11

Tensors and local symmetries

11.1 Physical points and coordinates

A point on a curved surface or in a curved space also is a point in a higher-
dimensional flat space called an embedding space. For instance, a point on
the curved two-dimensional surface of a sphere also is a point in flat three-
dimensional euclidian space and in four-dimensional spacetime.

On a sufficiently small scale, any reasonably smooth space locally looks
like n-dimensional euclidian space. Such a space is called a manifold. Inci-
dentally, according to Whitney’s embedding theorem, every n-dimensional
connected, smooth manifold can be embedded in 2n-dimensional euclidian
space R?". So the embedding space for such spaces in general relativity has
no more than eight dimensions.

We use coordinates to label points. For example, we can choose a polar axis
and a meridian and label a point on the sphere by its polar and azimuthal
angles (0, ¢) with respect to that axis and meridian. If we use a different axis
and a different meridian, then the coordinates (6', ¢') for the same point will
change. Points are physical, coordinates are metaphysical. When
we change our system of coordinates, the points don’t change, but
their coordinates do.

Most points p have unique coordinates z*(p) and 2"(p) in their coordinate
systems. For instance, polar coordinates (6, ¢) are unique for all points on
a sphere — except the north and south poles which are labeled by 6 = 0
and § = 7w and all 0 < ¢ < 27. By using more than one coordinate system,
one usually can arrange to label every point uniquely in some coordinate
system. In the flat three-dimensional space in which the sphere is a surface,
each point of the sphere has unique coordinates, p'= (z,y, z).

We will use coordinate systems that represent the points of a manifold
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uniquely and smoothly at least in local patches, so that the maps

/7

2 = 1" (p) = 2" (p(x)) = 2" (x) (11.1)
and

' = a'(p) = ' (p(x')) = 2" (2') (11.2)
are well defined, differentiable, and one to one in the patches. We’ll often
group the n coordinates ¢ together and write them collectively as x without
a superscript. Since the coordinates z(p) label the point p, we sometimes will
call them “the point x.” But p and z are different. The point p is unique

with infinitely many coordinates x, =/, ", ...in infinitely many coordinate
Systems.

11.2 Scalars
A scalar is a quantity B that is the same in all coordinate systems
B' = B. (11.3)

If it also depends upon the coordinates = of the spacetime point p, then it
is a scalar field, and

B'(z") = B(z). (11.4)

11.3 Contravariant vectors

By the chain rule, the change in dz’* due to changes in the unprimed coor-
dinates is

; 816”
da’' =) o dz®. (11.5)
k

This transformation defines contravariant vectors: a quantity A° is a com-
ponent of contravariant vector if it transforms like da’

axll
Z o AL (11.6)

The coordinate differentials da* form a contravariant vector. A contravariant

vector A*(z) that depends on the coordinates z is a contravariant vector
field and transforms as

i ax/’t
Al (x Z 5o A (11.7)
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11.4 Covariant vectors

The chain rule for partial derivatives

0 ozk o

- = . 11.8
ox't —~ Oz Ok (11.8)
defines covariant vectors: a quantity C; that transforms as
o k
=3 (11.9)

? 81‘”‘ k
k

is a component of a covariant vector. A covariant vector C;(z) that de-
pends on the coordinates x and transforms as

oxk

Ci(x') =) = Cr(x) (11.10)
- ozt ¥

is a covariant vector field.

Example 11.1 (Gradient of a scalar). The derivatives of a scalar field
B'(2') = B(z) form a covariant vector field because

oB'(z') 0B(z) oz 0B(x)
or't  Ox't —~ Ox" dzk 7

(11.11)

which shows that the gradient 0B (z)/0x* fits the definition (11.10) of a
covariant vector field. O

11.5 Basis vectors

If p(x) is a physical point in a physical space with coordinates x, then the
covariant vectors
_ 9p(=)
ox’
form a basis for the space. Their inner products define a metric for the space
gik(x) = e;(x) - ex(x).

Basis vectors e;(z) depend upon the coordinates z in general. But when

(11.12)

they are independent of the coordinates, points are linear in the coordinates,
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p(r) = e;xt +p(0). Two important examples are euclidian space with euclid-
ian coordinates and Minkowski space with the coordinates (ct, x) of special
relativity.

11.6 Euclidian space in euclidian coordinates

If we use euclidian coordinates to describe points in euclidian space, then
covariant and contravariant vectors are the same.

Euclidian space has a natural inner product (section 1.6), the usual dot
product, which is real and symmetric. In a euclidian space of n dimensions,
we may choose any n fixed, orthonormal basis vectors e;

n
(ei,e0) =e;-ep = Zef ef = 0y (11.13)
k=1
and use them to represent any point p as the linear combination
n .
p= Zei x'. (11.14)
i=1

The dual vectors e’ are defined as those vectors whose inner products
with the e; are

n
(ehee) = 3 cheas = 0} (11.15)
k=1

zero or one. Here they are the same as the vectors e;, and so we don’t need
to distinguish e’ from e; = €', but we will anyway.

The coefficients z* are the euclidian coordinates in the e; basis. Since the
basis vectors e; and the dual vectors e’
product or dot product

are orthonormal, each z* is an inner

n n
xi:ei'p:Zei-eg#:Zéé:&. (11.16)
=1 =1
If we use different orthonormal vectors eg as a basis
n .
p:ZB;ZL'IZ (11.17)
i=1

then we get new euclidian coordinates z* = €’*-p for the same point p. These
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two sets of coordinates are related by the equations

n
m’izeli-p:Ze/i'egfﬁg
=1 (11.18)

n
xgzee‘p:Zee-e;x’k.
k=1

Because the dual vectors e’ are the same as the basis vectors e, and are
independent of the euclidian coordinates z, the coefficients 9z /0z¢ and
0z’ /02" of the transformation laws for contravariant (11.6) and covariant
(11.9) vectors are the same

o't : L = Ot
e ey = Z eleg = Ze;kei =el e (11.19)
k=1 k=1

ozt T g

So contravariant and covariant vectors transform the same way in
euclidian space with euclidian coordinates.
The relations between 2 and 2! imply that

n

2 = Z (e’i ceq) (ez : eﬁc) z'* (11.20)

£k=1

Since this holds for all coordinates z’*, we have

Zn: (¢ - ) (65 - 62;) = Oi- (11.21)
=1

The coefficients €/ - ¢, = €/ - e/ form an orthogonal matrix, and the linear

operator
n

Z e’ = Z les) (e (11.22)
i=1

i=1

is an orthogonal (real, unitary) transformation. The change = — 2’ is a
rotation and/or a reflection (exercise 11.2).

Example 11.2 (A euclidian space of two dimensions). In two-dimensional
euclidian space, one can describe the same point by euclidian (z,y) and
polar (r,8) coordinates. The derivatives

or x Ox or 'y 0Oy
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respect the symmetry (11.19), but (exercise 11.1) the derivatives

a0 y , Ox a0 x Oy
—=—-S5F —=— d —=5#_—== 11.24
Ox r2 " 90 yoan oy r? 7 v ( )
do not because polar coordinates are not euclidian, and because 0 is a di-
mensionless angle while z and y are lengths. O

11.7 Summation convention

An index that appears twice in the same monomial, once as a subscript and
once as a superscript, is a dummy index that is summed over as in

A;B'=) A B (11.25)
=1

The sum is understood to be over the relevant range of indices, usually from
Oor1to3orn.

These summation conventions make tensor notation almost as compact
as matrix notation. They make equations easier to read and write.

Example 11.3 (The Kronecker delta). The summation convention and the
chain rule imply that

ox'* 9zF 92"t 1 ifi="¢
= = = 11.2
Dok 9~ oat { 0 ifi+L. (11.26)
The repeated index k has disappeared in this contraction. O

11.8 Minkowski space and Lorentz transformations

On large scales of distance, our space-time is nearly flat. Flat space-time is
called Minkowski space. It has one time dimension 2% = ¢t and three space

dimensions x. The flat metric 7 is

1 ifk=(=0 01 (1) 8 8

me=n%={ 1 if1<k=£<3} or n= (11.27)
0 itk e 0 010
1 0 00 1
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This metric defines an inner product between points p and ¢ with coordinates
zF and y*

(pq)=p-qg=a"mey =z -y —2%° (11.28)

which can be positive, zero, or negative (example 1.18). It may be called a
nondegenerate indefinite inner product (1.84). When one time component
20 or 4° vanishes, this Minkowski inner product is the same as the euclidian
dot product (1.87).

It is convenient to choose four basis vectors eg, e1, €2, e3 whose inner prod-
ucts (eg, e¢) are the matrix elements of the flat-space metric 7

(ek, 64) =€ ey = 62 Tij 6% = Nkv (11.29)

for example, ei: = (52. Then every point p in Minkowski space is a linear
combination p = e;z’ of these basis vectors with coefficients x* that are the
coordinates of the point p in the e; basis. The four dual vectors

e =nMie; (11.30)
are orthonormal to the basis vectors e because
e’ ep=nMej e =ntin = o (11.31)

Because the metric n*/ raises indices as in the definition (11.30) of the dual
vectors, the metric 7;; lowers indices

eo =mnuie =nun™ e =) er. = ey, (11.32)

Dual vectors let us pick out the coordinates of an invariant point

b= p=eFeiat = Fat =" (11.33)
We can use any other four basis vectors e as long as they obey the rule
(11.29) for inner products

€k " € = Nke- (11.34)

A point p = ezt = e;.:v’j that has coordinates x in the e basis will have

coordinates 2 = €' - p = €' - e, 2¥ in the ¢ basis. The physical inner

product p - p is the same in both coordinate systems

(p,p) = 2’ ei - epa® = alny, a* = x'je;- cepa’t = 2’ (11.35)

 means (exercise 11.3)

The equality of the inner products x'n;,z* = z'n;z’
that the matrix Lik = ¢'" . ¢;, that relates the coordinates 2% = Lik z* to the

coordinates z* must obey the relation

mi =L me L% or n=LTnL (11.36)
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in matrix notation which is the condition (10.257) that a matrix L be a
Lorentz transformation.

