20
Path integrals

20.1 Path integrals and Richard Feynman

Since Richard Feynman invented them some 80 years ago, path integrals
have been used with increasing frequency in particle physics and condensed-
matter physics, in optics and biophysics, and even in finance. They express
the amplitude for a process as a sum of all the ways the process can occur
each weighted by an exponential of its classical action exp(iS/h). (Richard
Feynman, 1918-1988)

20.2 Gaussian integrals and Trotter’s formula

Path integrals are based upon the gaussian integral (6.184) which holds for

real a # 0 and real b
/ i+ gy — [T =it/ (20.1)
oo a

and upon the gaussian integral (6.138)

& 2,0, T 2
/ e +2ibx dr — \/> e—b /a (20‘2)
oo a

which holds both for Rea > 0 and also for Rea = 0 with b real and Ima # 0.
The extension of the integral formula (20.1) to any n x n real symmetric
nonsingular matrix s;; and any real vector ¢; is (exercises 20.1 & 20.2)

/Oo eiSjkIEjlﬂk—l-QiCj(Ej dml . dl‘n — (Zﬂ-)n e—iCj(S_l)jka (203)
NS det s

1

in which deta is the determinant of the matrix a, a=" is its inverse, and
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sums over the repeated indices j and k from 1 to n are understood. One
may similarly extend the gaussian integral (20.2) to any positive symmetric
n X n matrix s;, and any vector ¢; (exercises 20.3 & 20.4)

00 ) T 1
/ e_sjkle'k""QZCjwj dxl - dmn = e—C]'(S )jkck, (204)
oo det s

Path integrals also are based upon Trotter’s product formula (Trotter,
1959; Kato, 1978)

n

et = lim (e“/" eb/") (20.5)
n—oo

both sides of which are symmetrically ordered and obviously equal when

ab = ba.

Separating a given hamiltonian H = K + V into a kinetic part K and a
potential part V', we can use Trotter’s formula to write the time-evolution
operator e tH/h og

e EAV)/h — i (efitK/(nh) eﬂ'tw(nh))” (20.6)

n—o0

and the Boltzmann operator e # as

cBEY) _ iy (e—ﬁK/n e—ﬁWﬂ)" , (20.7)

n—oo

20.3 Path integrals in quantum mechanics

Path integrals can represent matrix elements of the time-evolution opera-
tor exp( — i(tp — tq)H/h) in which H is the hamiltonian. For a particle of
mass m moving nonrelativistically in one dimension in a potential V' (q), the

hamiltonian is
2

H= f—m + V(). (20.8)

The position and momentum operators g and p obey the commutation rela-
tion [g, p| = ih. Their eigenstates |¢') and |p’) have eigenvalues ¢’ and p’ for
all real numbers ¢’ and p’

qld)y=4d"|¢'y and plp'y=p"Ip'). (20.9)

These eigenstates are complete. Their outer products |¢'){¢’| and |p)(p/|
provide expansions for the identity operator I and have inner products (4.73)
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that are phases

oo 00 iq'p'/h
I= / ’d’:/ NVp'ldp and  (dlp)) = —. (2010
/_Oolq)(QI q _oolp><p| p {glp") Nore (20.10)

Setting € = (¢t — t5)/n and writing the hamiltonian (20.8) over 4 as
H/h = p*/(2mh) + V/h = k + v, we can write Trotter’s formula (20.6) for

the time-evolution operator as the limit as n — oo of n factors of e~**e =iV

e—i(tb—ta)(k—‘rv) _ e—iek e—iev e—iek‘ e—i&v . e—iek e—iev e—iek e—iev' (2011)

The advantage of using Trotter’s formula is that we now can evaluate the
iek e=i€v|g,) between eigenstates |q,) and |g;) of the
position operator ¢ by inserting the momentum-state expansion (20.10) of
the identity operator I between the two exponentials

<q1’€—iek e_“”\q > <Q1‘ e tep 2/( 2mh)/ p ’dp e zeV(q)/h‘qa> (20.12)

matrix element (g|e”

and using the eigenvalue formulas (20.9)
—iek —iev > —iep'? /(2mh) n _—ieV(ga)/h /
(@ule™* e ga) = [ e (]p) e 9 (P |qa) dp”. (20.13)
—0o0

Now using the formula (20.10) for the inner product {(g;|p’) and the complex
conjugate of that formula for (p'|g,), we get

o0 /
(ql ’e_iek e_iev‘qa> — 6_7;€V(Qa)/h/ e_iEPIQ/@mh) ei(‘h—Qa)p,/h di (2014)
o 21h
In this integral, the momenta that are important are very high, being of
order \/mh/e which diverges as € — 0; nonetheless, the integral converges.

If we adopt the suggestive notation q; — ¢, = €q, and use the gaussian
integral (20.1) with a = —e¢/(2mh), x = p, and b = €q/(2h)

o 2 . "
e L 4P\ dp m . € Mg
- ) o = \ 2mien ) (201
/_Ooexp< Zezmh_‘_“fi) 27h 2m’eheXp<Zﬁ 2 >7 (20.15)
then we find
] i 1 o 2 i /
<q1‘e—zek e qq) = 7 e~V () /_OOeXp < . Z;:;Lh n ieth ) a
m_\1/2 e (mg?
N (27rihe) P [Z h < 2 V(%))} : (20.16)
—iek

The dependence of the amplitude (g |e e~"|q,) upon q is hidden in the

formula ¢, = (g1 — qa) /€.
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The next step is to use the position-state expansion (20.10) of the identity
operator to link two of these matrix elements together

o0
o, o o
(gl (e " e7) |qu) = / (ga] e 7™ eV |q1) (1] e F eI |gq) dn
—00
m & € (mg? mg?
= -y a_ vy d
Smine | &P {%( 5 (q1) + 5 (qa) | | dq1

where now ¢; = (g2 — q1) /€.
By stitching together n = (¢, — t,)/€ time intervals each of length € and
letting n — oo, we get

(gple™™<H/ M g,) =/<qb!e_“’“ e gn1) - (qile % €T ) dgp—1 - - - dga

n—1 -9
m_\"/2 L€ mq;
- (2m’he> /eXp [Zh TJ_V(Qj) dgn-1---dq
j=0
m n/2 € n—1
N (27rihe) exp | iz Y Ly | dgn1dg (2017)

=0

in which L; = mq]2-/2 — V(g;) is the lagrangian of the jth interval, and the
¢; integrals run from — oo to co. In the limit € — 0 with ne = (¢, — t4)/e,
this multiple integral is an integral over all paths ¢(¢) that go from g, t, to

v, to

(qple Bvta) H/PYgy — /eiS[q]/th (20.18)

in which each path is weighted by the phase of its classical action

sl = [ saa = [ ("EE - viwy) e o)

in units of & and Dq = (mn/(2mili(ty — t4)))”? dgn_1 . .. dqi.

If we multiply the path-integral (20.18) for (gy|e~* (o=ta) H/|g.) from the
left by |gp) and from the right by (g,| and integrate over ¢, and ¢, as in
the resolution (20.10) of the identity operator, then we can write the time-
evolution operator as an integral over all paths from ¢, to ¢,

i (ty—ta) H/h _ / o) €S9/ (.| D dga dgs (20.20)

with Dg = (mn/(2mil(ty —ta)))™? dgn_1 . . . dg1 and S[q] the action (20.19).
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The path integral for a particle moving in three-dimensional space is
ty

(e 0 g,) = [exp |+ [“hmd0) - viaw)a| g (2021)
ta
where Dq = (mn/(2miki(ty — t4)))*"/? dq,, ;- --dq;.

Let us first consider macroscopic processes whose actions are large com-
pared to h. Apart from the factor Dgq, the amplitude (20.21) is a sum of
phases €*3l9/" one for each path from q,,t, to qy,t,. When is this ampli-
tude big? When is it small? Suppose there is a path q.(t) from q,, t, to gy, tp
that obeys the classical equation of motion (19.14-19.15)

55‘52?;] =md,.+V'(q.) = 0. (20.22)
Its action may be minimal. It certainly is stationary: a path q.(t) + dq(t)
that differs from g.(¢) by a small detour dg(¢) has an action S[g.+ dq] that
differs from S[g.] only by terms of second order and higher in dq. Thus
a classical path has infinitely many neighboring paths whose actions differ
only by integrals of (dq)", n > 2, and so have the same action to within
a small fraction of A. These paths add with nearly the same phase to the
path integral (20.21) and so make a huge contribution to the amplitude
(qyle~to—ta)H/h|q y But if no classical path goes from q,,,tq to qy,ty, then
the nonclassical, nonstationary paths that go from q,,t, to g;, %, have ac-
tions that differ from each other by large multiples of 4. These amplitudes
cancel each other, and their sum, which is the amplitude for going from q,, ¢,
to gy, tp, is small. Thus the path-integral formula for an amplitude
in quantum mechanics explains why macroscopic processes have
stationary action (section 7.13).

What about microscopic processes whose actions are tiny compared to
h? The path integral (20.21) gives large amplitudes for all microscopic pro-
cesses. On very small scales, anything can happen that doesn’t break a
conservation law.

The path integral for two or more particles {q} = {qy, ..., g, } interacting
with a potential V ({q}) is

({ghple it B/ (g1 ) — /6iS[{q}]/h Diq} (20.23)
where
t [ G2 e
SH{a}] = /t [1?“) SRR "”’2’““) — V({q(t)})] dt (20.24)

and D{q} = Dq, - -- Dg.
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Example 20.1 (A free particle) For a free particle, the potential is zero,
H = p%/(2m), and the path integral (20.18, 20.19) is the ¢ — 0,n — o0
limit of

—itH/Ry (T V2
(gvle |9a) (%i,k) (20.25)
.me [ (qp — qn—1)2 (¢ — qa)2
x/exp [zzh <62—|—'-'+62 dgn_1---dq1.

The ¢ integral is by the gaussian formula (20.1)

m im[(q2—q1)?+(q1—qa)?]/(2he) 7 _ M im(g2—qa)?/(2h2¢)
Imihe / c dar =\ 5 e © '

(20.26)
The ¢y integral is (exercise 20.5)
m ; 2 2 m ; 2
[ iml(e3—a2)*+(92—qa)?/2)/ (20€) g — im(g3—dqa)?/(2h3e)
e = —e .
2v/2 wrihe / © 2mih3e
(20.27)

Doing all n — 1 integrals (20.25) in this way and setting ne = t, — t,, we get

; 2
—i(ty—ta) H/R |, T im(qp — qa)
(] e Ga) 2mihine &P [ 2hne
_ m ox Z.Tn((]b - Qa)2
2mih(ty — tq) P 2h(ty — ta) |

It is easier to compute this amplitude (20.28) by using the outer products
(20.10) (exercise 20.6).
In three dimensions, the amplitude to go from gq,,t, to g, tp is

3/2 . 9
—ilty—ta) gy (T M@y~ 4a)”| (00
e v (mh(tb—ta)) eXp[ ot —ta) | 20

(20.28)

O

Example 20.2 (The ubiquitous phase factor et/ h) The phase factor
ePr/M ig actually the exponential of the classical action of a particle of mass
m going from the origin to the point x = (ct, ) both non-relativistically

ipr/h=1i(p -z — Et)/h=i(mv vt — imv’t)/h = iimv’t/h  (20.30)

and relativistically

muv-vt mc? t 9
ipx/h = - =—mc’\/1—v2/c?t/h. (20.31
pe/ hy/1—v2/c2  hy/1—v2%/c? [t/ ( )

O
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20.4 Path integrals for quadratic actions

If a path ¢(t) = q.(t) + x(t) differs from a classical path ¢.(t) by a detour
x(t) that vanishes at the endpoints x(t,) = 0 = x(¢;) so that both paths go
from qq,tq to g, tp, then the difference S|[q. + 2] — S[q.] in their actions that
is of first order in x(t) vanishes (section 7.13). Thus the actions of the two
paths differ by a time integral of quadratic and higher powers of the detour

(1)
Slge + 2] = / " Lmd(t)? — V(q(t)) dt

_ /t "L (Golt) + #(1)? — Vi(ge(t) + 2(8)) dt

V// .
;q ) 22

tp
= / [mqg +mget + %j2 ~V(ge) = V'(ge)z —
ta

2
V") 3 V™) 4
- — —...| dt 20.32
e 51 © (20.32)

We integrate the linear terms by parts

/t b [mge — V'(ge)z] dt = — /t ' [mée + V'(ge)| zdt =0 (20.33)

and see that they vanish because on the classical path mg. = — V'(¢.) and
x(tq) = z(tp) = 0 at its end points. Thus the action of the deviant path is

ty m tp m V/l(q )
ch—i-x—/ —¢* - V(g dt+/ [d:z— < x?
[ ] t [2 ( )} ta L2 2

V/l/ (qc) 3 V//// (qc) 4
— x° — 7 rr— ... dt

= Slgc] + AS|gc, 7]

in which S[g.] is the action of the classical path, and the detour z(t) is a
loop that goes from x(t,) = 0 to z(ty) = 0.

