, real, symmetric matrix s has the diagonal form
a = 0so07, so we let y = ox and write s = oTao, * = 0Ty, and d = oc.
Since s is positive, all its eigenvalues a;; are positive. The absolute value

of the jacobian (section 1.21) is unity because o is an orthogonal matrix.
Thus

o0 oo
/ e S]kxﬂxk_'—z’tcjxj dxl R dwn = / e ajjyﬂ +2,Ld]y] dyl o e dyn

—00 — 0o
i 2
_ H | T o—di/as;
Qi
j=1 oy

(23.478)
But aii ...an, = deta and dTa™'d = cToTos toToc = cTs ¢, so we have
e . " 1
/ e—sjkmjzk—l—chjwj dzy ... dx, = e—cj(s )jka‘ (23479)
oo det s

5. Show that the vector Y that makes the argument — iYTSY +iDTY of
the multiple gaussian integral

/ exp (—iYTSY +4iDTY) [[ dyi = de:(is) exp (jl DTS—1D> :
> i=1

(23.480)
stationary is Y = S~1D/2, and that the multiple gaussian integral (20.287)
is equal to its exponential exp(—iY TSY + iDTY) evaluated at its sta-
tionary point Y =Y apart from a prefactor involving det iS.
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Solution: To find Y, we write

0= 2 (—iYTSY +iDTY)
Oyj
and find, since ST = S, that
QSjk?k = D

or Y = S~'D/2. Thus, since ST = S, we have

v - DTs™1Ss='D ~ DTS™'D
exp ( —iYTSY + iDTY) = exp ( —1 5 4SS +1 5; )
oo D'S™'D N D'S™'D
= exp 1 1 1 5
<,DT5—1D>
= exp ’LT .

6. Show that the vector Y that makes the argument —Y TSY +DTY of the
multiple gaussian integral

) n n 1
/ exp ( —YTSY + DTY) H dy; = de7tr(5) exp (4 DTS_1D>
> i=1

(23.481)
stationary is Y = S~1D/2, and that the multiple gaussian integral (20.288)
is equal to its exponential exp(—YTSY—i—DTY) evaluated at its stationary
point Y =Y apart from a prefactor involving det S.
Solution: To find Y, we write
0

0=— (=YTSY + DY
Jy; ( )

and find, since ST = S, that
or Y = S~'D/2. Thus, since ST = S, we have

— — D'S-'ss='D DTS~'D
exp(—YTSY—I—DTY) = exp <— 1 + 5 >
D'S='D DTS-'D
- P ( 1 T >

(DTS_1D>
=exp{—/ — |
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7. Do the g2 integral (20.27).

Solution: In the exponential,

3 1
(g3 — q2)* + (g2 — qa)?/2 = 5(13 —q2(2g3 + qa) + 63 + 5(137
SO

/ ¢iml(@s a2+ @2-0)2/2)/(2he) g — / ¢iml 363 —a2 (205 +a0) a3+ 521/ (2he) g

using the integral (20.1) with

a= i—;; and b= — Wa
we find
/eim[(qgq2)2+(q2qa)2/2]/(2h5)dq2 — Amihe exp (m(% - %)2)
3m 6he
and so

m im|(a3—q2)?+(42—4a)?/2]/ (2he)
2v/2 wihe /e ©

— )M im(a3—4a)?/(2h3e)
2mih3e

8. Insert the identity operator in the form of an integral (20.10) of outer
products |p)(p| of eigenstates of the momentum operator p between the
exponential and the state |g,) in the matrix element (20.25) and so derive
for that matrix element (gy| exp(—i(tp — to)H/h)|qa) the formula (20.28).
Hint: use the inner product (g|p) = exp(igp/h)/v/27h, and do the result-
ing Fourier transform.

Solution: We take H = p?/2m and find
—i —itp?/(2hm
(@le™ a0} = (anle O™ [ 15y a,)

- / (gole™ P/ Pm) 0y (| g, dpf

_ / o—itn'/(2hm) i (ay—qa)/h P
27h

We use the integral (20.1) with

_ 3 _ 49p—da
a= I and b= %
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and get

—1 m im(qy—qa)? v
<qb|e tH/h|qa> — 27T/I/ht€ (qb qa) /(2rt)

9. Derive the path-integral formula (20.36) for the quadratic action (20.35).

Solution: If ¢.(t) is a classical path, then
ty
0= 65[(]0] = / 2uGc0qe + v0qede + V4c0Ge + 2wqedqe + 80Ge + joqc dt
ta
ty
- 55[(]0] - / (_271(]'0 — 2uge + vGe — Vg — VGe + 2wGe — § + ]) 0qedt
ta
Thus the action of the general path ¢(t) = q.(t) + dq(t) is

Slq] = Slge] + S[oq].