A few words about matrix notation: A left index ¢ in Lik labels a row, and
a right index k labels a column. The height of an index—whether it is up
or down—determines whether it is contravariant or covariant but does not
affect its place in a matrix. Transposition interchanges rows and columns
L, = LT, sonix = LY mig Le,C is n = LT 5 L in matrix notation.

Any two sets of basis vectors e; and e), are related by a Lorentz trans-
formation that is the transpose of the inverse of the Lorentz transformation
2t = Lik zF = e’ . e, 2% of the coordinates induced by the change of basis.
For since e;z* = ez’ are the same point, and since 2/ = €/ - e, 2% = Likxk,
we have epz® = e/Li, #* which implies that e, = e/ L. Multiplying both
sides of this last equation by Lilk‘j, we get €} = Lilkj ey or e = LjflTk ek
which in matrix notation is ¢/ = L™ T e.

Example 11.4 (An alternative basis). The basis vectors

cosh @ —sinh 6 0 0
—sinh 6 cosh 6 0 0

66 — 0 , 6’1 e O s 6/2 = 1 s 62)’ = 0 (1137)
0 0 0 1

induce a Lorentz transformation on the coordinates z* = szm’“ =e" e in

which the basis vectors ey, are et = di. Now €¥ - ey = — ¢ - eg = cosh¥,
e't-eg = €}-eg = sinh @, e0-e; = —¢)-e; = sinh @, and e'*-e; = €}-e; = coshd.

So the matrix form of the induced Lorentz transformation is

cosh@® sinh6® 0 O
sinh® coshf® 0 O

L= 0 0 1 o (11.38)
0 0 0 1
which represents a boost in the z-direction to a speed v/c = tanh§. O

The inner product (p—q)-(p—q) of the interval p—q between two points is
physical and independent of the coordinates and therefore invariant. Points
p and ¢ that have (p — ¢q) - (p — q) > 0 are spacelike.

Example 11.5 (Spacelike points). If p and ¢ are spacelike, then they occur
at the same time in some Lorentz frame. Let the coordinates of p and ¢ in the
e; basis be (0,0) and (ct, L,0,0) with |ct/L| < 1 so that (p — ¢)? > 0. The
Lorentz transformation (11.38) will leave the coordinates of p unchanged
but will take those of ¢ to (¢t cosh + Lsinh 6, ctsinh 6 + L cosh#,0,0). So
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if v/c =tanh@ = —ct/L, then p and g occur at time 0 in the €’ frame with
|v/c| =|tanh 0| < 1. O

Points p and ¢ that have (p — ¢q) - (p — ¢) < 0 are timelike.

Example 11.6 (Timelike points). If p and ¢ are timelike, then they occur at
the same place in some Lorentz frame. We can use the same coordinates as
in the previous example (11.5) but with |ct/L| > 1 so that (p—q)? < 0. The
Lorentz transformation (11.38) will leave the coordinates of p unchanged
but will take those of ¢ to (¢t cosh 6 + Lsinh 6, ¢t sinh @ + L cosh 6,0, 0). So if
v/c =tanhf = —L/(ct), p and ¢ occur at the same place 0 in the €’ frame
with |v/c| = |tanh 6| < 1. O

By convention, in special relativity, a point at time ¢t and place x in a
given basis has coordinates z° = ¢t and (2!, 22, 23) = x in that basis. The
coordinates form a contravariant 4-vector. In the same basis, the derivatives
0o = 0/0z° and V form a covariant 4-vector 9; = (9/0z°, V). In other words,
the coordinates form contravariant 4-vectors x* and the partial derivatives
form covariant 4-vectors 9/0x" without any extra minus signs.

The flat-space metric 1 raises and lowers the indices of all vectors

At =n* A, and A= Nej A7 (11.39)

not just those of the basis vectors (exercise 11.4).

11.9 Special relativity

The spacetime of special relativity is flat, four-dimensional Minkowski space.
The inner product (p —q) - (p — q) of the interval p — g between two points is
physical and independent of the coordinates and therefore invariant. If the
points p and ¢ are close neighbors with coordinates z* + dx* for p and z* for
q, then that invariant inner product is

(p—q)-(p—q) =e;ida’ - ejda’ = da’ mjda? = da® — (da®)®  (11.40)

with dz® = cdt. (At some point in what follows, we’ll measure distance in
light-seconds so that ¢ = 1.) If the points p and ¢ are on the trajectory of
a massive particle moving at velocity v, then this invariant quantity is the
square of the invariant distance

ds* = dz* — 2dt* = (v? — c?) dt? (11.41)

which always is negative since v < c¢. The time in the rest frame of the
particle is the proper time. The square of its differential element is

dr* = —ds*/c® = (1 —v?/c?) dt’. (11.42)
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A particle of mass zero moves at the speed of light, and so its element dr
of proper time is zero. But for a particle of mass m > 0 moving at speed v,

the element of proper time dr is smaller than the corresponding element of
laboratory time dt by the factor /1 — v2/c2. The proper time is the time in

the rest frame of the particle, dr = dt when v = 0. So if 7'(0) is the lifetime
of a particle at rest, then the apparent lifetime 7T'(v) when the particle is
moving at speed v is

dr . T(0)
V1=v2/c2 /1 —0v2/c?

which is longer — an effect known as time dilation.

T(v) = dt = (11.43)

Example 11.7 (Time dilation in muon decay ). A muon at rest has a mean
life of T'(0) = 2.2 x 107% seconds. Cosmic rays hitting nitrogen and oxygen
nuclei make pions high in the Earth’s atmosphere. The pions rapidly decay
into muons in 2.6 x 1078 s. A muon moving at the speed of light from 10 km
takes at least ¢ = 10km/300, 000 (km/sec) = 3.3 x 1075 s to hit the ground.
Were it not for time dilation, the probability P of such a muon reaching the
ground as a muon would be

P=etT0O) = exp(—33/2.2) = * =26 x 107", (11.44)
The mass of a muon is 105.66 MeV. So a muon of energy E = 749 MeV
has by (11.51) a time-dilation factor of

1 E 4 1
_ M gogg - (11.45)

J1-_ojE  m 1057 V1 (0.992

So a muon moving at a speed of v = 0.99 ¢ has an apparent mean life 7'(v)
given by equation (11.43) as

> T(0) 2.2x 10755
T(v)=—=5T(0) = NiEreyr - V1 i( (0.99)2

=1.6x10""s. (11.46
- s. (11.46)
The probability of survival with time dilation is

P = e HTW) = exp(—33/16) = 0.12 (11.47)

so that 12% survive. Time dilation increases the chance of survival by a
factor of 460,000—mno small effect. O
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11.10 Kinematics

From the scalar dr, and the contravariant vector dz’, we can make the 4-

) 1) 0 1
i dz'  dt (dw da:) S - (11.48)

:dT :E E’% «/1—112/02

in which u® = cdt/dr = ¢//1 — v2/c? and u = u® v/c. The product mu’ is
the energy-momentum 4-vector p'

vector

e _pddet  m  d
Pome =y T e d T 1) di

m E
=——— (c,v)=| —,p ). 11.49
L en= (D) (1149
Its invariant inner product is a constant characteristic of the particle and
proportional to the square of its mass

¢ p'pi = meuw meu; = —E* + & p® = —m? . (11.50)

Note that the time-dilation factor is the ratio of the energy of a particle to
its rest energy
1 E

V1—0v2/c? T mc?

and the velocity of the particle is its momentum divided by its equivalent
mass F/c?

(11.51)

p
=—. 11.52
v I (11.52)
The analog of FF =ma is
d’at dut  dp ,
" T T / (11.53)

in which p° = E/c, and f* is a 4-vector force.

Example 11.8 (Time dilation and proper time). In the frame of a labo-
ratory, a particle of mass m with 4-momentum pj,, = (E/c,p,0,0) travels
a distance L in a time ¢ for a 4-vector displacement of z} , = (ct, L,0,0).
In its own rest frame, the particle’s 4-momentum and 4-displacement are
Plost = (me,0,0,0) and ¢
uct of two 4-vectors is Lorentz invariant, we have

est = (¢7,0,0,0). Since the Minkowski inner prod-

(piazi)rest = (pixi)lab or pL — Bt = —mc*r = —mc*t\/1 —v2/c2.  (11.54)
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So a massive particle’s phase exp(ip‘z;/h) is exp(—imc?7/h). O

Example 11.9 (p + p — 3p + p). Conservation of the energy-momentum
4-vector gives p + pp = 3p’ + p'. We set ¢ = 1 and use this equality in the
invariant form (p + po)? = (3p' + p’)%. We compute (p + po)* = p* + p3 +
2p-po = —Qm?, + 2p - pp in the laboratory frame in which py = (m,0). Thus
(p+po)? = —2m§—2Epmp. We compute (3p'+p')? in the frame in which each
of the three protons and the antiproton has zero spatial momentum. There
(30" +7')* = (4m,0)? = —16m2. We get E, = Tm,, of which 6m, = 5.63
GeV is the threshold kinetic energy of the proton. In 1955, when the group
led by Owen Chamberlain and Emilio Segre discovered the antiproton, the
nominal maximum energy of the protons in the Bevatron was 6.2 GeV. [

11.11 Electrodynamics

In electrodynamics and in MKSA (SI) units, the three-dimensional vector
potential A and the scalar potential ¢ form a covariant 4-vector potential

Ay = (_(b,A> . (11.55)

c

The contravariant 4-vector potential is A® = (¢/c, A). The magnetic in-
duction is