If the potential V(q) is quadratic in the position ¢, then the third V"
and higher derivatives of the potential vanish, and the second derivative is
a constant V" (q.(t)) = V”. In this quadratic case, the correction AS|ge, z]
depends only on the time interval ¢, — ¢, and on h, m, and V"

AS[ge,z] = AS[z] = /t " [imd?(t) — SV 2%(t)] dt. (20.34)

It is independent of the classical path.
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Thus for quadratic actions, the path integral (20.18) is simply the ex-
ponential exp(iS[gc]/h) of the classical action apart from a factor f(t, —
ta, h,m, V") that depends only on the time interval t;, — ¢, and on the pa-
rameters h, m, and V"

(qple=tr—t) /g ) / ¢St/ g = / (i (Slal+aS /h
_ eiS[qC}/h/eiAS[m])/h D (20.35)

= f(ty — ta, hym, V") eSlel/h,

The function f = f(tp — ta, h,m, V") is the limit as n — oo of the (n — 1)-
dimensional integral

n/2
f [27rih(tb — ta):| /e Tp—1 - ..dx1 (20.36)
where
th—la 1 (xj _mj—1>2 1oy o
AS[z] = M — 5V 20.
T J; 2t —ta)/aP 2 (20.37)

and z, = 0 = x.
More generally, the path integral for any quadratic action of the form

Slq] = /ttbu Q) +vqt)q(t) +wa )+ s(t)¢(t) +5(t) q(t)dt  (20.38)

is (exercise 20.7)
<qb|e_i(tb_t“)H/h|qa> = f(tq,tp, hyu,v,w) eSlael/n, (20.39)

The dependence of the amplitude upon s(t) and j(¢) is contained in the
classical action S[q.| of the classical path g..

These formulas (20.35-20.39) may be generalized to any number of par-
ticles with coordinates {q} = {q',...,q"} moving nonrelativistically in a
space of multiple dimensions as long as the action is quadratic in the {q}’s
and their velocities {¢}. The amplitude is then an exponential of the action
S[{q}] of the classical path multiplied by a function f(t4,t,#,...) that is
independent of the classical path g,

({g}ole™" M {qYa) = f(tastos h,...) eSO, (20.40)

Example 20.3 (Free particle) The classical path of a free particle going
from q, at time ¢, to q; at time t; is

; “ (@, — qq)- (20.41)
b — ta

qc(t) =q,+
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Its action is

"1 m(q, — q,)*
_ - 2 — b a
Slg.) = /ta 5 Mde dt 2ty — ) (20.42)

and for this case our quadratic-potential formula (20.40) is

2
(qyle™ lq,) = f(ty — ta, h,m) exp Cohity —t,) (20.43)
which agrees with our explicit calculation (20.29) when f(t, — tq, i, m) =
[m/(2mih(ty, — t,))]%/2. O

Example 20.4 (Bohm-Aharonov effect) From the formula (12.70) for the
action of a relativistic particle of mass m and charge e, it follows (exer-
cise 20.18) that the action of a nonrelativistic particle in an electromagnetic
field with no scalar potential is
ty @b
S = [%mtf +eA- (j] dt = / [%mtj + eA] -dq . (20.44)
ta a
Since this action is quadratic in ¢, the amplitude for a particle to go from
q, at t, to g, at t, is an exponential of the classical action

(qple ™t M g\ = f(ty — tq, hym, €) 519el/h (20.45)

multiplied by a function f(t, —t4, i, m, e) that is independent of the path gq..
A beam of such particles goes horizontally past but not through a vertical
pipe in which a vertical magnetic field is confined. The particles can go
both ways around the pipe of cross-sectional area S but do not enter it. The
difference in the phases of the amplitudes for the two paths is a loop integral
from the source to the detector around the pipe and back to the source

mq dq mq dq mq-dq e®
%[Q—FA] 5 /B dS = oT +h(20.46)

in which ® is the magnetic flux through the cylinder. O

Example 20.5 (Harmonic oscillator) The action

1 1
S = im(f(t) - §mw2q2(t) dt (20.47)
ta

of a harmonic oscillator is quadratic in ¢ and ¢. So apart from a factor f,
its path integral (20.35-20.37) is an exponential

(qo|e~ "ot H/B gy — ¢ piSlacl/n (20.48)
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of the action S[q.] (exercise 20.8)

mw [(ga + g3 ) cos(w(ty — ta)) — 2qaqe]
2sin(w(ty — tq))

Slge) = (20.49)

of the classical path

Qb — qacosw(ty —tq)

t) = t—1
4e(t) = gacoswlt =) + =g R

sinw(t — tq) (20.50)

that runs from gq,,t, to qp,tp and obeys the classical equation of motion
mae(t) = — W2q0(t)-

The factor f is a function f(tp — ta, A, m, mw?) of the time interval and
the parameters of the oscillator. Its actual value is

[ nw
=\ 20.51
/ 2mihsinwT (20.51)

The amplitude (20.48) is then an exponential of the action S[g.] (20.49) of
the classical path (20.50) multiplied by this factor f

—i(ty—ta)H/R = e 20.52
(@mle [da) \/2m’hsinw(tbta) 2052)

% exp {z’mw [(g2 + qf) cos(w(ty — ta)) — 2¢ags) } '

h 2sin(w(ty — ta))
O

Example 20.6 (Computation of f) The factor f is the n — oo limit of
the (n — 1)-dimensional integral (20.36)

mn "2 iAS
= | — D/ ey .. d 20.53

/ [2m’h(tb - ta)} /e Il G0 (2053)
over all loops that run from 0 to O in time ¢, — t, in which the quadratic
correction to the classical action is (20.37)

n

tb—ta 1 (.’Ej *ijl)Q 1 2 9
A — oS A - 20.54
S[z] - ;2m[(tb—ta)/n]2 2mw 3, (20.54)

and x, = 0 = xo.
Setting t, —t, = T, we use the many-variable imaginary gaussian integral
(20.3) to write f as

mn 2 mn /2 [ (im)r—1
_ LT R o 20.55
! [2th} / ¢ Tt A0 [QWihT} deta (20%9)
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in which the quadratic form a;,z;x) is
(WT)* ,

n
nm 1
=1

which has no linear term because zg = x,, = 0.
The (n — 1)-dimensional square matrix a is a tridiagonal Toeplitz matrix

y —1 0 O

y —1 - (20.57)

Apart from the factor nm/(2kRT), the matrix a = (nm/(2rT)) C,,—1(y) is a
tridiagonal matrix Cj,—1(y) whose off-diagonal elements are —1 and whose
diagonal elements are y = 2 — (wT)?/n?. Their determinants |C,(y)| =
det Cy,(y) obey (exercise 20.9) the recursion relation

Cr1(W)] =y [Cn(y)] — [Cn—1(y)] (20.58)

and have the initial values |C1(y)| = y and |Ca(y)| = y* — 1. The trigono-
metric functions S, (y) = sin[(n + 1)0]/sin @ with y = 2 cos @ obey the same
recursion relation and have the same initial values (exercise 20.10), so

sin(n + 1)6

()] = 20.59
Caly) = "5 (20.50)
Since for large n
242
t T
6 = arccos(y/2) = arccos (1 - c;nQ> =~ %, (20.60)
the determinant of the matrix a is
nm \n—1 nm\n—1 sinnf
deta= (giz) 1O = (557
cta=\gpr) 1O WI= g7 sin 6 (2061)
N <nm )nfl sin(wT') (nm )nfl nsinwT :
2hT sin(wT/n) ~ \2hT wl

Thus the factor f is
. [ mn }n/2 (im)n—1 _[ mn }n/Q omihT\" ' wT
- L2mikT deta  L2minT nm nsinwT

/ mw
=/ 20.62
2mihsinwT ( )
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O

As these examples (20.1 & 20.5) suggest, path integrals are well defined.

20.5 Path integrals in statistical mechanics

At the imaginary time t = —ihf5 = —ih/(kT'), the time-evolution oper-
ator e *H/" becomes the Boltzmann operator e ## whose trace is the

partition function Z(f3) at inverse energy 5 = 1/(kT)
Z(B) = Tr(e M) = “(nle " |n) (20.63)

n
in which the states |n) form a complete orthonormal set, k = 8.617 x 10~°
eV /K is Boltzmann’s constant, and T is the absolute temperature. Partition
functions are used in statistical mechanics and quantum field theory.
Since the Boltzmann operator e # is the time-evolution operator e~ #H/h
at the imaginary time ¢t = — ¢hf, we can write it as a path integral by
imitating the derivation of the preceding section (20.3). We will use the
same hamiltonian H = p?/(2m) + V(q) and the operators ¢ and p which
have complete sets of eigenstates (20.9) that satisfy (20.10).
Changing our definitions of €, k, and v to € = B/n, k = Bp*/(2m), and
v = BV (q), we can write Trotter’s formula (20.7) for the Boltzmann operator
as the n — oo limit of n factors of e~ ¢~

-BH _ —¢k e e—ek e ... e—ek e~V e—df e . (2064)

e e

ek e~ |qq), we insert the identity op-

To evaluate the matrix element (g;|e™
erator (q|e”* I e~¥|q,) as an integral (20.10) over outer products [p’)(p’| of
momentum eigenstates and use the inner products (q|p') = €'/ /\/27h
and (p'|qa) = e~"%?'/"/\/2wh

o0

(e ela = [ lale ) eV D) dy

—00

0 2 ; dp/
— =€ Viaa) / emv?/m) )/ I (o0 g5)

™

If we adopt the suggestive notation ¢ — q, = €h ¢, and use the gaussian
integral (20.2) with a = €¢/(2m), x = p, and b = €G/2

00 2 2
D .. dp m mgq
= —€— 20.66
/_Ooexp < ¢ 2m zeqp) 2mh 2meh? P ( ¢ 2 ) o )
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then we find

e’} 12 /
o _ P . 4.\ dp
(e el =" [ (e D it i) 5

= () e [ (mjz V)| eoon

in which ¢ is hidden in the formula ¢ — g, = heq,.