But dq(t,) = dq(tpy) = 0, so dq is a loop from 0 to 0, and so S[dq| is
independent of ¢(t,) and of ¢(t). Also, Dg = Ddq. Thus

/ ¢S/ pg — / ¢iSlacl/h iSBal/h

_ giSlael/h / ¢iSlacl/h GiSsal/h

_ iSlad/n / ¢iSlacl/h giSloa/h g,
= f(ta,ty,...)eSlad/n

in which the dots stand for the functions u,v,w, s, j.

10. Show that for the simple harmonic oscillator (20.44) the action S[g.] of
the classical path from g4, t, to gp,tp is (20.46).

Solution: To compute the action S[g.] of the classical path

@ — qa cOSw(ty — ta)
sinw(ty — tq)

qe(t) = qacosw(t —ty) + sinw(t — tq)

with

Qb — o cOsw(ty — t4)
sinw(ty — ta)

Ge(t) = —wqgsinw(t —t,) + w cosw(t —tq),
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we need the integrals

sin?(w(ty — tq))
2w

/t Csin(w(t — ta)) cos(w(t — ta)) dt =

2w(ty — ta) — sin[2w(ty — ta)]
4w

/tb sin?(w(t — t,)) dt =
tq

tp
2 — =
/ta cos“(w(t —ty)) dt ™

Thus setting

qb — Ga cOsw(ty — tg)

R =
sinw(ty — tg)

)

ty 1
/ W2 () dt = Jwad (20t — ta) + sin[2w(ty — 1))
ta

1 .
—i—ZwRQ <2w(tb —tq) — sin[2w(tp — ta)])
+wqa R sin(w(ty —t,)),

and
/ Q1) dt = Jwg? (2(ty — ta) — sin[2w(ty — t,)))
ta 4

1
+ Wk (Qw(tb ) + sin[2w(t, — ta)])
—w(a R sin®(w(ty, —t,))
We then find that its action is

1 t
Slge] = 3m ¢*(t) — wq*(t) dt
ta
mw

" 4sin? [w(ty — ta)]
+ (@ + ga(sin[w(ty — ta)] — cos[w(ty —ta)]))

2uw(ty — ta) + sinf2w(ty — ta)]

1079

{44aau cosleoty — ta)] — @) sin® [ty — to)]

X (qp — qa(sin[w(ty — ta)] + cos[w(ty — ta)])) sin[2w(tp — ta)]}

" 4sin? [w(ty — ta)]
+ 2(qp + qa(sin[w(ty — ta)] — cos[w(ty — ta)]))
X (qp — qa(sin[w(ty — tq)] + coslw(ty — t4)]))

% sinw(ty — to)] cos|w(ty — ta)}}.

{44uau coslooty — ta)] — @) sin® [ty — to)]
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Combining terms, we get

S[Qc] =

2sinfw(ty — tq)]

{2qa(qa cos|w(ty — ta)] — aqv) sin? [w(ty — ta)]

+ (@b + ga(sinfw(ty — ta)] — coslw(ty — ta)])
x (qy — qa(sinfw(ty — t4)] + cos[w(ty — ta)])) cos[w(t, — ta)]}
- 2sin[wn(7;:—ta)] {2%(% coslw(ty — ta)] — @) sin®[w(ty — ta)]

(@~ qa coslitts — t))” = a2 sinfw(ty — ta)]] coslio(ts — )] }.

Expanding the square and using trigonometry, we find

mw

Slge] = St — 1) {qg cos[w(ty — ta)] sin?[w(ty, — tq)]

20y sin [ty — ta)] + (@ — qa coslo(ty — ta)])° coslu(ty — ta)] ]

N 2sin[wn(ltc:_ ta)] {qg cos[w(ty — to)] sin®[w(ty — ta)]

—2¢aqp sin’ [w(ty — ta)]
+ g cosw(ty — ta)] — 2qaqy cos*[w(ty — ta)] + ¢ cos’[w(ty — t )]}

T2 Sin[wﬁo:— t0)] {qg coslw (ty — ta)] — 2qags sin’[w(ty — ta)]

+ qg cos|w(ty — ta)] — 2qaqp cos? [w(ty — ta)]}

T2 sin[c:(;t— to)] {qg cos[w(ty — ta)] — 2qaqs + gj, coslw(ty — ta)]}

- 2Sin[wTZf(:— t0)] {(qg +3) coslw(ty — ta)] — 2QaQb}

which is (20.46).

In retrospect, I regret making this long computation an exercise.

11. Show that the determinants |Cy,(y)| = det Cy,(y) of the tridiagonal ma-
trices (20.52) satisfy the recursion relation (20.53) and have the initial
values |C1(y)| = y and |C2(y)| = y? — 1. Incidentally, the Chebyshev
polynomials (9.68) of the second kind U, (y/2) obey the same recursion
relation and have the same initial values, so |Cy(y)| = U, (y/2).