B=VxA or Bj=e¢;;0;A; (11.56)

in which 9; = §/027, the sum over the repeated indices j and k runs from
1 to 3, and ¢, is totally antisymmetric with €123 = 1. The electric field is

b (0A OAN 06 04
TNz T a0 ) T T o ot

(11.57)

where 20 = ct. In 3-vector notation, E is given by the gradient of ¢ and the
time-derivative of A

E=-V¢— A (11.58)

In terms of the second-rank, antisymmetric Faraday field-strength tensor

0A; 0A;
Fi=—)_ 2 —_F. 11.
Y Oxt Oa 7 (11.59)
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the electric field is F; = ¢ Fjy and the magnetic field B; is

1 1 0Ar 0A;
B = Seijn Fji = Seiji ((%Jk - agi) = (Vx A4), (11.60)

2

where the sum over repeated indices runs from 1 to 3. The inverse equation
Fji, = €1 B; for spatial j and k follows from the Levi-Civita identity (1.490)

1 1
6jki-Bi = iejkieinm Fom = ieijkeinm Fom

1 1
= 5 (6jn 5km - 5jm 6kn) an = 5

5 (Fji — Frj) = Fji. (11.61)

In 3-vector notation and MKSA = SI units, Maxwell’s equations are a ban
on magnetic monopoles and Faraday’s law, both homogeneous,

V-B=0 and VXE+B=0 (11.62)
and Gauss’s law and the Maxwell-Ampeére law, both inhomogeneous,
V-D=p; and VxH=j,+D. (11.63)

Here py is the density of free charge and j ; is the free current density. By
free, we understand charges and currents that do not arise from polarization
and are not restrained by chemical bonds. The divergence of V x H vanishes
(like that of any curl), and so the Maxwell-Ampere law and Gauss’s law
imply that free charge is conserved

0=V - (VxH)=V-j;+V D=V j;+p;. (11.64)

If we use this continuity equation to replace V- j with —p; in its middle

form 0=V -5,+V- D, then we see that the Maxwell-Ampére law preserves
the Gauss-law constraint in time

. 0
O:V~jf+V-D:a(—pf+V-D). (11.65)
Similarly, Faraday’s law preserves the constraint V- B =0
0
O:—V-(VXE):QV~B:O. (11.66)

In a linear, isotropic medium, the electric displacement D is related
to the electric field E by the permittivity ¢, D = ¢FE, and the magnetic
or magnetizing field H differs from the magnetic induction B by the per-
meability p, H = B/ .

On a sub-nanometer scale, the microscopic form of Maxwell’s equations
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applies. On this scale, the homogeneous equations (11.62) are unchanged,
but the inhomogeneous ones are

: E
v . E=" and VXxB=uj+eomwk=pj+—3 (11.67)
€0 c

in which p and j are the total charge and current densities, and ¢y =
8.854x 10712 F/m and j9 = 47 x 1077 N/A? are the electric and magnetic
constants, whose product is the inverse of the square of the speed of light,
copto = 1/c*. Gauss’s law and the Maxwell-Ampere law (11.67) imply (exer-
cise 11.7) that the microscopic (total) current 4-vector j = (cp, j) obeys the
continuity equation p+ V - 3 = 0. Electric charge is conserved.

In vacuum, p =35 =0, D = ¢E, and H = B/up, and Maxwell’s equa-
tions become

V-B=0 and VXxE+B=0

1 . (11.68)
V-E=0 and VxB:C—QE.

Two of these equations V- B = 0 and V - E = 0 are constraints. Taking
the curl of the other two equations, we find

1 .. 1 .
Vx(VxE):—C—ZE and Vx(VxB):—C—zB. (11.69)

One may use the Levi-Civita identity (1.490) to show (exercise 11.9) that

Vx(VXE)=V(V-E)—AE andVx(VxB)=V(V-B)-AB
(11.70)

in which A = V2. Since in vacuum the divergence of E vanishes, and since

that of B always vanishes, these identities and the curl-curl equations (11.69)
tell us that waves of E and B move at the speed of light

1 . 1 .
—E—-AE=0 and —B-AB=0. (11.71)
c c
We may write the two homogeneous Maxwell equations (11.62) as
&ij + akFij + aiji =0 (@Ak — akAj) + Ok (@'Aj - 3in)
+ 0; (O Ai — 0;A;) =0 (11.72)

(exercise 11.10). This relation, known as the Bianchi identity, actually is
a generally covariant tensor equation

Ik Fip = 0 (11.73)

in which €7 is totally antisymmetric, as explained in Sec. 11.36. There are

four versions of this identity (corresponding to the four ways of choosing
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three different indices i, j, k from among four and leaving out one, ¢). The
¢ = 0 case gives the scalar equation V - B = 0, and the three that have
¢ + 0 give the vector equation V x E + B = 0.

In tensor notation, the microscopic form of the two inhomogeneous equa-
tions (11.67)—the laws of Gauss and Ampere—are

O FN = 1 ¥ (11.74)

in which j* is the current 4-vector
7 = (ep.3). (11.75)

The Lorentz force law for a particle of charge ¢ is

d? dut  dp ; i AT i
_— = —_— — = L— FZ] 7‘7 = F”L‘7 s 1 1 . 76
m dr? m dr dr I'=a dr g U ( )

We may cancel a factor of dt/dr from both sides and find for ¢ = 1,2, 3

dp’ ~ d
@z - q (—FZO + GijkBkvj) T q(E+vx B) (11.77)
dt dt
and for i =0
dE
— =qFE- 11.
i q v (11.78)

which shows that only the electric field does work. The only special-relativistic
correction needed in Maxwell’s electrodynamics is a factor of 1/4/1 — v2/c?
in these equations. That is, we use p = mu = mwv/\/1 —v2/c? not p = mv
in (11.77), and we use the total energy F not the kinetic energy in (11.78).
The reason why so little of classical electrodynamics was changed by special
relativity is that electric and magnetic effects were accessible to measure-
ment during the 1800’s. Classical electrodynamics was almost perfect.

Keeping track of factors of the speed of light is a lot of trouble and a
distraction; in what follows, we’ll often use units with ¢ = 1.

11.12 Tensors

Tensors are structures that transform like products of vectors. A first-rank
tensor is a covariant or a contravariant vector. Second-rank tensors also are
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distiguished by how they transform under changes of coordinates:

. o 9x Oxl
contravariant M"Y = kil

~ Oz Ol
] or't ot

mixed Nj' = 5220 Nf (11.79)
o o

. !
covariant F:. = - —
(¥ a$lz ax/_j

We can define tensors of higher rank by extending the these definitions to
quantities with more indices.

Example 11.10 (Some second-rank tensors). If Ax and B, are covariant
vectors, and C™ and D" are contravariant vectors, then the product C"™ D"
is a second-rank contravariant tensor, and all four products Ay C™, A D",
B, C™, and By D" are second-rank mixed tensors, while C" D™ as well as
C™(C™ and D™ D™ are second-rank contravariant tensors. O

Since the transformation laws that define tensors are linear, any linear
combination of tensors of a given rank and kind is a tensor of that rank and
kind. Thus if F;; and G;; are both second-rank covariant tensors, then so is
their sum

H;; = Fjj + Gl‘j. (11.80)

A covariant tensor is symmetric if it is independent of the order of its
indices. That is, if S;; = Sk, then S is symmetric. Similarly, a contravariant
tensor is symmetric if permutations of its indices leave it unchanged. Thus
A is symmetric if A% = A,

A covariant or contravariant tensor is antisymmetric if it changes sign
when any two of its indices are interchanged. So A;,, B*, and Ciji are

antisymmetric if
Ag, = —Ap; and B* = — BF and
ik ki (11.81)
Cijk =Cjki = Chij = — Cjir = — Cigj = — Clji.

Example 11.11 (Three important tensors). The Maxwell field strength
Fy(z) is a second-rank covariant tensor; so is the metric of spacetime g;;(x).
The Kronecker delta 5;- is a mixed second-rank tensor; it transforms as

o't Ox' . 0z 9z%  9a”t

o = ok = = i
77 9k 92/ VT Ak 9xi T O J

So it is invariant under changes of coordinates. O

(11.82)
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Example 11.12 (Contractions). Although the product Aj C* is a mixed
second-rank tensor, the product Ay C* transforms as a scalar because

ozt ox'* ozt
k m m 74 m 14
A = S T A O = S A O = 5, A O = A, CY (1189)

A sum in which an index is repeated once covariantly and once contravari-

antly is a contraction as in the Kronecker-delta equation (11.26). In gen-
eral, the rank of a tensor is the number of uncontracted indices. ]

11.13 Differential forms

By (11.10 & 11.5), a covariant vector field contracted with contravariant co-
ordinate differentials is invariant under arbitrary coordinate transformations

. O0xd | Oa"
/ / /
This invariant quantity A = Ay, dz* is a called a 1-form in the language of
differential forms introduced about a century ago by Elie Cartan (1869
1951, son of a blacksmith).

The wedge product dx Ady of two coordinate differentials is the directed

dak = 6] Ajda® = Apda = A, (11.84)

area spanned by the two differentials and is defined to be antisymmetric
drANdy= —dyANdr and dxAdr=dyNdy=20 (11.85)

so as to transform correctly under a change of coordinates. In terms of the
coordinates v = u(x,y) and v = v(x,y), the new element of area is

ou ou ov ov
duNdv=|—d —d —d —dy | . 11.
u A dv <8:L' {L‘+8y y>/\(8x x+ay y> (11.86)

Labeling partial derivatives by subscripts (6.20) and using the antisymmetry
(11.85) of the wedge product, we see that du A dv is the old area dx A dy
multiplied by the Jacobian (section 1.21) of the transformation =,y — u,v

du N dv = (ugdz + uydy) A (vpda + vydy)
= Ug Vg dT N\ dx + Uz vy dx A dy + Uy v dy A dx + uy vy dy A dy
= (ug vy — Uyvy) dx A dy

Uz Uy

dx Ndy = J(u,v;z,y) dx A dy. (11.87)

Vg Uy
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A contraction H = %Hm dz' A dx of a second-rank covariant tensor with
a wedge product of two differentials is a 2-form. A p-form is a rank-p
covariant tensor contracted with a wedge product of p differentials

1

K== K, dz" A...dz'. (11.88)
p!