The next step is to link two of these matrix elements together

o0
_ _ 2 _ _ _ _
(@2l (e~ =) q) = / (aole™ el g1 le= e ]ga)day

o0 -2 52
m mq mq
— e e = e[ 4 i + "R 4 Vi) fan

Passing from 2 to n and suppressing some integral signs, we get

o0
(@ble"H |ga) = /// (@l e lgn_1) - (q1le* ¢ lqa) dgu_1 ... dgs
—0o0

n—1 )
_ (R mg; |
N (W) ﬁweXp _GZ ( 2 +V(QJ)> dQn—l...dql,

J=0

Setting du = he = hf/n and taking the limit n — oo, we find that the
matrix element (gy|e™?|q,) is the path integral

(asle" |ga) = /eSe[qW‘ Dq (20.68)
in which each path is weighted by its euclidian action
hB 52
st = [ " 4 vig(w) an, (20.69)
0

g is the derivative of the coordinate g(u) with respect to euclidian time
u=hB, and Dg = (nm/27 hQﬁ)"/Q dgn_1...dq1.
A derivation identical to the one that led from (20.64) to (20.69) leads to

<qb’€_(/8b_ﬁa)H’qa> — \/e—se[‘ﬂ/ﬁ Dq (2070)
in which each path is weighted by its euclidian action
hBp -2
sta= [ v du (207)
Ba

and ¢ and Dgq are the same as in (20.69).
If we multiply the path integral (20.70) from the left by |gy) and from the
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right by (¢q| and integrate over g, and ¢, as in the resolution (20.10) of the
identity operator, then we can write the Boltzmann operator as an integral
over all paths from ¢, to ¢,

o~ (Br—Ba) H _ / lqs) e~ 519/ (g1 Dq dgu da, (20.72)

with Dg = (mn/(2mil(ty—t4)))? dgn_1 . .. dg; and S,[q] the action (20.71).
To get the partition function Z(f3), we set ¢, = g, = ¢n, and integrate over
all n ¢’s letting n — oo

2(8) = Tre P = / (anle " |qn) dan

B 2 (4
- [ew [—,{L [ vigtw) ] Dg

(20.73)

where Dq = (nm/27 h? 8)"/? dq,, . .. dg,. We sum over all loops ¢(u) that go
from ¢(0) = g, at Boltzmann time 0 to ¢(h3) = ¢, at Boltzmann time Af3.

In the low-temperature limit, 7' — 0 and S — oo, the Boltzmann operator
exp(—FH) projects out the ground state |Epy) of the system

lim e PH = lim Y e 0P| E,) (B, = e 70| Eg)(Ey. (20.74)
B—o0 B—o0 -

The maximum-entropy density operator (section 1.40, example 1.64) is
the Boltzmann operator e ## divided by its trace Z(3)

—BH —BH

P 7 Te(e 1) T Z(B)

(20.75)

Its matrix elements are matrix elements of the Boltzmann operator (20.69)
divided by the partition function (20.73)

e PH
(ablplaa) = W (20.76)

For many particles {g} in three dimensions with ¢,(u) = dq;(u)/du, the
{q.},{q,} matrix element of the Boltzmann operator is the analog of equa-
tion (20.69) (exercise 20.36)

"B maq?(u
(@)l "} = [ exp [— [ v ) du] Dia)

(20.77)
where D{q} = (nm/2n h*3)*/?d{q},_1...d{q,}, and the partition func-
tion is the integral over all loops that go from {q}o to anywhere and back
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to {q}o in time hS

1 (" mg;(u)
23) = [ew |5 [ FHE 4 Vilahw) d| Dlay  (2079)
where now D{q} = (nm/2r h? 8)**/2 d{q}, ...d{q}:1.

Because the Boltzmann operator e ## is the time-evolution operator
e""H/h at time KB and imaginary time t = —iu = —ihf = —ihi/(kT), the
path integrals of statistical mechanics are called euclidian path integrals.

Example 20.7 (Density operator for a free particle) For a free particle,
the matrix element of the Boltzmann operator e ?# is the n = 3/ — oo
limit of the integral of n factors of the integral (20.67) with V' =0

n/2
—BH _ ( m )
{aple™"" Iga) 2mh2e
2 2
m\qp — Gn— q1 — qa
x/exp[— ( 572 ) cee— ( 12h2(-:) dgn—1---dqi.

The formula (20.2) gives for the ¢ integral
efm(QQ*(Ia)Q/(2h22€)

V2

m 1/2 —[m(g2—q1)%24+m(q1—qq)?]/(2h3€
(%m) /e m(ge—an)+mla1—40)%)/ (2170 g —
The g2 integral is (exercise 20.11)

e—m(qg—qa)2/(2ﬁ236)

q2 = \/§

( m )1/ ? / o~ mlas—a2)/(2026)~m(a2—ga)?/(412€) g
dmh?e

(20.79)
All n — 1 integrations give

—m(qp—qa)?/(2h%ne
<Qb’€_ﬁH|qa> _ m e (@—qa)?/( ) _ m e—m(qb—qa)2/(2h25)'
2mh2e vn 2mh23

The partition function is the integral of this matrix element over g, = ¢

m O\ 12 o\ 12
Z(ﬁ) = <27ri’12ﬁ> /dqq = (27]_’125> L (20.80)

where L is the (infinite) 1-dimensional volume of the system. The g, g,
matrix element of the maximum-entropy density operator is

e~ m(@,—4a,)/(2h*B)

L

(@blplga) = (20.81)
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For N particles in 3 dimensions, equations (20.7 and 20.80) are

B mkT\*N? o
(able ™ (ah) = (o) o/
L 2 (20.82)
z28) = (2 L3V
27h?
0

Example 20.8 (Partition function at high temperatures) At high temper-
atures, the product A8 = h/(kT') is very small, and the particles are essen-
tially free. So the path integral reduces to the product of the free-particle par-
tition function (20.82) with L3V replaced by an integral of ({g}ole ?"/"|{q}o)

2(8) = / =BV Uah) g [_1 /0 " md; () du] D{q} (20.83)

h 2

3N/2
= (;nké) /e—ﬁV({q}o) d{q}o.
™

20.6 Boltzmann path integrals for quadratic actions

Apart from the factor Dg = (nm/27 h2B)"?dgn_1 ...dq, the euclidian
path integral

hB m~2 U
(avle™""]qa) Z/eXp [—;L i q2( )—I—V(q(u)) du| Dq (20.84)

is a sum of positive terms e~¢4/" one for each path from g4, 0 to g, 5. If a
path from ¢,,0 to gp, 8 obeys the euclidian classical equation of motion

d*qec )
JuZ =M Jee = V,(Qec) (2085)
then its euclidian action
hB )
sl = | m q2(“) +V(u) du (20.86)

is stationary and may be minimal. So we can approximate the euclidian
action Se[gec + x] as we approximated the action S|g. + ] in section 20.4.
The euclidian action Se[gec + x| of an arbitrary path from ¢4, 0 to g, 5 is the
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stationary euclidian action Se[gec] plus a u-integral of quadratic and higher
powers of the detour = which goes from z(0) = 0 to z(h5) =0

h hB Vv
Selgec + 2] = / [%cﬁc + V(qec)] du + / {7;:52 4+ VGee) o
0 0

2
V/// (Qec) 3 V//// (QGC) B
+ 6 z° + 24 x4+ ... | du
=5 [Qec] + AS&[Q@C, l‘], (2087)

and the path integral for the matrix element {(gy|e?|q,) is
(qole=PH |qa) = e Selaecl/n / o~ DSelgectl /B, (20.88)

as n — oo where Dz = (nm/2r h28)"2 dg,_1 ...dq in the limit n — co.
If the action is quadratic in ¢ and ¢, then the action AS¢[gec, x| of the

detour z is independent of the euclidian classical path g.., and so the path

integral over x is a function f only of the parameters 8, m, h, and V"

(qb|€7ﬁH‘qa> — ese[‘kc]/h/ efASe[x]/th — f(ﬁ, h, m, V//) e*Se[QEc]/h

(20.89)
in which with x,, = 0 = zg the function f is
f(B,h,m, V") = mn nﬂ/e_ASe[x]/hda: dx
5 [0y 170, 27Th25 n—1--- 1,
h/B \&j —Tj-1)" 1>2 Lo 2
— . 20.
Z%Q (G/n P +5V" 4] (20.90)

Example 20.9 (Density operator for the harmonic oscillator) The path
dec(B) that satisfies the euclidian classical equation of motion (20.85)

dQQeC(u) 2

dec(u) = du2 =w qec(U) (20.91)

and goes from ¢, 0 to g, A is

sinh(wu) gp + sinh[w(AS — u)] ¢q
sinh(hwp)

Qec(u) = (20.92)
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Its euclidian action is (exercise 20.20)

hB -2 2 2
s [ miEw | mRE )
0 2 2 (20.93)

= St g Lo () a2+ af) — 2aun].

Since V" = mw?, our formulas (20.89 & 20.90) for quadratic actions give

as the matrix element
(@ole™ "7 |ga) = F(B, hym,mw?) e~ Seltecl/h (20.94)

in which

n/2
f(B, h,m, mw?) = { mn ] /eASeM/h) dTp—1 ...dx,

2l (20.95)
BB~ m (g — i) | e’ '
AS 2] = 2 S :
o] =4 ;2712 G/in)E 2

and x,, = 0 = xp. We can do this integral by using the formula (20.4) for a
many variable real gaussian integral

mn /2 [ . mn /2 [(7)n1
— OTEIE —
F= [QthB} /6 Ty {271'7123} det a (20.96)

in which the positive quadratic form a2 ;) is

n 2

% 3y [ —2xjaj b a o + @wjxﬂ (20.97)
j=1

which has no linear term because zg = x, = 0.

The matrix a is (nm/(2h?B)) Cp,—1(y) in which C,,_1(y) is a square, tridi-
agonal, (n — 1)-dimensional matrix whose off-diagonal elements are —1 and
whose diagonal elements are y = 2 + (Awf3)?/n?%. The determinants |Cy,(y)|
obey the recursion relation |Cp11(y)| = v|Cn(y)| — |Crn-1(y)| and have the
initial values C;(y) = y and Ca(y) = y? — 1. So do the hyperbolic functions
sinh(n+1)6/ sinh # with y = 2 cosh 6. So we set C,(y) = sinh(n+1)8/sinh 6
with # = arccosh(y/2). We then get as the matrix element (20.94)

o omw _ mwlcosh(hwpB)(ga + ;) — 24ags)
onhsinh(hwB) ¥ 2hsinh(hwp)

(qole ™" |qa) =

(20.98)
The partition function is the integral over ¢, of this matrix element for
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dp = qa
B mw mw[cosh(AwgB) — 1]¢?
Z2(8) = \| 27 sinh (7w ) / P [ T hsinh(wp) 4
1

~ V2leosh(hwB) — 1] (20.99)

The matrix elements of the maximum-entropy density operator (20.75) are

e BH
(ol = 210 (20.100)
_ \/ muwlcosh(fwff) — 1] [_ mewlcosh(hwB) (@2 + a2) — 2aas)
B mhsinh(hwf) 2h sinh(hwf3)

which reveals the ground-state wave functions

mw —mw
(wlplga) = (6]0)(0lga) = \/; 4t a5)/ (2h), (20.101)

The partition function gives us the ground-state energy

lim
B—00

1
lim Z(8) = lim — ¢ PEo — o—Blhw/2 20.102
B—o0 ) p—oo y/2[cosh(hwf) — 1] ( )

O

20.7 Mean values of time-ordered products

In the Heisenberg picture, the position operator at time t is
q(t) = /g et/ (20.103)

in which ¢ = ¢(0) is the position operator at time ¢ = 0 or equivalently the
position operator in the Schrédinger picture. The time-ordered product of
two position operators is

Tla(t)q(tz)] = { ZEE;ZEE; i 2 i 2 }:q(t>)q(t<) (20.104)

in which ¢_ is the later and ¢_ the earlier of the two times t; and 5.
The position operator ¢ at the imaginary time ¢t = —iju = —ihf =
—ih/(kT) is the euclidian position operator

ge(v) = qo(hB) = /g e=uH/h, (20.105)
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The time-ordered product of two euclidian position operators at euclidian
times u1 = A1 and ugy = APy is

if Ul Z u9

T 1ge(u1)ge(u2)] = { ZZEZ;; ZZEZ?% if ug > uy

} — () go(u).