Solution: Define the determinant of the zero-dimensional matrix to be
Co(y) = 1. Let

Ci(y) = dety =y,



12.
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and
y -1 2
Caty) = et (U 1) =
Then the determinant of the (n + 1) x (n + 1) matrix
y —1 0 0

-1 y -1 0

detCppg=det| 0 -1 3y —1
0 0 -1 wy

is
det Crp1 = ydet C), + det D
where D is the n x n matrix whose determinant is

-1 0 O
-1 y -1

det D = det 0 -1 Yy - = —det Cn,1

which gives us the recursion relation

det Cpy1 = ydetCp, — det C) 1.

(a) Show that the functions S, (y) = sin(n + 1)0/sinf with y = 2cosé
satisfy the Toeplitz recursion relation (20.53) which after a cancellation
simplifies to sin(n+2)0 = 2 cos @ sin(n+1)8—sinnb. (b) Derive the initial
conditions Sy(y) = 1, S1(y) = 2y, and Sz(y) = 4y> — 2.

Solution: (a) The Toeplitz recursion relation is

Snt1(y) = ySn(y) — Sn-1(y)

or

sin(n + 2)6 _ 2cos0$m(n +1)0  sinnd

sin sin @ sin @ (23.482)

which is
ei(n+2)9 _ e—i(n+2)6’ _ (eie + e—iG)(ei(n-l-l)@ _ 6—i(n+1)¢9) _ (6im9 _ e—in@)

_ ei(n+2)9 _ efinO + efinO . e*i(n+2)6’ _ (einG _ efinH)

i(n+2)0 _ —i(n+2)0

=€ (& .

(b). Clearly Sp(y) = sinf/sinf = 1. Also, S1(y) = sin260/sinf = 2cosf =
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13.

14.

15.

y. And finally the identity (23.482) lets us write Sa(y) = sin36/sinf =
2co0s051(y) — So(y) = y? — 1.

Do the g2 integral (20.75).

Solution: We complete the square in the exponent

1 > 1
2(qs — @2)* + (2 — ¢0)* = 3[a2 — 5 (203 + @0)]” + 265 + @2 — 5 (2¢3 + a)?

3 3
1 2 2
=302~ 5(a3+ aa)]” + 5(a3 — 0a)”

So by shifting ¢o, we find
/em(q3q2)2/(2h2€)m(q2qa)2/(4h26)dq2 = /eM[3qg+2(q3qa)z)/3}/(4ﬁ2€)_

Using the integral formula (20.2) with a = 3m/(4h%¢) and b = 0, we get

/QM(%t12)2/(2f126)m(qzqa)2/(4ﬁ2t‘-)agq2 - 1/Lrhzee*M(qsfqa)2)/(2ﬁ236)_
3m

So multiplying by the prefactor, we have
efm(qgfqa)Q/(2h236)

V3

m 1/2 —m(gz—q2)%/(2h%€)—m(ga—qq )%/ (4h2e
(m) /e (302?212 ~m(g2 o)/ (412€) g _

which is (20.75).

Show that the euclidian action (20.88) is stationary if the path ge.(u)
obeys the euclidian equation of motion §e.(u) = wW?qec(u).

Solution: For changes dq(u) that vanish at the endpoints d¢(0) = 0 and
dq(hB) = 0, the first-order change in the action is

08 = MGec()0Gec(u) + mw2qec(u)6qec(u) du
0

nB
= /0 [_méiec(u) + mw2qec(u)] 5Qec(u) du.

Thus 65 = 0 if Gee(u) = w?qec(u).

By using (20.20) for each of the three exponentials in (20.102), derive
(20.103) from (20.102). Hint: From (20.20), one has

ge~tte—ta) H/hg — /qb\(m S/ (q4]gq Dq dga dgy

in which ¢, = q(t,) and g, = q(tp).



16.
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Solution: We can write (20.20) as
ge~ ! (t) g — /qb\qb> S/ (44]ga Dy dga dgy

N /q(tb)M(tb» e Slatvtal /M (4(t,)|q(ta) Da(ts, ta) dg(ta) dg(ts)
in which Dq(ty,t,) runs from ¢, to t;. So we have

(ble T [q(t1)q(t2)]e /" a)
= (bleit=ts ) H/hy o=ilts —t ) H/hg o=ilt+t ) H/R g

= /<b|qb> St (g Dg(t, =) dga dgy
X /Q(t>)‘Q(t>)>eis[q’t%td/h (q(t<)lq(t<) Dq(ts,t<)dq(ts)dq(t<)

X / \ge) e™Slt<=U/0 (g Dq(t, —t) dge dga.