10p

The exterior derivative d differentiates and adds a differential. It turns
a p-form into a (p + 1)-form. It turns a function f, which is a 0-form, into
a 1-form

_of
df = 55 da (11.89)

and a 1-form A = A; dz/ into a 2-form dA = d(A; da?) = (9;A;) dx' A da?.

Example 11.13 (The Curl). The exterior derivative of the 1-form
A= Ayde+ Aydy + A, dz (11.90)
is a 2-form that contains the curl (6.48) of A

dA = 0yA, dy Ndx + 0, A, dz N\ dx

+ 0z Aydx Ndy + 0. Ay dz N dy
+ 0, A, dx Ndz + 0yA, dy N dz

= (0yA, — 0. Ay) dy Ndz (11.91)
+ (0, A, — 0, A,)dz N dx
+ (0:Ay — 0yAy) dz N dy

=(VxAgdyNdz+ (VxA)ydzNdx+ (V x A),dx Ady.

O

The exterior derivative of the electromagnetic 1-form A = A;dz/ made
from the 4-vector potential or gauge field A; is the Faraday 2-form (11.59),
the tensor Fj;

dA=d(AjNda?) = 0;Ajda’ Nda? = L Fyjda' Ada? = F  (11.92)

in which 0; = 9/0x".
The square dd of the exterior derivative vanishes in the sense that dd

applied to any p-form @ is zero
d[d(Q.dz' n..)| =d[(0,Q;.)dz" Ndxi A ...
[4(Qu.da )] =d[(0:Qi.)da" Nda' ] (11.93)
= (050,Q;. ) dx® Ndx" Ndx"' N...=0

because 950, is symmetric in r and s while dz® A dz” is anti-symmetric.
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If M, is a covariant second-rank tensor with no particular symmetry,
then (exercise 11.8) only its antisymmetric part contributes to the 2-form
M dz* A dzF and only its symmetric part contributes to M;y dx'dx®.

Example 11.14 (The homogeneous Maxwell equations). The exterior deriva-
tive d applied to the Faraday 2-form F' = d A gives the homogeneous Maxwell
equations

dF = ddA =0 (11.94)
also called the Bianchi identity (11.73). O

A p-form H is closed if dH = 0. By (11.94), the Faraday 2-form is closed,
dF = 0. A p-form H is exact if it is the differential H = dK of a (p — 1)-
form K. The identity (11.93) or dd = 0 implies that every exact form is
closed. A lemma (section 12.5) due to Poincaré shows that every closed
form is locally exact.

If the A; in the 1-form A = A;dz* commute with each other, then the 2-
form A A A is identically zero. But if the A; don’t commute because they are
matrices, operators, or Grassmann variables, then AANA = %[Ai, Aj] dxt Ada?
need not vanish.

Example 11.15 (If B = 0, the electric field is closed and exact). If B =0,
then by Faraday’s law (11.62) the curl of the electric field vanishes, V x E =
0. In terms of the 1-form E = E; dz* for i = 1, 2, 3, the vanishing of its curl
V X E is

, T . ,
dE = 8]'EZ' dz? A dx* = 5 (8JEZ — 8ZE]) dx? A dx* = 0. (11.95)

So E is closed. It also is exact because we can define a quantity V' (x) whose
gradient is E = —VV. We first define Vp(x) as a line integral of the 1-form
E along an arbitrary path P from some starting point xg to x

Vp(x) = — Ejda' = /E (11.96)
P, xq

The potential Vp(x) might seem depend on the path P. But the difference

Vpr(x) — Vp(x) is a line integral of E from x( to « along the path P’ and

then back to xo along the path P. And by Stokes’s theorem (6.54), the

integral of E around such a closed loop is an integral of the curl V X E of

FE over any surface S whose boundary is that closed loop.

Vpi(z) — Vp(z) :ﬁ PlEidxi:/S(V X E)-da=0. (11.97)
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In the notation of forms, this is

vpl(m)_vp(m):/asE:/SdE:o. (11.98)

Thus the potential Vp(x) = V() is independent of the path, and E =
— VV(x), and so the 1-form F = E; dx’ = —0;V do’* = —dV is exact. [

The general form of Stokes’s theorem is that the integral of any p-form
H over the boundary OR of any (p + 1)-dimensional, simply connected,
orientable region R is equal to the integral of the (p 4+ 1)-form dH over R

/8RH:/RdH. (11.99)

Equation (11.98) is the p = 1 case (George Stokes, 1819-1903).

Example 11.16 (Stokes’s theorem for 0-forms). When p = 0, the region
R = [a,b] is 1-dimensional, H is a 0-form, and Stokes’s theorem is the
formula of elementary calculus

H(b)—H(a):/aRH:/RdH:/ade(x):/abH’(x) dx.  (11.100)
0

Example 11.17 (Exterior derivatives anticommute with differentials). The
exterior derivative acting on the wedge product of two one-forms A = A;dz’
and B = Bydz! is
d(A A B) = d(Asda® A Beda®) = 0,(AiBy) dz® A dx® A da’ (11.101)
= (OxAi) By dz® A dat A dxt + A; (O By) da® A dxt A da’
= (OpAi) Bpdz® A da' A da® — A; (0 By) dz® A da® A da’
= (O A;) dz® A dat A Byda® — Aydx® A (0 By) dz® A da*
=dANB—-ANdB.

If A is a p-form, then d(AAB) = dAANB+(—1)PANdB (exercise 11.11). O

11.14 Tensor equations

Maxwell’s homogeneous equations (11.73) relate the derivatives of the field-
strength tensor to each other as

0= &ij + akFij + 8ij,~. (11.102)
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They are generally covariant tensor equations (sections 11.34 & 11.36).
They follow from the Bianchi identity (11.94)

dF = ddA = 0. (11.103)

Maxwell’s inhomegneous equations (11.74) relate the derivatives of the field-

strength tensor to the current density j¢ and to the square root of the mod-
ulus g of the determinant of the metric tensor g;; (section 11.18)

A(y/g F'™) .-

é;k = po /97" (11.104)

They are generally covariant tensor equations. We’ll write them as the diver-

gence of a contravariant vector in section 12.25, derive them from an action

principle in section 11.42, and write them as invariant forms in section 12.7.

If we can write a physical law in one coordinate system as a tensor equation

GM =0 (11.105)
then in any other coordinate system, the corresponding tensor equation
G =0 (11.106)
also is valid since
o 0x't 0z
= GM = . 11.107
Oxk Ox! ( )

Similarly, physical laws remain the same when expressed in terms of in-
variant forms. A theory written in terms of tensors or forms has
equations that are true in all coordinate systems if they are true
in any coordinate system. Only such generally covariant theories have a
chance at being right because we can’t be sure that our coordinate system is
the right one. One way to make a generally covariant theory is to apply the
principle of stationary action (section 11.41) to an action that is invariant
under all coordinate transformations.

11.15 The quotient theorem

Suppose that the product B A of a quantity B with unknown transformation
properties with all tensors A a given rank and kind is a tensor. Then B must
be a tensor.
The simplest example is when B; A’ is a scalar for all contravariant vectors
Ai
BIA" = B;AY. (11.108)
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Then since A® is a contravariant vector

Bt — g0 i _ poa 11.109
or
ti 4
<B§ZZJ.—B]-> Al =0, (11.110)

Since this equation holds for all vectors A, we may promote it to the level
of a vector equation
al,/i
Bg@fBj =0. (11.111)
Multiplying both sides by 027 /0z’* and summing over j, we get
,02"" 97 .&cj
COxd dx'k T T Gtk

which shows that the unknown quantity B; transforms as a covariant vector

(11.112)

,  OxJ

By = ox'k I

(11.113)

The quotient rule works for tensors A and B of arbitrary rank and kind.
The proof in each case is similar to the one given here.

11.16 The embedding space

The change in a point p(z) on a smooth manifold due to an infinitesimal
change dz’ in the coordinates x* of the point is

dp*(x) = agg) da' = e,*(z) da’ (11.114)

in which the superscript « labels the n coordinates of the embedding space
R™ and the index ¢ labels the coordinates on the manifold. The embedding
space R" has its own metric I,3 which defines the inner products of basis
vectors as

n
ciren= Y e Ige). (11.115)
a,B=1

The metric I,g of the embedding space usually is a diagonal matrix with
eigenvalues +1.
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Example 11.18 (A sphere). For the surface of a 2-sphere embedded in
euclidian R3, one can use polar coordinates i = 6, ¢ and basis vectors
op(8, ¢) Ip(0,9)
=——"= d =—"". 11.116
ep 50 and ey 9 ( )
The natural metric of euclidian R? is the 3 x 3 identity matrix I which defines
inner products as the usual dot products e; - e; = eile]l + e?e? + 6?6?. O

Example 11.19 (Spacetime). If we use four coordinates to describe ordi-
nary spacetime as a curved surface in a flat embedding space R®, then we
would have o« = 0,1,...,7 and ¢ = 0,1,2,3. We then could use an 8 x 8
diagonal matrix I with entries I,3 = 04043 = £1 to form inner products

e ej = 6?0‘069 + eilalejl + -+ 617076]7-. L]

11.17 Tangent vectors
The basis vectors (11.114)

: 1111
o (11.117)

are tangent to the manifold at p. They are local coordinate basis vectors.
These tangent vectors span a tangent space of as many dimensions as
there are coordinates 2.