(20.106)
The matrix element of the time-ordered product (20.104) of two position

operators and two exponentials e~ /" between states |a) and |b) is

(ble™ " Tlq(t)a(t)]e "/ a) = (ble™ " hq(t. )q(t )™ /M|a) (20.107)
= (ble it H g omilts =t OH/hy o=iltH ) H/N gy

Using the path-integral formula (20.20) for each of the exponentials on the
right-hand side of this equation, we find (exercise 20.13)

(bl T [g(t1)q(ta)le™ ™/ Ma) = /<blqb>q(t1)Q( 2)e'SlU/M (gyla) D
(20.108)

in which the integral is over all paths that run from —t to ¢. This equation
is simpler when the states |a) and |b) are eigenstates of H with eigenvalues
FE,, and F,

e~ Em) N (0| T [q(t1)q(t2)][m) = /(nlqz;M(tl)Q(tz)eis[q”h<qa|m>Dq-

(20.109)
By setting n = m and omitting ¢(t1)q(t2), we get
B — [ (nlgy) i, o) D (20.110)
The ratio of (20.109) with n = m to (20.110) is
[ nlaater)ates)e S/ gulm) D
(n|Tla(t1)q(t2)]ln) = (20.111)

/(nlqz)eis[q]/h@a\m Dq

in which the integrations are over all paths that go from —t < t5 to t > ¢;.
The mean value of the time-ordered product of & position operators is

/ (nlav)a(tr) - - a(tr)eS9/ Mg, n) Dg

/(nlqb)eis[q]/%a\n) Dq

(n|Tla(t1) -+ a(te)lIn) = (20.112)
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in which the integrations are over all paths that go from some time before
t1,...,t; to some time after them.

We may perform the same operations on the euclidian position operators
by replacing t by —iu = —ihS. A matrix element of the euclidian time-
ordered product (20.106) between two states is

(Ble™ " H/MT (ge(ur)ge (ua)Je™#/Pa) = (Ble™ "/ q.(u. )ge(u e #/ |a)
(20.113)
_ <b|e—(u—u>)H/hq e—(u> —u<)H/hq e—(u+u<)H/h’a>‘
—uH/h projects (20.74) states in onto the ground
state |0) which is an eigenstate of H with energy Ey. So we replace the
arbitrary states in (20.113) with the ground state and use the path-integral
formula (20.72) for the last three exponentials of (20.113)

As u — 00, the exponential e

e*2“E°/h<0!7'[qe(u1)qe(u2)]’0> — /<qub>q(u1)q(uQ)eSe[q}/h<qa‘o>Dq.

(20.114)

The same equation without the time-ordered product is
¢~ 2480/ (0[0) = ¢~ 2uEo/h — / Olgs)e S g |0y D (20.115)

The ratio of the last two equations is
[ Olaatuatus)e 50, 10) Dy
(017 [ge (u1)ge (u2)]|0) = (20.116)
[ Olae=s0/2(0,0)Dg

in which the integration is over all paths from v = —oo to u = co. The mean

value in the ground state of the time-ordered product of k euclidian position
operators is

/<0!%> q(ur) - - q(ug) e=%4/M(q,]0) Dq

(0| T [ge(ur) - - - ge(ur)]|0) =
/<OIQb)€Se[Q]/h(qa|0>Dq

(20.117)
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20.8 Quantum field theory on a lattice

Quantum mechanics imposes upon n coordinates ¢; and conjugate momenta
pr. the equal-time commutation relations

(¢, pk] =R and  [g;, qx] = [pi,pr] = 0. (20.118)

In a theory of a single spinless quantum field, a coordinate ¢z = ¢(x) and a
conjugate momentum p, = 7(x) are associated with each point x of space.
The operators ¢(x,t) and 7(x, t) obey the equal-time commutation relations

[6(, t), 7!, 1)] = i hid(a — o)
[p(x,t), p(x’,t)] = [r(z,t), 7(2',t)] =0
inherited from quantum mechanics.

To make path integrals, we replace space by a 3-dimensional lattice of
points = a(i, j, k) = (ai,aj,ak) and eventually let the distance a between
adjacent points go to zero. On this lattice and at equal times, e.g., t = 0, the
field operator ¢(x,t) = ¢(a(i, j, k),t) and its conjugate momentum 7(x, t) =
m(a(i, j, k),t) obey discrete forms of the commutation relations (20.119)

[¢( )7 ( /)] [¢( (2 Ja ))7W(a(€7mvn))] :i;hééi,faj,mék,n

(@), ()] = [Blali. j. b)), dla(t,m,n))] = 0 (20.120)
(@) (2)] = [n(ali, . ). 7(a(t, m,n))] = 0.

The vanishing commutators imply that the field and the momenta have

(20.119)

compatible eigenvalues for all lattice points « = a(i, j, k)

¢(@)|¢) = ¢ (x)|¢) and m(z)|n’) = x'(x)|r). (20.121)

Their inner products are

(¢|n"y = (H\/ ) exp[ Zqﬁ'(m)w'(az)]. (20.122)

These states are complete

/!¢'><¢’|Hd¢’(w) =I=/\7r’)(7r’!Hd7r’(w) (20.123)

and orthonormal

(@'¢") = [ 6(¢' (@) — ¢"(2)) (20.124)
)

with a similar equation for (7'|7”
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The hamiltonian for a free field of mass m

1 2.4
H= 2/ [772 +A(V)? + mh; ¢ } &z (20.125)

is approximated as

H= 2 | (V@) + O () 20.126
=5 X [r@r o)+ e (20.126)
where x = a(i, j, k), n(x) = w(a(i, j, k)), ¢(x) = ¢(a(i, j, k)), and the square
of the lattice gradient is

(Vo(@))? = = [(@lali +1,,6)) = 6(a(i, 3, K))?
+(¢lali,j +1,k)) — ¢(ali, j,k)))* (20.127)
+ (¢(a(i7j7 k+ 1)) - d)(a(ivjv k)))2 :

Other interactions, such as ¢>¢*/h, can be added to this hamiltonian.

To simplify the appearance of the equations in the rest of this chapter, 1
will often use natural units (Chapter 23) in which & = ¢ = 1. To convert
the value of a physical quantity from natural units to universal units, one
multiplies or divides its natural-unit value by suitable factors of A and c
until one gets the right dimensions.

We set K = K(m) = (a*/2) Y, n(z) and V = V() = (a®/2) X, (Vo(x))>+

m?¢?*(x) + P(¢(x)) in which P(¢(x)) represents the self-interactions of the
field. With € = (¢, — t5)/n, Trotter’s product formula (20.6) is the n — oo
limit of

e~ i(ty—ta) (K+V) _ (e*i(tb*ta)K/ne*i(tb*ta)V/n)n _ (67i6K67ieV)”

(20.128)
We insert I in the form (20.123) between e~*% and e~V
(prle™ N eV |ga) = <¢1!€_“K/ [n) (@' | [ dn’(@)e ™V [¢a)  (20.129)

and use the eigenstate formula (20.121)

<¢1‘e—ieK e—ieV|¢a> — e—iEV(d)a)/ —ieK (m ¢1|ﬂ_ |¢a Hdﬂ_
(20.130)
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and the inner-product formula (20.122)
(p1]e *“Ee™Vp,) (20.131)

3
— iV [ [ / fmweaﬂiena(m)/zﬂ'(m(m)%(m))w'(mn] '
2

T

Using the gaussian integral (20.1), we set ¢q(x) = (¢1(z) — ¢a())/e and
get

) . 3\/2 3.,
(pr|e " Ke™ iV |g,) = H [<a> el 2 [¢>3(w)(V¢a(w))2m%i(iﬂ)ﬂ%(iﬂ)ﬂ] _

2mie
(20.132)
The product of n = (t, — t,)/€ such time intervals is
i(ty—ta)H a’n n/2 S
b— 10z
(el |$a) = 1;[ <2m,(tb_ta)> /e Doy (20.133)
in which
_ty—ted® )
Sa = 225" (@) — (Vo (@))* — m?6}(@) - P(o;(@))] . (20.134)
7=0

05(@) = n(9j1(@) = 6;())/(1s ~ ta), and Do = s (@) - i1 ().
The amplitude (¢|e~"(te—ta)H \gzﬁ ) is the integral over all fields that go

from ¢q(x) at t, to ¢p(x) at t, each weighted by an exponential
(gple™ vt  |g,) = / ¢l Do (20.135)
of its action
ty 17.
- / dt / a3 [¢>2 — (V$)? — m2¢? — P(qs)] (20.136)
ta

in which D¢ is the n — oo limit of the product over all spatial vertices

n/2
D¢ = H [<2m = ta)> dpp_1(z) - - 'dqbl(m)] . (20.137)
Equivalently, the time-evolution operator is
ettt — [ 10650 (6, DoDODs, (20139

in which D¢oD¢y, = [], dda,vdpp, is an integral over the initial and final
states.
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As in quantum mechanics (section 20.4), the path integral for an action
that is quadratic in the fields is an exponential of the action of a classical
process S[¢.] times a function of the times t,,t, and of other parameters

(gple™" v H ) = / ¢l Do = fltaty,...) 1o (20.139)

in which S[¢.] is the action of the process that goes from ¢(z,t,) = ¢o()
to ¢(x,ty) = ¢p(x) and obeys the classical equations of motion, and the
function f is a path integral over all fields that go from ¢(x,t,) = 0 to

(Z)(iIZ, tb) =0.
Example 20.10 (Classical processes) The field

oz, t) = / e®®(a(k) coswt + b(k) sinwt] d®k (20.140)

with w = v/k? + m?2 makes the action (20.136) for P = 0 stationary because
it is a solution of the equation of motion V2¢ — ¢ — m?¢ = 0. In terms of
the Fourier transforms

3

(k1) = / R o 1) (;1:)3

the solution that goes from ¢(x,t,) to ¢(x,tp) is

é(z, 1) :/eik“” sinw(ty —t) g?)(k:, ta) +sinw(t —t,) gf}(k’ t)

sinw(ty — t4)

~ . 3
and (]5(’45, tb) = /G_ka ¢($, tb) (;17_‘_?37

(20.141)

d®k. (20.142)

The solution that evolves from ¢(x,t,) and ¢(x, t,) is

sinw(t — tg) q;(k: 1) @k

(20.143)

P(x,t) = /e’m [cosw(t —to) ok, ty) +

in which the Fourier transform %(k, tq) is defined as in (20.141). O

Like a position operator (20.103), a field at time ¢ is defined as
o, t) = e/, 0)e /N (20.144)

in which ¢(x) = ¢(=,0) is the field at time zero, which obeys the commu-
tation relations (20.119). The time-ordered product of several fields is their
product with newer (later time) fields standing to the left of older (earlier
time) fields as in the definition (20.104). The logic (20.107-20.111) of the
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derivation of the path-formulas for time-ordered products of position oper-
ators also applies to field operators. One finds (exercise 20.14) for the mean
value of the time-ordered product of two fields in an energy eigenstate |n)

/ (n|gp) (1) p(2)e 1V (py|n) D
/ (nls) S/ {g, ) Db

(n|T[p(z1)9(x2)]|n) = (20.145)

in which the integrations are over all paths that go from before ¢; and ¢5 to
after both times. The analogous result for several fields is (exercise 20.15)

/ (nlée)d(z1) - - Ba)eS 9/ (6o ln) Do
[tnloneisinig,in) Do

(| Tlo(x1) - - dlar)ln) =

(20.146)
in which the integrations are over all paths that go from before the times
t1,...,t; to after them.