Now (qalq(t>) = 0(qa — q(t>) and (q(t<|qe) = 6(t< — gc). So this integral
is

(Ble™" " Tq(tr)a(t2)le """/ a)

= / (blg(t)) eI D(t,¢.) dq(t) dg(t)
x / q(ts)e1et=1<l/m gt ) Dq(ts,to) dq(ts) dq(t<)

X /6is[q’t<’_t”h (qala) Dq(t<, —t) dq(t<) dg(—t).
So if D(q,t,—t) denotes an integration over all paths that run from —¢

to t, then
(Ble” ™M T q(tr)q(ta)le " a)

= /<b|Q(t)>ei5[q’t"t]/f”q(t>)(J(t<)<q(—t)la>D(q’ t,—t)

which is (20.103).
Derive the path-integral formula (20.139) from (20.129-20.132).

Solution: For to > t1, the matrix element on the left-hand side of equa-
tion 20.139 is by equation (20.138)

(n|é(z2)d(x1)|n) = <n|eit2H/ﬁd)(m7O)G—i(t2—tl)H/h¢(;l:,O)e_itlH/h|TL>
_ ei(t27t1)En/h<n’¢(w27 O)efi(tzftl)H/hd)(wl, O)\n)
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If we write the exponential as a path integral (20.132), then we get

(n|@(z2)¢(x1)|n) = 6i(t2_t1)E"/h<n|¢($2, 0)
< [ 109/ 0, DODOLDG, o1, 0)ln)
in which the integration is over all fields that go from ¢; to t2. So since |¢p)

is |, t2), which is an eigenstate of the field ¢(x2, 0), we have ¢(x2,0)|dp) =
@(x2)|¢p). Similarly, (¢a|d(x1,0) = (¢da|d(21), and we have

(n|o(w2) @) n) = e'lt2mt)En/D / (n|9p)§(w2)P(1) (falm)e ST/
X D¢D¢aD¢b-

This formula implies the simpler one

<TL| —1 t2 t1 H/h|n> i(tg—tl)En/ﬁ< itQ—tl)En/h

nln) = e~
— [ (#lén) @alm)e' "D DG, Dy
or
gltemt)En/l — / / (n|gw){daln)e* 19" Do DG, D),
So we have for ¢y > t1,
(alo(e2)oa)ln) = [ (alon)o(a)o(wn) (@ul)e " DoDG.D,
/ / (n|gp)(Galn)e S DEDG, D .

If t; > to, then
(alo()oaln) = [ (0lon)o(a)0(ws) (éulm)e " DoDGD,
/ / (n|gv) (daln)e™* 1" Do DG, D),
— [talan)(w2)o () @ul)e ™ D6D, Doy
/ / (n|gv) (daln)e’* V" DeDG, Dy, .
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Putting the two together, we have

(n|T [p(z2)p(x1)] n) = / (n|éw)d(x2)B(21) (Galn)e™ YY" Do Do Dy

/ / (n|p) (pa|n)e V" DED Dy, . (23.483)

Suppose that 175 > to > t1 > T1. We could have computed

(nle” i(To— tz)H/h¢( )¢(x1)€*i(t1*T1)H/ﬁ‘n> — o UTa—tat+t1=T1)En/h

x (n|¢(z2)d(x1)[n)
(23.484)

and

77, T2 Tl)H/h|n> i(T27t2+t17T1)En/h<

(nle n|e" 2=t H/A R - (23.485)

When we form the ratio of (23.484) to 23.485), the extra common phase
factor
e*i(TQ*fg#»tlle)En/h

cancels, and we get the ratio (7.380) expressed as a ratio of path integrals

over fields that run from 77 to T5.

17. Derive the path-integral formula (20.153) from (20.147-20.150).

Solution: The derivation of (20.153) from (20.147-20.150) is almost the
same as that of the preceding problem. Let’s assume that u; > us. Then

(n|T¢e(21)@e(22)][n) = (n|Pe(@1)de(®2) 1)

_ <n|eu1H/h¢e(m1’ 0)6—(u1—u2)H/h¢6(m2’ O)B—ugH/h|n>.
Next we use (20.150) for the exponential
(n|T(pe(w1)de(x2)]In) = (nle" H/g, (331 0)
< [ 1651 (9u] D6 D6, Doy
X ¢e(22,0)e 21/ p).

The state |¢p) is an eigenstate of the operator ¢.(x1,0) with eigenvalue
¢(x1), where 1 = (x1,up) and the state |¢,) is an eigenstate of the
operator ¢.(xs) with eigenvalue ¢(x2), where xo = (x2,u,). And the
state |n) is an eigenstate of the hamiltonian H with eigenvalue E,, so

(n|T[pe(w1)Pe(x2)]IN) = e(uluQ)E"/h/<n|¢b>¢($1)¢(ﬂf2)€Sew/h(%\mD(ﬁ



1086 Solutions to the exercises

18.

and the integration is over all fields that run from before us to after uy. As
in the preceding example, we use (20.147) with |¢p) = |n) and |¢q) = |n)
towrite

e(w1—u2)En/h _ [e_(ul—W)En/h} -1

= [ [ loe S g,fn) D]

The last two equations now give

(n|T[de(x1)de(22)]|n) = / (n|gp)d(x1)p(a2)e %P/ (G4 |n) D

/ / (n|gp)e /Mg, |n) Do,

Derive the free action in momentum space (20.161) from the free action
in position space (20.159) and the four-dimensional Fourier transforms
(20.160).