In a different system of coordinates z’, the same displacement (11.114) is
dp = el(z') dz'". The basis vectors e;(z) and e}(z’)

ei(x):aafi and eg(x’):;ﬁi. (11.118)

are linearly related to each other and transform as covariant vectors
op oz Op oz’

/ AN — .
e;(z') = S~ Dl Dl D ej(x). (11.119)

11.18 The metric tensor

Points are physical, coordinate systems metaphysical. So p, ¢, p — ¢, and
(p —q) - (p — q) are all invariant quantities. When p and ¢ = p + dp lie
infinitesimally close to each other on the spacetime manifold, the vector
dp = e;dx' is the sum of the basis vectors multiplied by the changes in
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the coordinates x*. Both dp and the inner product dp - dp are physical and
thus are independent of the coordinates. The inner product e; - e; of two
coordinate basis vectors is defined in terms of the metric the flat embedding
space R", which is a diagonal matrix I with eigenvalues 41; it is a sum over
the n values of a and ( that label the coordinates of R™

Z e, Inge”, (11.120)

7ﬁ 0
The squared separation dp? is
dp* =dp-dp = (e;dz") - (ejda?) = Z e Inp ef dx'dx’. (11.121)
a,B=0

It is the same in any other coordinate system

n—1
dp* = dp - dp = (e dz'?) - (€] da") = Z e Ing e;-ﬁ da''dz".  (11.122)
a,B=0

This invariant squared separation dp? defines a 4 x 4 metric gij on spacetime

dp* = e; - ejdx'da? = g dx'da? (11.123)
as the inner products
gij = €i-€j = Z e;" Inp eﬁj- (11.124)
a,5=0

We normally will apply the summation convention (section 11.7) to these
inner indices o and f.

Since the basis vectors e; transform (11.119) as covariant vectors, the
metric g;; transforms as a covariant tensor

58xk ozt oxP 8:3
i 02" 9xti I 9t 9

as it must be since the squared separation dp? is independent of the coordi-

8

g;j = ega Iaﬁe =e; Ia,g e’ (11.125)

nates

9i; dadx’l = da: = gre dzFda’ (11.126)

” 8 ozt

Thus the metric tensor g;; is a rank-2 covariant tensor. By its construc-
tion (11.124), it also is a 4 x 4 real symmetric matrix.
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Example 11.20 (Graph paper). Imagine a piece of slightly crumpled graph
paper with horizontal and vertical lines. The lines give us a two-dimensional
coordinate system (z!, 22) that labels each point p(z) on the paper. The vec-
tors e1(z) = O1p(x) and ez(x) = dop(x) define how a point moves dp(x) =
ei(x) dz* when we change its coordinates by dz' and dz?. The vectors e (x)
and ey (z) span a different tangent space at the intersection of every horizon-
tal line with every vertical line. Each tangent space is like the tiny square of
the graph paper at that intersection. We can think of the two vectors e;(x)
as three-component vectors in the three-dimensional embedding space we
live in. The squared distance between any two nearby points separated by
dp(z) is ds* = dp*(z) = e¥(z)(dz')? + 2e1(x) - ea(x) drlda? + €3(x)(dx?)?
in which the inner products g;; = e;(z) - ej(x) are defined by the euclidian
metric of the embedding euclidian space R3. O

Example 11.21 (The sphere S?). Let the point p be a euclidian 3-vector
representing a point on the two-dimensional surface of a sphere of radius R.
Spherical coordinates label the point p = R(sin 6 cos ¢, sin 0 sin ¢, cos §), the
coordinate basis vectors are

and the embedding metric is the 3 x 3 identity matrix I,3 = dog. The inner
products of the basis vectors are the components (11.124) of the sphere’s
metric tensor

goo  Gop ) _ (€0 €6 €0°€¢) _ R 0 (11.128)
960 Yoo es- €y ey-eg 0 RZ2sin%6 :
which has determinant R*sin? 6. Since ey - ey = 0, the squared distance is
ds? = eq - egdf* + ey - esdp? = R*dO* + R?sin? 0d¢?. (11.129)

Let us adopt a dimensionless scale factor a, a radial variable r = Rsinf/a,
and a parameter k = a?/R?. Then R2df? = a?dr?/cos?6 and cos?f =
1 —sin?0 =1—a%?/R? =1 — kr? The squared distance then is
ds? — a’dr?
1 — kr?
and the 7, ¢ metric of the sphere is

<er 9r¢> _ g2 <1/(1 . k) 02> _ (11.131)

9ér 9o r

+ a®r?d¢?, (11.130)

O]
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Example 11.22 (The hyperboloid H?). The hyperboloid H? in R? is the
surface defined by R? = — 22 — y? + 22. If we label its points as

p = R(sinh 0 cos ¢, sinh 6 sin ¢, cosh 0) (11.132)

then its coordinate basis vectors are

ey = ZZ = R (coshf cos ¢, cosh 6 sin ¢, sinh 6)
P (11.133)
es = a—z = R (—sinh #sin ¢, sinh 6 cos ¢, 0).

The embedding metric is I = diag(1,1,—1), so z is a time coordinate. Since
eg - ey = 0, the squared distance between nearby points is

ds* = eg - egdf* + ey - €y dp® = R* df? + R? sinh® 0 d¢”. (11.134)

In terms of the dimensionless scale factor a, the parameter k = (a/R)?, and
the radial variable » = Rsinh /a, the squared distance ds? is

dr?
cosh? 6

ds* = a? + a®r’d¢* = a® ( + 72 d¢2) . (11.135)

r

1+ kr?

O

Example 11.23 (The sphere S%). The sphere S3 is a 3-dimensional space
in R* defined by R? = 22 + y? + 22 + w?. If we label its points as

p(x,0,$) = R(sin x sin  cos ¢, sin y sin 0 sin ¢, sin x cos 0, cos x), (11.136)

then its coordinate basis vectors are

_ 9 _

ey o R(cos x sin 6 cos ¢, cos x sin 6 sin ¢, cos y cos §, — sin )
ey = gz = R(sin x cos 6 cos ¢, sin x cos 6 sin ¢, — sin x sin 6, 0) (11.137)
ey = gz = R(—sin y sin 6 sin ¢, sin x sin 6 cos ¢, 0, 0).

The inner metric of the embedding space is I = (1,1, 1,1), and in this metric
the basis vectors are orthogonal. In terms of the dimensionless scale factor
a, the parameter k& = (a/R)?, and the radial variable »r = Rsinx/a, the
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squared distance ds® between two nearby points is
ds® = e, - exdx® + ey - epdf® + ey - e5dg?

= R* (dx* + sin® x df* + sin? ysin® 0 d¢?)

2
=a? <dT2 + r2d6* 4 r* sin? 6dq§2> (11.138)
1 —sin®y

— 2 (a6 4 i 0467
1—kr? '

O

Example 11.24 (The hyperboloid H?). The hyperboloid H? is a 3-space

in R* defined by R? = — 22 — y? — 22 + w?. If we label its points as
p(x,0,$) = R (sinh x sin € cos ¢, sinh y sin 0 sin ¢, sinh x cos 6, cosh x),
(11.139)
then its coordinate basis vectors are
ey = 2}9 = R(cosh x sin 6 cos ¢, cosh y sin  sin ¢, cosh x cos @, sinh )
X
eg = gz = R(sinh x cos # cos ¢, sinh y cos 0 sin ¢, — sinh x sin 4, 0)
ey = gz = R(— sinh x sin @ sin ¢, sinh x sin 6 cos ¢, 0, 0).
(11.140)

The inner metric is I = (1,1,1,—1), and w is a time coordinate. The basis
vectors are orthogonal. In terms of the dimensionless scale factor a, the
parameter k = (a/R)?, and the radial variable r = Rsinh x/a, the squared
distance ds® between two nearby points is

ds® = e, - exdx* + eg - egdf? + ey - e3dg?
= R? (dx* + sinh® x d6* + sinh® x sin® 6 d¢*)

d 2
=a? <r2 + 72d6? + r? sin? 0d¢2> (11.141)
1+ sinh* x

= a? dr’ + 7r2d6? + r* sin® 0d¢?
1+ kr? '

O]

The squared distances (11.138 & 11.141) respectively are the spatial terms
of the closed and open Robinson-Walker metrics (11.402) for dz® = 0.
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11.19 The principle of equivalence

Since the metric tensor g;;(z) is real and symmetric, it can be diagonalized
at any point p(x) by a 4 x 4 orthogonal matrix O(z)

e 0 0 O

Tk ¢ _ [0 e 0 0
0% g O =1 e 0 (11.142)

0 0 0 es

which arranges the four real eigenvalues e; of the matrix g;;(x) in the order
eg < e1 < ey < e3. Thus the coordinate transformation

k Tk
Or O (11.143)

oz’ Veil

takes any spacetime metric gx¢(z) with one negative and three positive eigen-

values into the Minkowski metric 7;; of flat spacetime

-1 0 0 0

da* Ox* 0 100
gre(z) PR gi;(x") = mij = 0 0 10 (11.144)

0 0 01

at the point p(z) = p(2’). The principle of equivalence says that in these
free-fall coordinates z’, the physical laws of gravity-free special relativity
apply in a suitably small region about the point p(z) = p(z’). It follows
from this principle that the metric g;; of spacetime accounts for all the
effects of gravity.
In the 2’ coordinates, the invariant squared separation dp? is that of spe-
cial relativity
dp? = ggj da''dz" = el(2') - e;- (z') da*dx’
= ega(x/)nabe;b(x’) da''dz" = (5?77@5;? da''dz"  (11.145)
= n;j do"d2" = (dz')? — (da'0)* = ds*.

The 2’ coordinates are not unique because every Lorentz transformation
leaves the metric 7 invariant. Coordinate systems in which g;;(z") = n;; are
called inertial coordinate systems.