20.9 Finite-temperature field theory

Since the Boltzmann operator e A7 = ¢=H/(KT) ig the time evolution op-

erator e /" at the imaginary time t = — ihf = —ih/(kT), the formulas
of finite-temperature field theory are those of quantum field theory with ¢
replaced by —iu = —ihf = —ih/(kT).

As in section 20.8, we use as our hamiltonian H = k + v where k£ and v
are sums over all lattice vertices v = a(i, j, k) = (ai, aj, ak) of the cubes of
volume a® times the squared momentum and the potential energy

3 3
H=k+v= C;Z}:ngu 2;(V¢U)2+m2¢% +P(¢y).  (20.147)

A matrix element of the first term of the Trotter product formula (20.7)

=B(k+0) — im (e—ﬁk/n e*ﬁv/n)n (20.148)

n—oo

(&

is the imaginary-time version of (20.131) with e = h3/n

3 9./ ) ,
(B1le* ™) = eI ] [ / ‘”“vea3[—w%/2+z<¢w—¢av>m] .

2T
(20.149)
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Setting ¢ay = (10 — Pav)/€, we find, instead of (20.132)

1/2 )
(Grle* e=vga) = [ [(6‘3> e—fa?’{cz%u+<V¢av>2+m2¢3v+P<¢v>V2] .

2me
(20.150)
The product of n = hf/e such inverse-temperature intervals is
—BH a3n n/2 _s
(Pole™"|¢a) = H (W) /e Do, (20.151)
in which the euclidian action is
6 CL3 n—1
2 2,2
Sev =" Jz% (82, + (V930)% + m?63, + P(6y)| (20.152)

where ¢, = n(dj11,0 = $j.0)/B and Dy = dp_1, -+ - d1,p.
The amplitude (¢p|e~ PPt |p,) is the integral over all fields that go
from ¢, () at B, to ¢p(x) at By each weighted by an exponential

(gple™ PPl |g,) = / e=5:9 Dgy (20.153)

of its euclidian action
By 1r.
= / du / d3:r§ [¢2 + (V) + m?¢? +P(¢)} (20.154)
Ba

in which D¢ is the n — oo limit of the product over all spatial vertices v

n/2
D¢ = H[(Q7T By — ﬁa)> dgbn_lvv-..d(m,v]. (20.155)

Equivalently, the Boltzmann operator is

o~ (Bo—Ba)H /m =501 (.| Dé Dy Deby (20.156)

in which D¢oD¢y, = [, dpa,nddp, is an integral over the initial and final
states.
The trace of the Boltzmann operator is the partition function

Z(B) = Te(e™?1) = / e~ (ga|¢w) D§ Do Dby = / ¢~ D¢ Do,
(20.157)
which is an integral over all fields that go back to themselves in euclidian
time 3.
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Like a position operator (20.105), a field at an imaginary time ¢t = —iu =
—ihfS is defined as

de(,u) = pe(x, hB) = "/ g(,0) e~/ (20.158)

in which ¢(x) = ¢(x,0) = ¢e(x,0) is the field at time zero, which obeys
the commutation relations (20.119). The euclidian-time-ordered product of
several fields is their product with newer (higher u = hf3) fields standing to
the left of older (lower u = fif3) fields as in the definition (20.106).

The euclidian path integrals for the mean values of euclidian-time-ordered-
products of fields are similar to those (20.145 & 20.146) for ordinary time-
ordered-products. The euclidian-time-ordered-product of the fields ¢(z;) =
é(xj,u;) is the path integral

/<n!¢b>¢(f€1)¢($2)6_S‘5[¢W<¢a|n> D¢
[ tnlenye=s0146,1n) Do

(n|T[@e(x1)de(x2)][n) = (20.159)

in which the integrations are over all paths that go from before u; and wuo
to after both euclidian times. The analogous result for several fields is

/ (nlds)d(e1) - - Slar)e M gy n) D

[ talanye=s9(6,1n) Do

(20.160)
in which the integrations are over all paths that go from before the times
ui,...,u to after them.

In the low-temperature § = 1/(kT) — oo limit, the Boltzmann operator
is proportional to the outer product |0)(0| of the ground-state kets, e ## —
e~PF0|0)(0]. In this limit, the integrations are over all fields that run from
u = —00 to u = 00, and the only energy eigenstate |n) that contributes is
the ground state |0) of the theory

(| T ¢e(x1) - -+ de(z)]In) =

/ Olén)d(a1) - - - d(ar)e=50/(,]0) Do

<0‘T[¢e(x1) T ¢e($k)”0> =
[ lavesarnis.00) Do

(20.161)
Formulas like this one are used in lattice gauge theory.
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20.10 Perturbation theory

Field theories with hamiltonians that are quadratic in their fields like
Ho = / L@ (@) + (Vo)) + m?e(@)] a*a (20.162)
are soluble. Their fields evolve in time as
Bz, t) = et o p(x, 0)e o, (20.163)

The mean value in the ground state of Hy of a time-ordered product of these
fields is a ratio (20.146) of path integrals

/ (01w) (1) - &(an) €019 (3,]0) D
OIT [¢(x1) - dlax)] [0) =

[ (0lon) ¢5916,10) D
(20.164)
in which the action Sp[¢] is quadratic in the field ¢
/ Da(x)0P(2) — m?¢?(x) d'z. (20.165)

Here —0, p0%¢p = ¢ — (V(b) , and the integrations are over all fields that run
from ¢, at a time before the times t1, ..., to ¢, at a time after t1,..., .
The path integrals in the ratio (20.164) are gaussian and doable.

The Fourier transforms

~ ) o d4
#(p) = /e—zpa:¢(m) d*z and o(z) = /ezp$¢(p) (27:))4 (20.166)
turn the spacetime derivatives in the action into a quadratic form
1 Tl 12 (152 2 d4p
So[¢]l = =5 [ lo(p)|” (p” +m”) @nyt (20.167)

in which p? = p? — p°2 and ¢(—p) = ¢*(p) by (4.28) since the field ¢ is real.

The initial (¢,|0) and final (0|¢p) wave functions produce the ie in the
Feynman propagator (7.64). Although its exact form doesn’t matter here,
the wave function (¢|0) of the ground state of Hy is the exponential (19.53)

(20.168)

1 ~ d3p
(0l0) = coxp | [ o) Vi T 5
in which qg(p) is the spatial Fourier transform of the eigenvalue ¢(x)

o(p) = / e P g(x) dx (20.169)
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and c is a normalization factor that will cancel in ratios of path integrals.
Apart from —2ilog ¢ which we will not keep track of, the wave functions
(94]0) and (0|¢p) add to the action Sp[¢] the term

d3
Asifel = 5 [ Vo= w2 (16 0F + 6. ~0F) G5 0a7)

in which we envision taking the limit ¢ — oo with ¢(x,t) = ¢p(x) and
o(x,—t) = ¢g(x). The identity (Weinberg, 1995, pp. 386-388)

e—0+

f(+00) + f(—00) = lim (—:/ f(t) e~ a (20.171)

(exercise 20.22) allows us to write ASy[¢| as

ASpl¢] = lim /\/ 2+m2/ o(p,t)|* eI at (d;;g. (20.172)

So to first order in €, the change in the action is (exercise 20.23)

3
ASy[¢] = lim /\/ 2+m2/ o(p,t |2dt d’p

e—0+ 2 ( )3
= lim /\/ 2+ m?|p(p |2 dp (20.173)
e—0+ 2 )
Thus the modified action is
2 d4p
Soone] = Solol+ Asfe] = — 5 [ 10w (12 +m? —iev/p?+m?) £
2 P
_ _ = —_ 174
/|¢ )P (p* +m® — ie) an) (20.174)

since the square root is positive. In terms of the modified action, our formula
(20.164) for the time-ordered product is the ratio

/ O(a1) -+ o(an) 1% Dy
OIT [¢(z1) -~ ()] [0) = - (20a75)

/ei50[¢7€] D¢

We can use this formula (20.175) to express the mean value in the vacuum
|0) of the time-ordered exponential of a spacetime integral of j(z)¢(x), in
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which j(z) is a classical (c-number, external) current, as the ratio
25 = O 7 {exp [i [ 50 660) ] } 1)

/ exp [z / j(z) () d%} e"%olee Dy (20.176)
/ ¢iSolodl s '

Since the state |0) is normalized, the mean value Zy[0] is unity, Zy[0] = 1.
If we absorb the current into the action

%Mmﬂ=%@ﬂ+/ﬂ@d@#w (20.177)

then in terms of the current’s Fourier transform
i(p) = / e j(z) d'a (20.178)

the modified action Sp[¢, €, j] is (exercise 20.24)

B 5 N N 5 4
Sibresdl = — 4 [0 0+ —i0) - 7)) ~ 3 0)0)] et

(20.179)
Changing variables to ¥(p) = ¢(p) — j(p)/(p* + m? — i€), we can write the
action Sy[¢, €, j| as (exercise 20.25)

~ g ~ 4
%wﬁdp:_;/{www(ﬁ+nﬁ_my_ J@M@)}(i&

(p% +m?2 — ie)
'T* ~ 4
= Solt, e + ;/ [(pQJJr(ZJ?(I—?)ie)] (gﬂ’;4. (20.180)

And since D¢ = D1), our formula (20.176) gives simply (exercise 20.26)

; T0N2 4
Zolj] = exp (2/p2 E%‘_ - (;iﬂ];). (20.181)

Going back to position space, one finds (exercise 20.27)

Zolj] = exp [; /j(l‘) Az —2')j(2') d*a d4a:'] (20.182)

in which A(xz — 2’) is Feynman’s propagator (7.64)
eip(zfx’) d4p
p?2 +m? —ie (2m)*

Az —2') = Ap(z — 2) = / (20.183)
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The functional derivative (chapter 19) of Zy[j], defined by (20.176), is

1 5ZOU] o . Lo N g4 s
Tk <0|7'[<z5(x) exp (z / i@)e()de' )| 10) (20.184)
while that of equation (20.182) is
1520[]']7 / I (oI A
5@ Zolj] | A(x — ") j(2') d*a'. (20.185)
Thus the second functional derivative of Zy[j] evaluated at j = 0 gives
/ _ 1 5220[j] . /

Similarly, one may show (exercise 20.28) that

4 .
j=

= — A(azl — ZQ)A(xg — 1‘4) — A(azl — xg)A(CUQ — .’L’4)
— A(fl)l — IL‘4)A(ZL‘2 — 173). (20.187)

Suppose now that we add a potential V' (¢) to the free hamiltonian (20.162).
Scattering amplitudes are matrix elements of the time-ordered exponential
T exp [—ifV((b) d4x] (Weinberg, 1995, p. 260) Our formula (20.175) for
the mean value in the ground state |0) of the free hamiltonian Hy of any
time-ordered product of fields leads us to

e =Ll

/eiso[&e] D¢
(20.188)
Using (20.186 & 20.187), we can cast this expression into the magical form

(O\T{exp [—i / V(9) d4x] } |0) = exp {—i / v <z'6j6(x)> d%] ol j=0

(20.189)
The generalization of the path-integral formula (20.175) to the ground
state |2) of an interacting theory with action S is

/¢($1) - ¢(xq) €50 D

/eiS[(b,e] ng

QT [p(x1) - - ¢(2n)] [2) = (20.190)
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in which a term like ie¢? is added to make the modified action S[¢, €|.
These are some of the techniques one uses to make states of incoming and

outgoing particles and to compute scattering amplitudes (Weinberg, 1995,
1996; Srednicki, 2007; Zee, 2010).