Solution: Substituting the transforms (20.160) into the action (20.159),
we get

Solé] = § / — Du ()0 () — m2¢* () da

=3 / [— Oa / e (p) (;ij;]; s / PG (‘;?)/4 (23.486)

/e"”'%(p’) (;ljrp);}fx.

L d*p
—mz/ewrﬁb(P) (271')4
Differentiating, we have

Sold] = 3 / - / ipae™ G (p) (;ljf; / ip’”‘e’""g”95(19'):;473;0)/4

L 4 - 4,1
—mz/elpx(;ﬁ(p) (373;4 /elp To(p') (C;W];4}d4x. (23.487)

The space-time integral is a four-dimensional delta function

d'z i(pt+p)z _ g4 /
e — 5 p+p) (23.488)

which reduces the eight-dimensional integral over momentum to a four-
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dimensional integral

d*p

(2m)*
2 4 N _ipx 1 d4p ip'x T I\ g4 ]

—m” [ 0% (p+p)eP ¢ (p) ont | ¢ o(p))d’p

. d4
=~ 4 [ "+ ) 3001 ) 5 5 (23.489)

Solél = — 3 / ' (p + p)ipac™ H(p) / i o(p) d'p

Since the ﬁeldﬂ)(x) is real, its Fourier transform obeys the reality condi-
tion ¢(—p) = ¢*(p) and so we find that

Solg] = — é/!é(p)?(p%fm?) g;;; (23.490)

which is (20.161).

19. By taking the nonrelativistic limit of the formula (12.55) for the action
of a relativistic particle of mass m and charge ¢, derive the expression
(20.41) for the action a nonrelativistic particle in an electromagnetic field
with no scalar potential.

Solution: For Ay = 0, the nonrelativistic limit of the formula (12.55) is

t
S = 2(—mc2 \/1—v2/02dt+qA‘da:)
t1

t2
= —mc3(ty —t1) + / (%va dt + qA - dac)
t1
x2

= —mc*(ty — t1) +/ (3mv +qA) - dx

1

which is (20.41) together with the “rest action.”

20. Work out the path-integral formula for the amplitude for a mass m ini-
tially at rest to fall to the ground from height h in a gravitational field
of local acceleration g to lowest order and then including loops up to an
overall constant. Hint: use the technique of section 20.4.

Solution: The classical path is

1

o(t) = h — =gt?
qe(t) 59

and the time to fall to the ground is t = y/2h/g = T. The action of the
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classical path is

m

T
Slad = [ 5 le)? — moau(t) d

T
:m/o %(—gt)2 —g(h—- %gt2) dt
T
:m/ g*t? — ghdt
0

1 1 hv/2gh
=mgT | =¢gT? — h :—fmghT:—u.
3

3 3

So to lowest order, the path integral is

<O’€_itH/h|h> _ eiS[qC]/h _ e—imh\/Zgh/Sh_
We can use as the loop
= gt
oq(t) = i sin —.
q(t) ;a] sin 7

Its time derivative is

n—1 . .
) Jjma; gmt
6q(t) = —.
q(t) E T CoSTr
J=1
So the loop’s action is

T
Sléq) = m /0 [L(54)% — g 6q) dt

2
T n—1 . . n—1 .
1 i t t
:m/ 3 E ]T;jcos% —gE ajsinj%
0 . -
7=1 7=1
The integral formulas

T . -/
t t T
/0 cos J% cos j; dt = 5(535/

T .
. gmt T .
—dt=— |1 —(=1)
/OsmT j7r[ ( )]

dt.
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give for the action

j=1
B o 2k2 2 mr?k?ad, io: mm?(2k + 1) a2k+1 mgagg+1T
= 2 2 (2k+ )7

The path integral is then the product of a path integral over the even
loops and on over the odd ones. With J a constant jacobian, the path
integral over N even loops is

. N \ V72 N 212 N
1S[dq] _ . 2
/ee UDég = J, (2772‘T> /exp {’LZ T %2k H dasy,
k=1 k=1
Nm N2/ oir \ Y2
=J
<27riT) kI:[ (mﬂk:2>
RN E
N 272 k
k=1
The path integral over N odd loops is

A N/2
/ezs[dq}D(gq =J, (%)
i

N
: w2k + 1)%ay .y 2mgagen T
X/GXP{ZZ[ AT T 2k + )n

k=1 k=1
Nm \ V2 ﬁ 4T 1/2 . Amg?T?
o Xp | —1
omiT) L \mr(2k+1)2 Pl 2k )it
N\ N2 ﬁ 2 4mg?T?
AV S S RS R B TR I

So the loop integral is

N
Jern=s(3) |
s

21. Show that the euclidian action of the stationary solution (20.87) is (20.88).

ﬂ 2 o ; Amg?T?
X | -
P ok 1 1)e
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Solution: The kinetic action is

B
Seklge] = / sm (Awe" — Bwe‘“’t)2 dt
0

B
= ;mwQ/ [Aze%t + B2em 2wt _ 2AB] dt
0

2wp 1 1— e—?wﬁ

= %mw2 [Az c + B?