The congruency transformation (1.349 & 11.142-11.144) preserves the
signs of the eigenvalues e; which are the signature (—1,1,1, 1) of the metric
tensor.
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11.20 Tetrads

We defined metric tensor (11.124) in terms of four n-vectors e; in the em-
bedding space R" as g;; = ¢€; - ej = e ' I ej in which I is the metric of the
embedding space which is a diagonal matrix with n eigenvalues +1. If we
instead invert the equation (11.144) that relates the metric tensor to the flat

metric and write
81”“ ax/b

9ij = g b 55 (11.146)
then we will have expressed the metric in terms of four 4-vectors
8'%,/(1
o' (@) = 5 = () = cf () (11.147)
as
9i(x) = ¢ () ap () (11.148)

in which 74 is the 4 x 4 metric (11.144) of flat Minkowski space. Whether
the fundamental variables are the four 4-vectors ¢;*(x) introduced by Elie
Cartan (1869-1951) or the metric tensor g;; is an open question. Cartan’s
four 4-vectors ¢f(z) are called a moving frame, a tetrad, or a vierbein.

11.21 The contravariant metric tensor

The inverse ¢'* of the covariant metric tensor gk; satisfies

1ik 1

in all coordinate systems. To see how it transforms, we use the transforma-
tion law (11.125) of gy

t
tik gt gfik O g A"
kj ox'k T 9l

8i=g (11.150)

In matrix notation, thisis I = ¢'~!' H ¢ H" which implies ¢/ ' = H'T g~ !
or in tensor notation
e amli 81,/5
= 9z oav Y

Thus the inverse ¢ of the covariant metric tensor is a second-rank con-

v, (11.151)

travariant tensor called the contravariant metric tensor.
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11.22 Dual vectors and the raising and lowering of indices

The contraction of a contravariant vector A* with any rank-2 covariant tensor
gives a covariant vector, but we reserve the symbol A; for the covariant vector
that is the contraction of A7 with the metric tensor

A; = gij A (11.152)

This operation is called lowering the index on A7.

Similarly, the contraction of a covariant vector B; with any rank-2 con-
travariant tensor is a contravariant vector, and we reserve the symbol B’ for
contravariant vector that is the contraction

B' = ¢" B, (11.153)

of B; with the inverse of the metric tensor. This is called raising the index
on Bj.
The vectors e, for instance, are given by

e =ge;. (11.154)
They are therefore orthonormal or dual to the basis vectors e;
ei-ed =ei-g*er, = g?e; e, = ¢?*gin = ¢ gri = (55 (11.155)

with respect to the metric 74, of the flat space tangent to the manifold.

11.23 Orthogonal coordinates in R"

In flat n-dimensional euclidian space, it is convenient to use orthogonal
basis vectors and orthogonal coordinates (6.26-6.27). A change dz® in
the coordinates moves the point p by (11.114)

dp = e; dz’. (11.156)
The metric g;; is the inner product (11.124)

Gij = € - €j. (11.157)
Since the vectors e; are orthogonal, the metric is diagonal

gij =€; - ej = hfém (11.158)
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The inverse metric
g7 = h; 25 (11.159)
raises indices. For instance, the dual vectors
el =gUej=h%e; satisfy e e =05 (11.160)
The invariant squared distance dp? between nearby points (11.121) is
dp* = dp - dp = g;j da* da? = h? (dz")? (11.161)
and the invariant volume element is
dV =d"p=hy...hydz' A.. . Ndz" = gdz* A... Nda" = gd"z (11.162)

in which g = y/det g;; is the square root of the positive determinant of g;;.
The important special case in which all the scale factors h; are unity is
cartesian coordinates in euclidian space (section 11.6).
We also can use basis vectors é; that are orthonormal. By (11.158 &
11.160), these vectors

éi=e;i/hi=hie" satisfy & -é; =0 (11.163)
In terms of them, a physical and invariant vector V' takes the form
V=eVi=hé&Vi=e'Vi=h'eVi=6V,; (11.164)
where
Vi=hVi=h;'V; (nosum). (11.165)
The dot product is then
V.U=g,; VU =V, U,. (11.166)

In euclidian n-space, we even can choose coordinates x* so that the vectors
e; defined by dp = e; dx* are orthonormal. The metric tensor is then the nxn
identity matrix g;z = e; - e = I; = ;1. But since this is euclidian n-space,
we also can expand the n fixed orthonormal cartesian unit vectors / in terms
of the e;(z) which vary with the coordinates as ¢ = ¢;(z)(e;(z) - £).

11.24 Polar coordinates

In polar coordinates in flat 2-space, the change dp in a point p due to a
change in its coordinates is dp = 7#dr + 0rdf so dp = e, dr + ey df with
er = é. =7 and ey = réy = r 0. The metric tensor for polar coordinates is

(gi7) = (e - ;) = <é g) . (11.167)
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The contravariant basis vectors are e” = 7 and e? = éy/r. A physical vector
VisV=Ve=Vie' =V, 7+ Vy.

11.25 Cylindrical coordinates

For cylindrical coordinates in flat 3-space, the change dp in a point p due
to a change in its coordinates is

dp=pdp+dpdd+2dz=e,dp+esdp + e dz (11.168)

withe, =€, =p, e = péy = pq?), and e, = é, = 2. The metric tensor for
cylindrical coordinates is

(gij) = (ei-ej) = p (11.169)

0

S O =
(3%

0 0
0
1

with determinant det g;; = g = p?. The invariant volume element is
dV = pda' Nda* N dx® = \/gdpdpdz = pdpdedz. (11.170)

The contravariant basis vectors are e” = p, e? = &,/p, and e* = 2. A
physical vector V is

V=Vie=Vie'=V,p+Vyd+V,2 (11.171)
Incidentally, since
p=(pcose,psing, z), (11.172)

the formulas for the basis vectors of cylindrical coordinates in terms of those
of rectangular coordinates are (exercise 11.14)

p=cospZ +singpy
q5 = —sing&+cosopy
z. (11.173)

N3
Il

11.26 Spherical coordinates

For spherical coordinates in flat 3-space, the change dp in a point p due to
a change in its coordinates is

dp =#dr+0rdf+ drsinfdp = e, dr +egdd + esdd (11.174)
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soe.=T, e = ré, and es =7 sin9$ or

e, = (sinf cos ¢, sin 0 sin ¢, cos 6)
ep = r (cos b cos ¢, cos 0 sin ¢, — sin 0) (11.175)
eg = rsinf (—sin ¢, cos ¢,0) .

The metric tensor for spherical coordinates is

10 0
(9i) = (ei-e5)=10 r* 0 (11.176)
0 0 72sin%0

4

with determinant detg;; =g =1r sin? #. The invariant volume element is

dV =r? sin? 0 dz' Ada? Ada® = \/gdrdfde = r*sin@drdfde. (11.177)

~

The orthonormal basis vectors are é,
0

Il
D 3,

, & = 0, and &y = ¢. The
contravariant basis vectors are e” = 7, r,e? = ¢/rsinf. A physical

vector V is

V=Vie=Vie' =V, 7+ V40 +V,o. (11.178)
Incidentally, since
p = (rsinf cos ¢, rsinfsin ¢, r cos ), (11.179)

the formulas for the basis vectors of spherical coordinates in terms of those
of rectangular coordinates are (exercise 11.15)

er =sinfcos¢p & +sinfsingdy + cosfh 2
eg =1 (cosfcosp& + cosfsinp g —sinf 2) (11.180)

ep =rsinf(—singp & +cosdy).

11.27 The gradient of a scalar field

If f(x) is a scalar field, then the difference between it and f(x + dz) defines
the gradient V f as (6.30)

0f(x)

df () = f(z +dz) — f(z) = By dz' = Vf(z) - dp. (11.181)
Since dp = e; dz?, the invariant form
_ i 0f & of

Vf

¢ i = e oo (11.182)
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satisfies this definition (11.181) of the gradient

Vf-dp:é?;ﬁfie ejd]—gfléédj gjidz

In two polar coordinates, the gradient is

G Of _&of of 00f
¢ o = h o = o 2 ~ g (11.184)

In three cylindrical coordinates, it is (6.32)

LOf e of _of  10f . of
©or h; Ozt Op Pt p 0P ¢+ 8z~ (11.185)

= df. (11.183)

Vf=

Vf=

and in three spherical coordinates it is (6.33)

0f j_é0f _of 1075 1 of

90 “hiow or Tr o0 reing oe (11.186)

Vf=

11.28 Levi-Civita’s symbol and tensor

In 3 dimensions, Levi-Civita’s symbol ¢;;;, = €% is totally antisymmetric
with €193 = 1 in all coordinate systems.

We can turn his symbol into something that transforms as a tensor by
multiplying it by the square root of the determinant of a rank-2 covariant
tensor. A natural choice is the metric tensor. Thus the Levi-Civita tensor
nijk is the totally antisymmetric rank-3 covariant (pseudo)tensor

Nijk = /9 €ijk (11.187)

in which g = | det gimn| is the absolute value of the determinant of the metric
tensor gmy,. The determinant’s definition (1.200) and product rule (1.221)
imply that Levi-Civita’s tensor 7;;, transforms as

Oxt Oz
Mg =9 €1 = V9 i = \/det ( 9tu)

6/m6/n

€ijk

Ozt ozt
det(a /m> dt<a y > det (gtu)

= det< >‘ V9 é€ijir = o det (g ) V9 €ijk

oxt Oz% Oxv oxt Ox* Oxv
=7 02 9xid ok VI T O G000 i ook M

€ijk

(11.188)
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in which o is the sign of the Jacobian det(dz/dz’). Levi-Civita’s tensor is a
pseudotensor because it doesn’t change sign under the parity transforma-
tion 2" = — 2"

We get n with upper indices by using the inverse g™ of the metric tensor

17 = g" ¢ ¢ e = 9" 97 97 /G €tun = /G €ijic det(g™)

i (11.189)
= V9 €ije/ det(gmn) = s€iji/\/g = s€77[\/g
in which s is the sign of the determinant det g;; = sg.
Similarly in 4 dimensions, Levi-Civita’s symbol €5, = €7k s totally

antisymmetric with €gy93 = 1 in all coordinate systems. No meaning attaches
to whether the indices of the Levi-Civita symbol are up or down; some
authors even use the notation €(ijk¢) or €[ijk¢] to emphasize this fact.