20.11 Application to quantum electrodynamics

In the Coulomb gauge V - A = 0, the QED hamiltonian is

H:Hm+/ [An?+ (VX A’ —A-j| &Pz + Ve (20.191)
in which H,, is the matter hamiltonian, and V¢ is the Coulomb term
1 [ 5%,t) 1%y,
Vo == / @)W p s, (20.192)
2 Ar|lx — y|

The operators A and 7 are canonically conjugate, but they satisfy the
Coulomb-gauge conditions V. A =0 and V-.-mw=0.

One may show (Weinberg, 1995, pp. 413-418) that in this theory, the
analog of equation (20.190) is

/01 -0, €5¢ 5[V - A|DA Dy
QT [O1--- O] [9) =

(20.193)
/ '5¢ 5|V -« A| DA Dy

in which the Coulomb-gauge action is
Scz/gAQ—;(V XA+ A-j+ L, da —/Vcdt (20.194)
and the functional delta function

5[V - Al =[]V - A(x)) (20.195)

enforces the Coulomb-gauge condition. The term L, is the action density
of the matter field v.

Tricks are available. We introduce a new field A°(x) and consider the
factor

F = /eXp [z/; (VA%VA*{;‘O)Q d%;] DA° (20.196)

which is just a number independent of the charge density j° since we can
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cancel the j° term by shifting A°. By A~!, we mean — 1/4r|x — y|. By
integrating by parts, we can write the number F' as (exercise 20.29)

F = /exp [z/§ (WA®)? — 4040 — 1 jON~150 d%] DA°

= /exp [2/5 (VAO)2 — A0 d4:L“+i/Vcdt] DAC.

So when we multiply the numerator and denominator of the amplitude
(20.193) by F, the awkward Coulomb term Vi cancels, and we get

(20.197)

/ol---oneis’a[v . A DA DY

QT [O1--- 0] ) = (20.198)

/eiS’ 5[V - A|DA Dy
where now DA includes all four components A* and
S = / LA LV x A2+ 1 (VA + A j—A%0 4 L, d*e. (20.199)

Since the delta-functional §[V - A] enforces the Coulomb-gauge condition,
we can add to the action S’ the term (V - A) A? which is — A - VA" after
we integrate by parts and drop the surface term. This extra term makes the
action gauge invariant

s=/%(A—VA0>2—§<V><A>2+A-J'—A°j°+£md4:c

(20.200)
= / — L Fy P+ A%, + L, d'a.
Thus at this point we have
/ol..-oneisa[v - A]DA Dy
QT 01 0,]19) = (20.201)

/eisa[v - A]DA D1

in which S is the gauge-invariant action (20.200), and the integral is over
all fields. The only relic of the Coulomb gauge is the gauge-fixing delta
functional §[V - A].

We now make the gauge transformations Aj(z) = Ap(z) + dpA(z) and
Y/ (z) = e92®)q)(z) in the numerator and also, using a different gauge trans-
formation A’, in the denominator of the ratio (20.201) of path integrals.
Since we are integrating over all gauge fields, these gauge transformations
merely change the order of integration in the numerator and denominator
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of that ratio. They are like replacing [*_ f(z)dz by [*_ f(y)dy. They
change nothing, and so (Q|7 [O1---O0,]|Q) = (T [O1--- O,] |2)" in which
the prime refers to the gauge transformations A and A’.

We’ve seen that the action S is gauge invariant. So is the measure DA D).
We now restrict ourselves to operators Oy - - - O, that are gauge invariant.
Soin (QT [0y -+ O,] |2), the replacement of the fields by their gauge trans-
forms affects only the Coulomb-gauge term §[V - A]

/01---(9neis(5[v-A+AA]DAD¢
QT [01--- O] [2) =

: (20.202)
/e’s 5[V - A+ AN]DADy

We now have two choices. If we integrate over all gauge functions A(x)
and A’(z) in both the numerator and the denominator of this ratio (20.202),
then apart from over-all constants that cancel, the mean value in the vacuum
of the time-ordered product is the ratio

/01---0neiSDAD¢
QIT[O1---0,]1Q) =

(20.203)
/ ¢" DA D)

in which we integrate over all matter fields, gauge fields, and gauges. That
is, we do not fix the gauge.
The analogous formula for the euclidian time-ordered product is

/(91---(9ne—56 DA Dy
<Q|T[Oe,l T Oe,n] |Q> =

(20.204)
/ e ¢ DA Dy

in which the euclidian action S, is the spacetime integral of the energy
density. This formula is quite general; it holds in nonabelian gauge theories
and is important in lattice gauge theory.

Our second choice is to multiply the numerator and the denominator of the
ratio (20.202) by the exponential exp[—isa [(AA)?d*z] and then integrate
over A(z) in the numerator and over A’(z) in the denominator. This oper-
ation just multiplies the numerator and denominator by the same constant
factor, which cancels. But if before integrating over all gauge transforma-
tions, we shift A so that AA changes to AA— A, then the exponential factor
is exp[—ita [(A® — AN)? d*z]. Now when we integrate over A(z), the delta
function 6(V - A + AA) replaces AA by — V - A in the inserted exponen-
tial, converting it to exp[—ija [(A® 4+ V - A)? d*z]. This term changes the
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gauge-invariant action (20.200) to the gauge-fixed action
1
5. = / — Fa F = SO Ay + Ly ' (20.205)

This Lorentz-invariant, gauge-fixed action is much easier to use than the
Coulomb-gauge action (20.194) with the Coulomb potential (20.192). We
can use it to compute scattering amplitudes perturbatively. The mean value
of a time-ordered product of operators in the ground state |0) of the free
theory is

/01 - Op e DA DY
(O] [O1---0y]10) =

' (20.206)
/ ¢"e DA D)

By following steps analogous to those that led to (20.183), one may show
(exercise 20.30) that in Feynman’s gauge, a = 1, the photon propagator is

4
OT A @) A 10) = = ibpula=y) = =i [ o e 28

20.12 Fermionic Path Integrals

In our brief introduction (1.11-1.12) and (1.48-1.50), to Grassmann vari-
ables, we learned that because 2 = 0 the most general function f(f) of a
single Grassmann variable 0 is f(f) = a + b6. So a complete integral table
consists of the integral of this linear function

/f(@)d@z/a+b9d«9:a/d9+b/0d9. (20.208)

This equation has two unknowns, the integral [df of unity and the integral
[6df of 6. We choose them so that the integral of f(6 + ()

/f(9+g)de=/a+b(e+<)d9:(a+bg)/d0+b/ede (20.209)

is the same as the integral (20.208) of f(6). Thus the integral [df of unity
must vanish, while the integral [6df of 6 can be any constant, which we
choose to be unity. Our complete table of integrals is then

/d@ =0 and /0 o =1. (20.210)
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This table of integrals is true for all Grassmann variables. So if ' = c0 is a
complex multiple of 6, then we must set df’ = ¢! df in order to have

/da’:o and /a’de’:/cede’:/cac—ldezl. (20.211)

The anticommutation relations for a fermionic degree of freedom 1 are

{0y =pyl+9Tp =1 and {y, ¢} ={yl, ¢} =0.  (20212)

Because ¢ has ', it is conventional to introduce a variable 6* = 67 that
anti-commutes with itself and with 6

{07,0"} ={0",0} = {0,0} = 0. (20.213)
The logic that led to (20.210) now gives
/d@* =0 and /0* o = 1. (20.214)

We define the reference state |0) as |0) = 1|s) for a state |s) that is not
annihilated by 1. Since ¥? = 0, the operator ) annihilates the state |0)

P|0) = p?|s) = 0. (20.215)
The effect of the operator v on the state
10) = exp (w*e . %9*9) 10) = (1 +to - %9*9) 10) (20.216)
is
¥10) = »(1 + 910 — 3676)[0) = v1610) = (1 — ¢T4)0]0) = 6]0) (20.217)
while that of 6 on |6) is
010) = 0(1 + ¢ — 36%9)|0) = 0]0). (20.218)
The state |6) therefore is an eigenstate of 1 with eigenvalue 6
V|0) = 6]6). (20.219)

The bra corresponding to the ket |¢)
* 1 *
(= (0l (14— %) (20.220)

is a left eigenstate of tf
(Clyh = (¢ = ¢ (¢l (20.221)
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and the inner product (¢|8) is (exercise 20.31)
16y = 01 (1w = 56°¢) (1 wlo = 50 1)
= (01 40— LC°C— 360 + 1C°CH 00}
~exp [g*a - % (¢ + 9*9)} . (20.222)

Example 20.11 (A gaussian integral) For any number ¢, we can compute
the integral of exp(c#*f) by expanding the exponential

/609*0 do*do = /(1 + 00*9) de*do = /(1 — 099*) do*dfo = —c. (20.223)

]
The identity operator for the space of states
c|0) + d|1) = ¢|0) + dyT|0) (20.224)
is (exercise 20.32) the integral
I /|9><9 d0*do = 10)(0] + |1)(1] (20.225)

in which the differentials anti-commute with each other and with other
fermionic variables: {df,d0*} =0, {d#,0} =0, {df, 1} = 0, and so forth.

The case of several Grassmann variables 61, 60,,...,0, and several Fermi
operators 1,2, . ..,Y, is similar. The #; anticommute among themselves
and with the Fermi operators

05,0y =1{0:,07} ={6;,0;y =0 and {0;,¢r} ={0;, ¥} =0 (20.226)
while the ¢ satisfy

(Y, 0]} = 6k and  {op, o} = {of, ]} = 0. (20.227)

The reference state |0) is

= (H ¢k> B) (20.228)
k=1

in which |s) is any state not annihilated by any 1, (so the resulting |0) isn’t
zero). The direct-product state

6) = exp (Z iy — akek> 0) = [H <1 + 6, — ;9,’;9k>] 0)

B (20.229)



20.12 Fermionic Path Integrals 805

is (exercise 20.33) a simultaneous eigenstate 1;|0) = 6x|6) of each ¢y. It
follows that

Vel 0) = obk|0) = —0k1e|0) = —0x0,|0) = 0,01[0) (20.230)

and so too Ypy|0) = 0i0]6). Since the ¢’s anticommute, their eigenvalues
must also

000k|0) = Yek|0) = —pel0) = —0k0,0). (20.231)
The inner product (C|0) is
(¢10) = (0l [H(l + Gk — ;G;ck)] [H(l + e - ;ezew] 0)
k=1 ¢

=1
- * 1 * * —
= exp [Z Gtk — 2 (e 9k9k)] = £ o, (20.232)
k=1
The identity operator is
I:/|0)<0| 11 20;d6%. (20.233)
k=1

Example 20.12 (Gaussian Grassmann integral) For any 2 X 2 matrix A,
we may compute the gaussian integral

g(A) = / e~ 49 qor g, 6% do, (20.234)

by expanding the exponential. The only terms that survive are the ones that
have exactly one of each of the four variables 6;, 02, 07, and 65. Thus the
integral is the determinant of the matrix A

1
g(A) = / 5(0;;14;%94)2 dotdo,desdbs

= / (07 A1101 05 Aol + 07 A1205 05 Az, 01) ddO1d05d0,

= A11Ag — AjpAg = det A. (20.235)

The natural generalization to n dimensions is

/ e=0'40 T dojd6y, = det A (20.236)
k=1

and is true for any n x n matrix A. If A is invertible, then the invariance of
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Grassmann integrals under translations implies that

/ =0 A0+0CHC0 T o), = / e T AOTATIORCHT 01470 TT by o),
bale k=1

n
:/G—BTAG—FCTO—FCTA—IC Hdg;';d‘gk
k=1

n
= /e—(ef+<TA1)A9+<*9+<TA1< HdQZko
k=1

n
_ /eefAeJrcTA—lC Hd@;‘;d@k
k=1
= det A $'47'C, (20.237)
The values of # and 6 that make the argument —0TAQ + 01¢C 4 €10 of the
exponential stationary are § = A~71¢ and 67 = (fA~1. So a gaussian Grass-
mann integral is equal to its exponential evaluated at its stationary point,

apart from a prefactor involving the determinant det A. Exercises (20.2 &
20.4) are about the bosonic versions (20.3 & 20.4) of this result. O

One may further extend these definitions to a Grassmann field x,,(x) and
an associated Dirac field i, (z). The x,,(z)’s anticommute among them-
selves and with all fermionic variables at all points of spacetime

Dom (@), xn (@)} = {x5n (), Xn(2)} = {Xn (2), X (27)} =0 (20.238)

and the Dirac field ¥, (x) obeys the equal-time anticommutation relations

{m (@, 1), Y (@ 1)} = 6y (@ — &) (nym =1,...,4)
{wm(mﬂt)vwn(m,7t)} = {¢L1(m’t)7¢;r1(wlvt)} =0.