— e 2ABﬂ] .

The potential action is

B
Sev[ge] = %muﬂ/ [A262wt + B2t 4 2AB] dt
0

620.)5 -1 1— 672w5

= %mcﬂ [A2 + B? + 2ABB}

2w

So the action of the stationary solution (20.87) is the sum

Selge] = %mw [A2 (62‘”5 - 1) + B? (1 - 672“’5)} .

22. Derive formula (20.161) for the action Sp[¢] from (20.159 & 20.160).
Solution: Differentiating (20.160), we have

wmm:m/ﬂ%@4

= /ipa eipxqz)(p) (2,“_1))4

—0a0(2)0%(z) — m*¢*(x)] d'x

[
[=ipae™ Gp)ip P T G(D) — m2e TG (p)e G|

X d4x (271’)4 (27T)4
_ ~ ~ g 7 "’
- % / Pad(P)PS(P) — m2</5(p)¢>(p')} op+r /)d(gj)‘]19
) ) ~ 4
=5 [ [0t - mP oo ks
i ~ 4
—5 | |pat o] —m? wﬁhiﬁ




23.

24.
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which is (20.161).

Derive identity (20.165). Split the time integral at ¢ = 0 into two halves,
use et = £ det/dt and then integrate each half by parts.

Solution: We assume that the limits lim; 4o f(t) = f(Fo0) exist. We
split the integral and integrate by parts:

e/_if(t)e_dtdt:/o f(t)eeddt—l—/oof(t)ee_etdt
Lsta [t

_ / [d(f(t)e“) B Etdf<>] i

dt dt

dt

_ /OO [d(f(t)e_“) _ e—etw
0 dt dt

0 o)
:f(O)—/_ e f(t) dt+f(0)+/0 et f(t)dt

in which the dot means time derivative. We now let ¢ — 0 and get

/f ye It dr = 2£(0) /f dt+/f

= 2f(0) = f(0) + f(=00) + f(o0) = £(0)
which is the desired identity (20.165)

‘ / T p(t)y e dt = f(o0) + F(—o0).

Derive the third term in equation (20.167) from the second term.
Solution: The Fourier transforms (20.160) tell us that
0

.0 = [ i)

so we have
~ S0, ~ d 0 10, ~ , d /0
[ 160 de = / t¢<p,p°>2iew t¢*<p,po)2r;ﬂ dt
d Od /0
- /&<p,p°><z3*< /\ |
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25.

26.

Thus,

o 3 7 !
[V [ bl gl = [ Vom0 g g

Use (20.171) and the Fourier transform (20.172) of the external current
Jj to derive the formula (20.173) for the modified action Sy[¢, €, j].

Solution: Using the Fourier transforms

o d4
P(z) = /ewcb(p) (27:))4

and (20.172)
i) = [ @t
we have the inverse transform

o 4
j(z) = /e”’xj(P) (;:;1

and the desired relation

~ 4 4,/
Ji@ o dte = [ e i) a S
~ 4, 740/ _ ~ 4
= i) s+ g5 = i) 35
bt ~ 4
= 1 [ [ +5-ndin)] 52

since j(z) and ¢(x) are real.

Derive equation (20.174) from equation (20.173).

Solution: Changing variables to

P(p) = o(p) — j(p)/(P* + m* —ie), (23.491)

we can write the action

Sofoned] = — 4 [ [130)7 0+ m? e

— J*(0)d(p) — " (p)j (p)
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as

ol €, 4] = 5/”@(1))%&@_26 2(p2+m2 ie)
—7*(p) <~(p) 2 jr(:g)_w)
- (P L) i) a2
= 1 [|[o) @+ m? e pﬂiﬁ‘_k] e

27. Derive the formula (20.175) for Zy[j] from the formula for Sy[¢, €, j].

Solution: Our formula for Zy[j] is

/ exp [2 / j(z) o(x) d%] ¢l Do

Zoljl =
/ ¢iSoléd D
R L PO T
/eiso[qs,e} Do /eiso[w,g] Dv 2 | P2 m2—ic (2m)*
~ 2
— ex 1/ @)~ d'p
P2 p? +m? —ie (2m)4
since D¢ = D).