In 4 dimensions, the Levi-Civita pseudotensor is

Nijke = \/9 €ijkt (11.190)

where again g = | det g;;|. The determinant’s definition (1.200) and product
rule (1.221) imply that it transforms as

Ox
Mijhe = \/?qu = |det ( )’ V9 €ijre = o det <8x > V9 €ijke

ozt 9z% 9z¥ Oxv oxt Ox* Oz¥ Ozv
=7 02 92 ox'F ot VI Cuw T T G0 9aii ga'k ot e
(11.191)

where o is the sign of the Jacobian det(dx/0x’).
Raising the indices on n with det g;; = sg we have
nijké _ g g]u gkv gﬁw Niwvw = g ju k’v Ew \/getuvw _ \/.aeijké det(gmn)

g €ijke/ det(gmn) = seijre/ /9 = s €9/ \/g.
(11.192)

In n dimensions, one may define Levi-Civita’s symbol €(i; ...4,) as to-
tally antisymmetric with €(1...n) = 1 and his pseudotensor as n;, ;, =

VIe(in. . ip).

11.29 Notations for derivatives

We have various Notations for derivatives. We can use the variables z, ,
and so forth as subscripts to label derivatives

) )
Jo=0sf = a—i and f, =0,f = az' (11.193)
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If we use indices to label variables, then we can use commas

_gro 9 _ __%*f
fi=0if = O and  fik = Op0if = koLt

and fj = 0f/0x k_In the next section, we will use a semicolon to mean a

(11.194)

covariant derivative.

11.30 Covariant derivatives and affine connections

If F(x) is a vector field, then its invariant description in terms of spacetime-
dependent basis vectors e;(z) is

F(z) = F'(z) e;(z). (11.195)
Since the basis vectors e;(x) vary with x, the derivative of F(z) contains
two terms
OF  OF' - Oe;
F'—. 11.1
92t~ 0af T Bat (11.196)

In general, the derivative of a vector e; is not a linear combination of the
basis vectors eg. For instance, on the 2-dimensional surface of a sphere in
3-dimensions, the derivative

Oeg

— = —7 11.197

20 ( )
points to the sphere’s center and isn’t a linear combination of ey and eg.

The inner product of a derivative de;/0z’ with a dual basis vector e is

the Levi-Civita affine connection

Oe;
Fg—e e =€k 2
’ Ox

which relates spaces that are tangent to the manifold at infinitesimally sep-

(11.198)

arated points. It is called an affine connection because the different tangent
spaces lack a common origin.

In terms of the affine connection (11.198 ), the inner product of the deriva-
tive (11.196) with e*

8F 8F2 Oe; 8Fk
k: k: k: L
a combination that is called a covariant derivative (section 11.33)
F* F
Dy F* =V, Fk = i7+ww_Frwkif (11.200)

Oxt oxt
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It is a second-rank mixed tensor. The covariant derivative of the scalar F' is

o k

DgF:ekek-agF:<8 -

+ FiTk > ex = Ff e (11.201)

Some physicists write the affine connection IT'¥ i as

A
{M} =k (11.202)

and call it a Christoffel symbol of the second kind.
The coordinate basis vectors e; are the spacetime derivatives (11.118) of
the point p, and so the affine connection (11.198) is a double derivative of p

2 2
Il = et 362 —ek-aaégi—e’f-ac{i.;g —e’“.gei —T§  (11.203)
€T Tr-ox r°'ox €T

and thus is symmetric in its two lower indices
It =Tk, (11.204)

Affine connections are not tensors. Tensors transform homogeneously;
connections transform inhomogeneously. The connection Ffé transforms as

el o'k oz™ 0 ox™
F/k‘ _ Jlk i D, e,
it 92f =~ 9xp © 9z 9z <8x“ c >

_02F 9™ Oa de, Oz'F 9%z"

e’ . 11.205
~ Oxp Qx't Oz’ ozm T oan 0 0n ( )
_92/F 9™ Oa v ox'* 92
= Bar a7 027 "™ Ban 920w
Although the connection ng is not a tensor, its variation
0T, = Ty (gnm + 69nm) — Tle(gnm) (11.206)

is a tensor because the inhomogeneous term in this equation (11.205) cancels
in the difference 5ng. The electromagnetic field A;(z) and other gauge fields
are connections.

Since the Levi-Civita connection Ffé is symmetric in ¢ and ¢, in four-
dimensional spacetime, there are 10 of them for each k, or 40 in all. The 10
correspond to 3 rotations, 3 boosts, and 4 translations.
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11.31 Torsion

We can use Cartan’s tetrads to define a more general covariant derivative.
The quantity F' = F¥¢;, is a scalar under general coordinate transformations.
It has one flat-space index F* = ch,‘g which participates under Lorentz
transformations, but we’ll ignore that for the moment. Its k-derivative is

F$=Ficg+Frcf,. (11.207)
The four 4-vectors c¢f; have four dual vectors ¥ that obey the rules

A =06 and fcf =dp. (11.208)

The inner product of this equation with the dual vector ¢

a l _ pk a [t k £ a _ kgl k £ a
Ei a_EiCkca+F Cack,i_Ei5k+F Cack,i

11.209
:Fﬁﬁ—Fka;C%’iEFf—i—kaEkiEF’ﬁ ( )

is Cartan’s covariant derivative Ff of the contravariant vector F*. It is a
mixed tensor Ff defined in terms of a more general connection

why = ch; (11.210)

a

that, unlike the Levi-Civita connection ngi = ink, is not neccessarily sym-
metric in its two lower indices k and 1.
The antisymmetric part of the Cartan connection is the torsion tensor

1
T =5 (wfki - wﬂ.k) (11.211)

which s a tensor.

11.32 Parallel transport

The movement of a vector along a curve on a manifold so that its length
and direction in successive tangent spaces do not change is called Parallel
transport. If the vector is F' = F'e;, then we want the inner product e*-dF
of dF with all dual tangent vectors e to vanish along the curve. But this is
just the condition that the covariant derivative (11.200) of F' should vanish
along the curve
k

ek~% = %wirg:pﬁk =0. (11.212)
Example 11.25 (Parallel transport on a sphere). We parallel-transport
the vector v = (0,1,0) up from the equator along the line of longitude
¢ = 0. Along this path, the vector v = (0,1,0) is constant, so dgv = 0 and
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Dyv* = 0. Then we parallel-transport it down from the north pole along the
line of longitude ¢ = 7/2 to the equator. Along this path, ¢ = 7/2, and the
vector v = ep/r = (0,cosf, —sinf) obeys the parallel-transport condition
(11.212) because its O-derivative

81}_1%_8

0= 50 —%(O,COSQ,—Slne):(0,—Sln9,—COSQ): S P

(11.213)
is perpendicular to the tangent vectors eg and e, along the curve ¢ = 7/2.
We then parallel-transport v along the equator back to the starting point
¢ = 0. Along this path, the vector v = (0,0, —1) is constant, so dyv = 0
and DyvF = 0. The change from v = (0,1,0) to v = (0,0, —1) is due to the
curvature of the sphere. O

11.33 Covariant derivatives

In comma notation, the derivative of a contravariant vector field F = Fe;
is

Fy=Fiei+Fley (11.214)

which in general lies outside the space spanned by the basis vectors e;. So
we use the affine connections (11.198) to form the inner product

e Fy=é" (Fie;+ Flejy) = Fy6f + F'TY, = F; + F'T},.  (11.215)

This covariant derivative of a contravariant vector field often is writ-
ten with a semicolon

Fi=é" F,=F§+ FT%, (11.216)

It transforms as a mixed second-rank tensor. The invariant change dF' pro-
jected onto €* is

" dF = ¢" - Fyda* = Fij da’. (11.217)
In terms of its covariant components, the derivative of a vector V is
Vi=(Vie") s =Vige" + Vi el (11.218)

To relate the derivatives of the vectors e’ to the affine connections Ff, we
differentiate the orthonormality relation

oF=ek. ¢ (11.219)
which gives us

0= ef} e+ ek ei¢ or ef} e = —el. eig = — I‘?g. (11.220)
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Since e; - e’“Z = —ng, the inner product of e; with the derivative of V is
ei-Vi=ei- (Vk,eek + Vi e'}) =Vie— Vi Tk, (11.221)

This covariant derivative of a covariant vector field often is written
with a semicolon
Vie=¢;- Vi =Vig—ViTh. (11.222)
It transforms as a rank-2 covariant tensor. Note the minus sign in V;,, and
the plus sign in F’z The change e; - dV is
ei-dV =e; - Vyda' = Viyda® (11.223)

Since dV is invariant, e; covariant, and dz! contravariant, the quotient rule
(section 11.15) confirms that the covariant derivative Vj, of a covariant
vector V; is a rank-2 covariant tensor.

We used similar logic to derive Cartan’s covariant derivative (11.209) of
a contravariant vector

Ff=Fj+F'wh,. (11.224)

To find his formula for the covariant derivative of a covariant vector, we first
differentiate the scalar V = Vj, ¥

Voo =Vipch + Vi, (11.225)

and then use (11.208) to contract it with the dual vector ¢f

i Vae=Viy cf; ¢+ Vicf Cka7g = Vi df + Vi ¢f cka!