As in (20.228), we use eigenstates of the field ¢ at ¢ = 0. If |0) is defined
in terms of a state |s) that is not annihilated by any ., (x,0) as

(20.239)

|0) = [H wm(a:,o)] |s) (20.240)

then (exercise 20.34) the state
x) = exp ( [ 32 @0 xn(@) - Jx@ine) d%) 0)
— m ’ 9 m m

= exp (/ Py — %XTX d3a:) |0) (20.241)
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is an eigenstate of the operator 1, (x,0) with eigenvalue x,(x)

wm(mao)b() = Xm(a")bo (20'242)

The inner product of two such states is (exercise 20.35)

(X'Ix) = exp [/ XTx - ;X/TX/ - ;XTX x| . (20.243)
The identity operator is the integral
1= [ W DxDx (20.244)
in which
Dy*Dx = [[ dx;(@)dxm (). (20.245)

m,xT

The hamiltonian for a free Dirac field ¢ of mass m is the spatial integral
Hy = /¢(7 -V +m)y dx (20.246)

in which 1 = i9)T7° and the gamma matrices (11.340) satisfy

(7" 7"} =2n" (20.247)

where 7 is the 4 x 4 diagonal matrix with entries (—1,1,1,1). Since ¢|x) =
xIx) and (x'[¢" = (X/|xX'T, the quantity (x'|exp( — ieHo)|x) is by (20.243)

(e 1x) = (X'[x) exp [— i€ / X (y+V+m)x d?’w} (20.248)
= exp U 0T = xNDx = X T =) —ieX (v V + m)xd3x]
= exp {6/[ Xy =3 =i (v- V+m) x} d3:v}

in which x'f — x! = ex’ and ¥’ — x = ex. Everything within the square

brackets is multiplied by €, so we may replace ' by x' and ¥ by ¥ so as
to write to first order in €

(X'le”"* M0 |x) = exp {e/yﬁx X —ix (v -V +m)x d%] (20.249)

in which the dependence upon y’ is through the time derivatives.
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Putting together n = 2t/e such matrix elements, integrating over all
intermediate-state dyadics |x) (x|, and using our formula (20.244), we find

{xele M0y ) = /eXp Véfﬁx — XX — X (7 V +m) xd4fv} Dx*Dx.
(20.250)
Integrating xx by parts and dropping the surface term, we get

(xele M0 x ) = /exp U— XX =X (v-V +m) di‘x} Dx*Dx.
(20.251)
Since — x'x = — ix7%x, the argument of the exponential is

1/ XXX -V+m)xdz= 2/ ~ X (Y0, +m) x d*z. (20.252)
We then have
(xele™" 0| x ) = / exp ( / Lo(x) d“m) Dx*Dx (20.253)

in which Lo(x) = — X (v#0u + m) x is the action density (11.342) for a free
Dirac field. Thus the amplitude is a path integral with phases given by the
classical action Sp[x]

(xele 20 x ) = / e [ L0 d Dy Dy = / e MDy* Dy (20.254)

and the integral is over all fields that go from y(x, —t) = x—¢(x) to x(x,t) =
Xt(x). Any normalization factor will cancel in ratios of such integrals.

Since Fermi fields anticommute, their time-ordered product has an extra
minus sign

T [ (w2)] = 0 — ) Pl1) (w2) — 62— ) () B(a1). (20.255)

The logic behind our formulas (20.146) and (20.164) for the time-ordered
product of bosonic fields now leads to an expression for the time-ordered
product of 2n Dirac fields (with Dx” and Dy’ suppressed)

/ 1) K1) - - - x(an) €50 (3]0Y Dy Dy

/ (Ofx") 60 (/[0) Dx* D

(OIT [$(z1) -+ p(w2n)] 0) =

(20.256)
As in (20.175), the effect of the inner products (0|x”) and (x’|0) is to insert
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e-terms which modify the Dirac propagators

/&@n-~x@%)é%W4Dx%m

(20.257)
/eiSo[X,e] DX*DX

(O [(@1) -+~ Pla2n)] 10) =

Imitating (20.176), we introduce a Grassmann external current ¢(z) and
define a fermionic analog of Zy[j]

/eféx+xé d'ziSoled Dy * Dy
0)

Zo[c] = (O] T [/ ¥+¥¢™ o) = I
100X DX*DX

(20.258)

Example 20.13 (Feynman’s fermion propagator) Since

. . d*p e iy +m
i (YO, +m)Alwr —y) =i ("0, +m) / (271’)4 ePloy) — p( +m2— e )

4 _iAV
N / (d LLe?mD) (intp, +m) oY +m)

2m)4 p? +m?2 —ie
_ [ eip(@—y) pPamt 5z —y)
] (2m)? p?+m?2 —ie vl

(20.259)

the function A(x —y) is the inverse of the differential operator i(y*0,, +m).
Thus the Grassmann identity (20.237) implies that Zp[(] is

/ JICx+X¢—iX(YHOu+m)x]d* 2 Dy* Dy
0)

o] T [ef S+ dia ] 10)
/ Wobed Dy* Dy (20.260)

= exp [/C y)((y) d'ad'y
Differentiating we get

4 —iv'p, +m
(OIT [¢(2)¥ ()] 0) = A(z—y) = —z’/(;l&eip(x—y)]mik. (20.261)
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20.13 Application to nonabelian gauge theories
The action of a generic nonabelian gauge theory is
S = / —LF W F" — 4 (W'D +m) oy d'z (20.262)
in which the Maxwell field is
Fopw = 0uAav — Oy Aoy + g fabe Ay Acw (20.263)
and the covariant derivative is
Dy =0, —igty Aau ). (20.264)

Here g is a coupling constant, fp. is a structure constant (11.69), and ¢, is
a generator (11.58) of the Lie algebra (section 11.16) of the gauge group.

One may show (Weinberg, 1996, pp. 14-18) that the analog of equation
(20.201) for quantum electrodynamics is

/ Oy --- O e §[Au3] DA Dy

QT [O1---0,] 1) = - (20.265)
/ "% §[Au3) DA Dy
in which the functional delta function
5[Aas] = [ ] 9(Aas(2)) (20.266)

enforces the axial-gauge condition, and D1 stands for Dy* D).

Initially, physicists had trouble computing nonabelian amplitudes beyond
the lowest order of perturbation theory. Then DeWitt showed how to com-
pute to second order (DeWitt, 1967), and Faddeev and Popov, using path
integrals, showed how to compute to all orders (Faddeev and Popov, 1967).

20.14 Faddeev-Popov tricks

The path-integral methods of Faddeev and Popov are described in (Wein-
berg, 1996, pp. 19-27). We will use gauge-fixing functions G4 (x) to impose
a gauge condition on our nonabelian gauge fields Aﬁ(w) For instance, we
can use G, (r) = A3(z) to impose an axial gauge or G4(z) = i9, A% (z) to
impose a Lorentz-invariant gauge.

Under an infinitesimal gauge transformation (13.415)

A(>1\‘LL = Aau - a,u)\a - g fabc Abu )\c (20267)
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the gauge fields change, and so the gauge-fixing functions Gy(z), which de-
pend upon them, also change. The jacobian J of that change at A = 0 is

J:d“6§i3>

and it typically involves the delta function §*(z — y).
Let B[G] be any functional of the gauge-fixing functions Gy(z) such as

BIG] = [[ (Gala)) = [] 6(43(x)) (20.269)

_ ba?
o DA

(20.268)
A=0

in an axial gauge or

BIG] = exp B / (Gal))? d%] — exp [— % / (0,48 (x))? d%] (20.270)

in a Lorentz-invariant gauge.
We want to understand functional integrals like (20.265)

/(’)y--OneiSB[G]JDADw

QT [O1--- 0] ) = (20.271)

/ ¢ B[G] J DA Dy

in which the operators O, the action functional S[A], and the differentials
DADv (but not the gauge-fixing functional B[G] or the Jacobian J) are
gauge invariant. The axial-gauge formula (20.265) is a simple example in
which B[G] = 0[A,3] enforces the axial-gauge condition A,3(x) = 0 and the
determinant J = det (d45030(xz — y)) is a constant that cancels.

If we translate the gauge fields by gauge transformations A and A’, then
the ratio (20.271) does not change

/ Or ... 01 ¢iS" BIGA JA DAN Dyt

QT [O1--- O] |2) (20.272)

/ ¢S BIGNTJN DAY Dy

any more than [ f(y)dy is different from [ f(z)dz. Since the operators Oy,
the action functional S[A], and the differentials DAD1 are gauge invariant,
most of the A-dependence goes away

/(91 - 0n e B[GMN JA DA Dy

QT [01--- 0] ) = (20.273)

/ ¢S B[GN]JN DA Dy
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Let AX be a gauge transformation A followed by an infinitesimal gauge
transformation A. The jacobian J" is a determinant of a product of matrices
which is a product of their determinants

AX A
A=0

I (y) 6AA(2) GAp(Yy) A=0
~ de SGM(2) o IAN(2)
- <6AAc<z>> N ( () > o
_ SGA () SAN(2) _ DG? DA
= det ( 57 (2) > det ( (y) > Y = DA Dr . (20.274)

Now we integrate over the gauge transformation A with weight function
p(A) = (DAXN/DM|,_,) "' and find, since the ratio (20.273) is A-independent

DGA
DA

/ Oy --- 0, " BIGM] DA DA Dy

QT [O; - 0,]|9) = ‘ aTel
/ ¥ BIGY] 1 PADADY

/ol -0, " B[GN DG* DA Dy

/ ¢ B[GM DG DA Dy

/01---0nei5 DA Dy
= : . (20.275)
/ ¢ DA Dy

Thus the mean-value in the vacuum of a time-ordered product of gauge-
invariant operators is a ratio of path integrals over all gauge fields without
any gauge fixing. No matter what gauge condition G or gauge-fixing func-
tional B[G] we use, the resulting gauge-fixed ratio (20.271) is equal to the
ratio (20.275) of path integrals over all gauge fields without any gauge fixing.
All gauge-fixed ratios (20.271) give the same time-ordered products, and so
we can use whatever gauge condition G or gauge-fixing functional B[G] is
most convenient.
The analogous formula for the euclidian time-ordered product is

/Oy-(’)neSEDADw

QT [O1--- 0] Q) = (20.276)

/ e ¢ DA Dy
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where the euclidian action S, is the spacetime integral of the energy density.
This formula is the basis for lattice gauge theory.