28. Derive equations (20.176 & 20.177) from formula (20.175).
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Solution: From our formula (20.175), we have

wii- oo (1 [ 'jfnl'im )

_ ) d4p ipx ,—ipz’ g4, 34,/
_exp< p+m2—ze(27r)e e d xd*x
i eip(z—a’) d4p ,
P <2 p +m? — ie (2m)4 j@)d ad

(z) A(x — 2') j (') d*x d*x /}

where

ip(z—z') d4
Az —a')= [ = b
(@ =) /p2 +m? —ie (2m)*

29. Derive equation (20.181) from the formula (20.176) for Zy|j].

Solution: From our definition (20.170) of the functional Zy[j] and from
our formula (20.176) for it, we have

2] = O T {esp [i [ w660 ]} o)
= o |3 [ o)A - )it atad's|

Thus, we find

1 6 Zo 5]
i* 6 (21)0 (22)87 (23)d7 (24)

(O|T [p(x1) p(w2)p(x3)d(24)] |0) =

=0
_ 16%exp [ [j(z) Alx — ') j(a!) d*z d*a]
it 6j(x1)0(x2)07(23)0](24) i
1 6% [ Aws — 2) j(x) daed ] 10 Ala=a) i) dhaats
? GIENEATHED -

_ 1 &2
T e (S

/Am—x z)dz i | Alxs —2') j(z') d*z ’]

ezfjx)Az ') j(z )d4zd4’}‘ .
=0
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Continuing in this way, we get

(O1Tlp(21)p(22)p(23) b (24

i126j(5x1>ﬂ /A vz = @) j(@) '

+ A(zg — 2) / A(zs — x)j(a:)d4a;

+ A(zs —acg)/A(x4—x)j(3:)d4x
+i[Azy — 2)j(x)d* s A(zz — 2')j(2))d s Az — 27)j(2")d "
3 [i(@) Alz—a’) j(z') d*z d*a’
“ 310

and finally

O1Tp(z1)p(22)d(23)d(4)] [0) = A4 — 23)A22 — 21)
— A(zy — 29)A(xg — 1) — Az — 22)A(xg — 21)

which is (20.181) since A(—z) = A(x).

30. Show that the time integral of the Coulomb term (20.186) is the term
that is quadratic in j° in the number F defined by (20.190).
Solution: Since
1

= 5=
we can write
1

S
4l — y|

Thus, by integrating successively by parts we find that the term in F
that is quadratic in 5° is

1/(VA_1j0)2d4m: ;/(VA—lj (@) d*z v

5 0( IL‘O) d3y

47?!% —yl’

1 1

_ 2 [(A-L50 4 R 3
2/( j (@) dx'V Vmgc_y‘J (y,2") d’
1 (5 4 A—1 1 0 0y 3

== ATIA
2/] (z)d’x yrp—— (y,27) d%

_ 1 [ 1 0 0\ 4. 73 _/
—2/1 (ﬂf)ﬁw_ylj (y,2")d'zd’y = [ Vodt

the time integral of the Coulomb term (20.186).
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31.

32.

By following steps analogous to those the led to (20.177), derive the
formula (20.201) for the photon propagator in Feynman’s gauge.

Solution: In the Feynman gauge, o = 1, the main terms in the action
S, are

1 1 1
/—J%FM—(@MY#x:/mDAM%
4 2 2
= / %Aan“bDAb d*z.

This theory is therefore equivalent to four copies of the scalar theory
(20.159) with action Sp[#] and m = 0 multiplied by n?. Thus, following
the steps of exercises 20.24 and 20.25, we have

MT{&pk/ﬂ@Md@#ﬂ}
= exp [2 [ @nad - et disate'|

and so

4
(OIT [Au(2) A (9)] 0) = — iy (2 — ) = —i/ Fog Y <§7§4

in which

A;w(x - y) = anA(x - y)

Derive expression (20.215) for the inner product ((|6).

Solution: We have
le) = o1 (1w = 56°¢) (1 o - 50 1)
=iy (1-50°0) + (1= 5 ) wlo)
FOIL+ Cputo — 26C— L8704 (¢ coel0)

in which the first four terms vanish because ¢|0) = 0 and (0¢! = 0.
Thus, since % = (? = 0, we find

(Cl6) = (O] 1+ €70 = 5¢°C = 5670 + 7¢7¢670(0)

= exp [0~ 5 (CCH00)|
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33. Derive the representation (20.218) of the identity operator I for a single

34.

35.

fermionic degree of freedom from the rules (20.204 & 20.208) for Grass-
mann integration and the anticommutation relations (20.207).

Solution: The formulas (20.210) and (20.214) for fermionic coherent
states let us write

/ |6) (6| do*db = / (1+0 — 1076)[0)(0] (1 + 0% — 1670) do*do
= / (1+0 — 16%6)(0)(0] (1 + 0% — 2670) dg*df

— [0)(0) /a*da* 9d6+¢T\O><O|¢/9*d6* 0o
= [0){0] + [1)(1] = 1.

Derive the eigenvalue equation ¢|0) = 0;|0) from the definitions (20.221
& 20.222) of the eigenstate |6).