The path-integral formulas (20.203 & 20.204) derived for quantum elec-
trodynamics therefore also apply to nonabelian gauge theories.

20.15 Ghosts

Faddeev, Popov, and DeWitt showed how to do perturbative calculations in
which one does fix the gauge. To continue our description of their tricks, we
return to the gauge-fixed expression (20.271) for the time-ordered product

/(’)1 -0, ¥ B[G]J DA Dy
QT [O1---On] ) =

(20.277)
/ ¢ B[G] J DA Dy

set Gy(x) = —i9, A} (x) and use (20.270) as the gauge-fixing functional B[G]

BIG] = exp [; / (Ga())? d4:1:] ~ exp {— : / (0,48 (2))? d%:] |
(20.278)
This functional adds to the action density the term — (8, A%)?/2 which leads
to a gauge-field propagator like the photon’s (20.207)

a b . . . nuudab iq-(z—y) d4q
O [ A5 A0 10) = = ibiasyu(o =) = —i [ eted gintey) L8

(20.279)
What about the determinant J? Under an infinitesimal gauge transfor-
mation (20.267), the gauge field becomes

Aa/\u = Aa# - a,u)‘a — 9 fabe Abu Ac (20280)
and so Go(z) = i0"Ap, (x) is
G)Nz) = 10" Agp(x) + 00" /[—(5a08# — g fabeApu ()] 5tz — y)he(y) dy.

(20.281)
The jacobian J then is the determinant (20.268) of the matrix

(i)
that is

J = det (—idac O6*(x —y) — ig fave é)iu (Al (z)6*(z — y)]) . (20.283)

0
= —i0gc O 54($_y)_ig Jabe w [Ag($)64($ - y)} (20282)

A=0
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But we've seen (20.236) that a determinant can be written as a fermionic
path integral

det A = / e~ 40 T doy.dbr. (20.284)
k=1

So we can write the jacobian J as
J = /exp [/iwzmwa + 19 fapew Op (A} we) d4x} Dw*Dw (20.285)
which contributes the terms —0,w};0"w, and

—0uwy g fabe Aywe = 0wy g fabe Al (20.286)

to the action density.
Thus we can do perturbation theory by using the modified action density

L' = = F Y — 3 (0,AL) = 0,050, + 0,055 9 fare Al = (P +m)

(20.287)
in which ) = v*D,, = v*(0,,—igt*A,,). The ghost field w is a mathematical
device, not a physical field describing real particles, which would be spinless
fermions violating the spin-statistics theorem (example 11.25).

20.16 Effective field theories

Suppose a field ¢ whose mass M is huge compared to accessible energies
interacts with a field ¢ of a low-energy theory such as the standard model

Ly = — 50.0(x) 9°¢(x) — M>¢*(2) + g ¥(x)p(x)p(x).  (20.288)

Compared to the mass term M?, the derivative terms 0,4 0%¢ contribute
little to the action. So we represent the effect of the heavy field ¢ as Lgg =
—%MZQZ)Q + gyp¢. Completing the square

2
to= =0 (o= )+
and shifting ¢ by gi1/M?, we see that the gaussian path integral is
/exp [z/ —LaPe? + i(@i[})Q d4$} D¢ = exp [z/ g (Yop)? d4x]
2 2M?2 2M?2
apart from a field-independent factor. The net effect of heavy field ¢ is thus
to add to the low-energy theory a new interaction

()2 (20.289)

Ly =55 (40 (20.200)
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which is small because M? is large. If a gauge boson Y, of huge mass M
interacts as Lyg = —%M 2Y, Y + igipy*pY, with a spin-one-half field v,
then Ly = — (¢?/(2M?)) y*) a1 is the new low-energy interaction.

20.17 Complex path integrals

In this chapter, it has been tacitly assumed that the action is quadratic in
the time derivatives of the fields. This assumption makes the hamiltonian
quadratic in the momenta and the path integral over them gaussian. In
general, however, the partition function is a path integral over fields and
momenta

Z(8) = / exp{ /0 ’ / [igz;(g;)w(x) —H(gz),w)} dtd%} DéDr (20.291)

in which the exponential is not gaussian or positive. To study such theories,
one may numerically integrate over the momenta, make a look-up table, and
use the Monte Carlo methods of Section 16.6 (Amdahl and Cahill, 2016).
Programs that do this are in the repository Path_integrals at github.com/
kevinecahill.

Further reading

“Space-Time Approach to Non-relativistic Quantum Mechanics” (Feynman,
1948), Quantum Mechanics and Path Integrals (Feynman et al., 2010), Sta-
tistical Mechanics (Feynman, 1972), The Quantum Theory of Fields I, II, &
IIT (Weinberg, 1995, 1996, 2005), Quantum Field Theory in a Nutshell (Zee,
2010), and Quantum Field Theory (Srednicki, 2007) all provide excellent
treatments of path integrals. Some applications are described in Path In-
tegrals in Quantum Mechanics, Statistics, Polymer Physics, and Financial
Markets (Kleinert, 2009).

Exercises

20.1 From (20.1), derive the multiple gaussian integral for real a; and b;
o = e " i 2
. . —ib%/a;
/ exp Zzajm? + 2ibjx; H drj = l_Il o e75/% (20.292)
]:

—o0 =1 j=1

20.2 Use (20.292) to derive the multiple imaginary gaussian integral (20.3).
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Hint: Any real symmetric matrix s can be diagonalized by an orthog-
onal transformation a = osoT. Let y = ox.
20.3 Use (20.2) to show that for positive a;

/ exp Z—ajx?-i—?ibj:cj HdJUj:H\/je_b?/aj- (20.293)
> j =1 j=1 V"

20.4 Use (20.293) to derive the many variable real gaussian integral (20.4).
Same hint as for exercise 20.2.

20.5 Do the ¢ integral (20.27).

20.6 Insert the identity operator in the form of an integral (20.10) of outer
products |p)(p| of eigenstates of the momentum operator p between
the exponential and the state |g,) in the matrix element (20.25) and so
derive for that matrix element (gp| exp(—i(tp —tos)H/h)|qs) the formula
(20.28). Hint: use the inner product {(¢|p) = exp(igp/h)/v/27h, and do
the resulting Fourier transform.

20.7 Derive the path-integral formula (20.39) for the quadratic action (20.38).

20.8 Show that for the simple harmonic oscillator (20.47) the action S[q]
of the classical path from gg,t, to g, tp is (20.49).

20.9 Show that the determinants |Cy,(y)| = det C),(y) of the tridiagonal ma-
trices (20.57) satisfy the recursion relation (20.58) and have the initial
values |C1(y)| = y and |C2(y)| = y? — 1. Incidentally, the Chebyshev
polynomials (9.68) of the second kind U, (y/2) obey the same recursion
relation and have the same initial values, so |Cy,(y)| = U, (y/2).

20.10 (a) Show that the functions S, (y) = sin(n+1)6/sin 6 with y = 2 cos 6
satisfy the Toeplitz recursion relation (20.58) which after a cancellation
simplifies to sin(n + 2)§ = 2cos @ sin(n + 1) — sinnf. (b) Derive the
initial conditions So(y) = 1, S1(y) = v, and Sa(y) = y? — 1.

20.11 Do the g2 integral (20.79).

20.12 Show that the euclidian action (20.93) is stationary if the path ge.(u)
obeys the euclidian equation of motion Ge.(u) = wW?qec(u).

20.13 By using (20.20) for each of the three exponentials in (20.107), derive
(20.108) from (20.107). Hint: From (20.20), one has

qe—i (tb—ta)H/ﬁq _ /Qb\%> eiSlal/h (qalqa Dq dqq, dy, (20.294)

in which ¢, = ¢(t,) and g, = q(tp).
20.14 Derive the path-integral formula (20.145) from (20.135-20.138).
20.15 Derive the path-integral formula (20.159) from (20.153-20.156).
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20.16 Show that the vector Y that makes the argument —iYTSY 4iDTY
of the multiple gaussian integral

00 n n .
m i
exp (—iYTSY +iDTY dy; = — exp ( DTS_1D>
/_oo ( ) 11;[1 det(z.5) 4

(20.295)
stationary is Y = S~'D/2, and that the multiple gaussian integral
(20.295) is equal to its exponential exp(—iY TSY 4+iDTY") evaluated at
its stationary point Y =Y apart from a prefactor involving det iS.

20.17 Show that the vector Y that makes the argument — Y TSY + DTY
of the multiple gaussian integral

= T AT _ ™ L rg—1
/Ooexp(—Y SY + D Y)ilj[ldyi_ 3oi(3) P <4D S D)
(20.296)
stationary is Y = S~!D/2, and that the multiple gaussian integral
(20.296) is equal to its exponential exp(—Y TSY 4+ DTY) evaluated at

its stationary point Y =Y apart from a prefactor involving det S.

20.18 By taking the nonrelativistic limit of the formula (12.70) for the action
of a relativistic particle of mass m and charge g, derive the expression
(20.44) for the action of a nonrelativistic particle in an electromagnetic
field with no scalar potential.

20.19 Work out the path-integral formula for the amplitude for a mass m
initially at rest to fall to the ground from height h in a gravitational
field of local acceleration g to lowest order and then including loops up
to an overall constant. Hint: use the technique of section 20.4.

20.20 Show that the euclidian action of the stationary solution (20.92) is
(20.93).

20.21 Derive formula (20.167) for the action Sp[¢] from (20.165 & 20.166).

20.22 Derive identity (20.171). Split the time integral at ¢ = 0 into two
halves, use ee™® = 4+ de®/dt and then integrate each half by parts.

20.23 Derive the third term in equation (20.173) from the second term.

20.24 Use (20.177) and the Fourier transform (20.178) of the external cur-
rent j to derive the formula (20.179) for the modified action Sp[¢, €, j].

20.25 Derive equation (20.180) from equation (20.179).

20.26 Derive the formula (20.181) for Zy[j] from the formula for Sp[¢, €, j].

20.27 Derive equations (20.182 & 20.183) from formula (20.181).

20.28 Derive equation (20.187) from the formula (20.182) for Zy[j].

20.29 Show that the time integral of the Coulomb term (20.192) is the term
that is quadratic in j° in the number F defined by (20.196).
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20.30 By following steps analogous to those that led to (20.183), derive the
formula (20.207) for the photon propagator in Feynman’s gauge.

20.31 Derive expression (20.222) for the inner product ((|6).

20.32 Derive the representation (20.225) of the identity operator I for a
single fermionic degree of freedom from the rules (20.210 & 20.214) for
Grassmann integration and the anticommutation relations (20.213).

20.33 Derive the eigenvalue equation ©|0) = 60x|0) from the definitions
(20.228 & 20.229) of the eigenstate |6).

20.34 Derive the eigenvalue relation (20.242) for the Fermi field ,,(x,t)
from the anticommutation relations (20.238 & 20.239) and the defini-
tions (20.240 & 20.241).

20.35 Derive the formula (20.243 ) for the inner product (x'|x) from the
definition (20.241) of the ket |x).

20.36 Imitate the derivation of the path-integral formula (20.70) and derive
its three-dimensional version (20.77).

20.37 Differentials d(; of complex linear combinations (; = A;p 6y of Grass-
mann variables are defined as d¢; = df; (A™%)y; and as d¢y---d¢, =
det(A~1)df; - - - db,. Show that the (’s inherit the rules of integration
of the 0’s:

ik = /91‘ dby = oy = /Ci dC. (20.297)