Solution: For each mode k, we have from (20.213) that

Url0k) = i (1+ 010k — 36:0) 10) = 0, (1 + w10k — 30;6,) [0)
= 04l0).

The factors in the direct-product state |#) are all even, and so

¥1l6) = i [H (1 L ule, - ;%%)] 0)
/=1

1 *
= <1+¢;9£—29g9z> Unl6)
=104k

u 1
= | 11 <1 + 0, — 29294) O |0k)

0=1,02k

n

1,
—ou | TT (1+vioe— 30500 | 00 = oul)

0=1,04k

Derive the eigenvalue relation (20.235) for the Fermi field 1y, (x,t) from
the anticommutation relations (20.231 & 20.232) and the definitions (20.233
& 20.234).

Solution: This exercise is very similar to exercise 20.33. The principal
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36.

difference is that oy is replaced by §(x — ). From the definition (20.233)
of the state |0), we see that

Ym(2)]0) = 0.

Let us define

V(a)= exp <a | X a0 @) = 6 (@) d3x>
= exp [a [ @ d%] ,

Um(®, a) = V(—a) m(@) V(a).
Then ., (x,0) = ¥ (x), and

and

Outin(2,0) = V(=0) [vm(a), [ Q&) /| Vi(a)
=V(-a) / > (@), o] () e () A2’ V()

= V(=a) Xm(®) V(&) = xm ()

since the argument of the exponential V(«) is quadratic in fermionic
variables. Thus, we have

1
(@, 1) = V(=1) (@) V(1) = /O Dot (, @) dos + Y (, 0)
= wm(w) + Xm(x)
And so,
Gr(@)X) = U (@)V(D]0) = V()Y (= 1)t () V (1)[0)

= V(@) [m (@) + xm(2)]0) = V(1) xm(2)[0)
= xm(2)V (1)[0) = [x)-

Derive the formula (20.236 ) for the inner product (x'|x) from the defi-
nition (20.234) of the ket |x).

Solution: Taking the adjoint of the definition (20.234), we have

(X'| = (0] exp (/ X — LTy d3x> :
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Thus, since |x) is an eigenstate of the field ¢, we find
(X'Ix) = (0] exp (/ X/T"l/f _ %X/TX/ de) )
= (0] exp </ XTx = 3xTY d3x> )

= (0] exp (/ Xy — XY d3w> exp </ Pix — Ixtx d3x> |0)
= (0] exp </ X = XY d3x> exp </ —Ixtx d3x> 0)
= exp (/ Xy = 3T = AxTy d3x>

since (0Jyf = 0.

37. Imitate the derivation of the path-integral formula (20.66) and derive its
three-dimensional version (20.73).

Solution: Now we have H = p?/2m + V(q). We set k = 3p?/(2m) and
v = BV (q). We use Trotter’s formula (20.60) and get as the 3D version
of (20.63)

[e%} 12 /

—ek —ev —_ .—€V(q,) __p s oS dp

(qile™" e q,) =€ /_Ooexp< €5 tiep qa> Py
2

~ (o) e [ e (M vian)

in which g is hidden in the formula ¢, — g, = heq,. Putting n such
factors together, we get

o0
(@le " |q,) = // (@l g, 1) .. (il Fe g, da, ... day
— 00

m 3n/2 00 n—1 qu
- (m) /// exp | —e) <2J +V(qj)> dq,_; -..dqi.

J=0

Setting du = he = hf/n and taking the limit n — oo, we find that the
matrix element (q,le " |q,) is the path integral

(@l la,) = [ S0/ Dg

where

" mg? (u
Selq] = ; q2( ) + V(g(w)) du.
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38. Differentials d(; of complex linear combinations (; = A;0; of Grass-
mann variables are defined as d(; = dfy (A1) and as d(y---d¢, =
det(A=1)d; - - - df,,. Show that the (’s inherit the rules of integration of
the 0’s:

ik, = / 0; df, = 0y, = / G dC. (23.492)
Solution: We need to show that the integral

D = / G dG (23.493)

is d;,. Substituting for the (’s their definitions {; = A;0; and d(, =
do; (A1) k. we get

D;, = /Ci ¢y, = /Aw 0,df; (A1) i
= A d0; (AN i = Aie (A1) ok = Gy

(23.494)

23.20 Solutions to the exercises on the renormalization group

1. Show that for ¢> = u? > m?, the vacuum polarization term (21.10)
reduces to (21.12). Hint: Use Inab = Ina + Inb when integrating.

Solution: For ¢? = ;2 >> m?, the logarithm in the vacuum polarization

w(q2):€2/01z(1—x)1n [1+W] dz

272

term

is approximately

In {1 + W} ~ In [W] = In(¢?/m?) + In[z(1 — z)].

So the vacuum polarization term is then for ¢? = p? > m?

;u/oxl—a; n(p?/m?) +Infz(1 — z)]] dz

/ (1—=z dx+/01m(1—a:)ln[x(1—x)}dx]
1
6