A (11.226)

= ‘/’L,Z + Vk C;l c CL,['

To evaluate ¢ ckayz, we differentiate the first of the dual-vector relations
(11.208) to show that

% cka’z = -, 0 (11.227)
Cartan’s covariant derivative of a covariant vector then is

Vie =Vig = Vi iy = Vig — Vi (11.228)

i

11.34 The covariant curl

Because the connection I'¥, is symmetric (11.204) in its lower indices, The
covariant curl of a covariant vector V; is simply its ordinary curl

Vi = Vie = Vi — Vi T8 — Vig + Vi TE, = Vi, — Vi (11.229)
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Thus the Faraday field-strength tensor Fj, which is defined as the curl of
the covariant vector field A;

Fyp= Ap; — Aiy (11.230)

)

is a generally covariant second-rank tensor.
If however we must use Cartan’s covariant derivative (11.209), then we
would define the Faraday field-strength tensor Fj, as

Fip = Ap; — Ajp = Agy — Ajp+ Ay (wkig - wk@) = Ag; — Ajo +24,T%,

(11.231)
in which 7%, is the torsion tensor (11.211).

Example 11.26 (Orthogonal coordinates). In orthogonal coordinates, the
curl is defined (6.48, 11.91) in terms of the totally antisymmetric Levi-Civita
symbol €7% (with €193 = '3 = 1), as

VxV=

M-

3
_ 1 g
VxV)é = e; ¢k V. 11.232
( ) h1h2h3 iij:1 k7] ( )

=1

which, in view of (11.229) and the antisymmetry of €% is

3 3
_ _ 1 |
VXV =Y (VxV)iéi= > i € TRV (11.233)
i=1 ijk=1""

or by (11.163 & 11.165)

3 3
— 1 ~ ik 1 ~ ik I/
VRV = 3 V= 3 i i (T ).
ijk=1 J ijk=1 J

(11.234)
Often one writes this as a determinant

1 e ey e3 1 hlél hgég hgég
V x V: P —— (91 82 (93 = 81 82 (93
hahahs iVa V3 fuhahs Vi haVa hs3V3
(11.235)
In cylindrical coordinates, the curl is
I R TR
VxV=-1|0, 04 0. (11.236)
PlV, oV V.
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In spherical coordinates, it is

Foorf rsin@qﬁ
VXxV=—=——10 0 Op . (11.237)
V, 1V rsin0V¢,

In more formal language, the curl is

. 1 .
AV =d (de$k> = Vigda' Ada® = 2 (Vi = Vi) da’ nde®. (11.238)
0

11.35 Covariant derivative of a tensor

Let’s write a second-rank contravariant tensor in a coordinate-invariant way
as a sum of direct products of tangent vectors e;

T=T"¢;® en. (11.239)
Its derivative is
Th=T" ) ej@em+T"ejr @ em+ T e; @ em i (11.240)

The covariant derivative T%;;, of the tensor is the inner product of this
derivative with the contravariant or dual tangent vectors e’ ® e’

Tig;k = €i 02y ee : T,k
=TIm el ejel e +TIMe el e +TIMe - ejel - epmp
=T7Im, 5; 5,{1 +TIm et €k 57{1 + TIm 5; el em,k (11.241)
= Tié,k —I—T‘jé e ek + Tim et em,k-
In it we recognize two instances of our formula F;k = €' e;, for the affine
connection (11.198). Replacing these inner products with affine connections,
we may write the covariant derivative T.ilf of the tensor as
Ty =T +T"T + T T}, (11.242)

In particular, when T% = F'G¢, this formula says that Covariant deriva-
tives, like ordinary derivatives, obey the Leibniz rule

(F' Gy = Fi, G + F' G, (11.243)
Covariant derivatives, like ordinary derivatives, are derivations

(AB)JC :A;kB—{—AB;k. (11.244)
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A similar argument leads to a similar formula for the covariant derivative
of a covariant tensor. A coordinate-independent form of a covariant tensor
Tjm is

T =Tjmel @e™. (11.245)
Its derivative is

Te=Timpk € @™ + T e? @™ + T el @™, . (11.246)

The covariant derivative T}, of the tensor is the inner product of this deriva-
tive with the covariant tangent vectors e; ® ey

T =e; @ep- T,
ke b - (11.247)
=T +Tjei-€+umer-e™ .

In it we see two instances of our other formula e; - eke = - Ffé for the
affine connection (11.220). Replacing them, we may write we may write the
covariant derivative Ty of the tensor as

Tiek = Ty — Tje T, — Tim Th. (11.248)

The rule for a general tensor is to treat every contravariant index as in
(11.242) and every covariant index as in (11.248). The covariant derivative
of a mixed rank-4 tensor, for instance, is

T, =T +Tihre + Terrt | — Ty, — e T (11.249)

11.36 Covariant derivatives and antisymmetry

Let us apply our rule (11.248) for the covariant derivative of a second-rank
tensor A;y

Aipe = Aigy — Ao T — A T (11.250)
to an antisymmetric tensor
Aie = — Ay (11.251)

Then by adding together the three cyclic permutations of the indices ik we
find that the antisymmetry of the tensor and the symmetry (11.204) of the



11.87 Affine connection and metric tensor 519

affine connection I'}} = I'J} conspire to cancel the quadratic terms leaving
us with

Aiok + Arize + Atk = Aie g — A Tl — A T
+ Ao — Api T — A T
+ Ao — Apk Uy — Aem T
= Ajg + Apio + Aok (11.252)
an identity named after Luigi Bianchi (1856-1928).
The Maxwell field-strength tensor Fj, is antisymmetric by construction
(Fye = Ap; — A;g), and so the Maxwell’s homogeneous equations
5 € o = Fig + Frog + Fij (11.253)
= Apjo— Ajre + Aoy — Ay + Ajoe — Apjr =0

are tensor equations valid in all coordinate systems. This remains true even
if we use Cartan’s covariant derivative (11.209) to define the Cartan-Faraday
tensor (11.231). It is amazing how right Maxwell was in the middle of the
nineteenth century.

11.37 Affine connection and metric tensor

To relate the affine connection I'j} to the derivatives of the metric tensor
gre, we lower the contravariant index m to get

Ukei = gem L'l = gem L' = Trie (11.254)

which is symmetric in its last two indices and which some call a Christoffel
symbol of the first kind, written [¢7, k]. One can raise the index k back
up by using the inverse of the metric tensor

9" Troi = g™ grn T = 67 T = TP (11.255)

Although we can raise and lower these indices, the connections I'}} and I'yy;
are not tensors.
The definition (11.198) of the affine connection tells us that

Ciei = Gem U0; = geme™ -evs = e -er; = Lrir = eg - €54 (11.256)
By differentiating the definition g;y = e; - e; of the metric tensor, we find

Gitk = €ij €+ € ey =er-ep+ e -epr = Lep + i (11.257)
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Permuting the indices cyclicly, we have

kil ikl kit (11.258)
9ek,i = Doy + Do

If we now subtract relation (11.257) from the sum of the two formulas
(11.258) keeping in mind the symmetry 'y = Tgep, then we find that four
of the six terms cancel

Gkie + 9ek,i — Giek = Like + Trie + Thoi + Dok — Doire — Tior, = 20 ke; (11.259)
leaving a formula for I'gy;

Tioi = & (Grie + Goni — Giek) - (11.260)

Thus the connection is three derivatives of the metric tensor

= 9" Thei = 39 (grie + goni — gio) - (11.261)

11.38 Covariant derivative of the metric tensor

Let us apply our formula (11.248) for the covariant derivative of a covariant
tensor to the metric tensor g,y

giek = Gitk — me Ul — Gin Tig.- (11.262)
If we now substitute our formula (11.261) for the connections I, and I},

itk = Gieg — Ime 397 (Gis s + Gski — Gik,s) — Gin 39" (Gse.k + Gkt — Yok,s)
(11.263)

and use the fact (11.149) that the metric tensors g;; and ¢g* are mutually

inverse and symmetric, then we find
Giek = Gitk — 307 (Gisk + Gski — Giks) — 505 (st + Gs,it — Gek,s)
2 ; (11.264)
= Gitk — 5 (Giek + 9eki — Gik,e) — 5 (Giek + ki — Geki) = 0.

The covariant derivative of the metric tensor vanishes. This result follows
from our choice of the Levi-Civita connection (11.198); it is not true for
some other connections.

Covariant derivatives obey the Leibniz rule (11.243), so

O = (9" gev)st = G54 Geb + 9% Gebie = 94 Geb

o ci k ca “ " (11.265)
=150, 9eb — o6 9eb = Lo 9eb — Tip g = 0.

The covariant derivative of the inverse metric tensor vanishes, g5 = 0.
Y
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11.39 Divergence of a contravariant vector

The contracted covariant derivative of a contravariant vector is a scalar
known as the divergence,

V-V =Vi=Vi+VFIy,. (11.266)
Because g;;, = gii, in the sum (11.261) over ¢

fm' = %gw (giek + 9er,i — Grie) (11.267)

the last two terms cancel because they differ only by the interchange of the
dummy indices ¢ and ¢

9" 9ok = 9" gire = 9" griv. (11.268)

So the contracted connection collapses to
Wi = 39" git k- (11.269)

There is a nice formula for this last expression. To derive it, let g = g;¢ be
the 4 x 4 matrix whose elements are those of the covariant metric tensor g;.
Its determinant, like that of any matrix, is the cofactor sum (1.209) along
any row or column, that is, over £ for fixed i or over i for fixed ¢

det(g) = > gie Cie (11.270)
iorf
in which the cofactor Cj, is (—1)"* times the determinant of the reduced
matrix consisting of the matrix g with row ¢ and column ¢ omitted. Thus
the partial derivative of det g with respect to the ifth element g;/ is

0 det(g)
2 o 11.271
an ¢ ( )

in which we allow g;; and gy; to be independent variables for the purposes
of this differentiation. The inverse g% of the metric tensor g, like the inverse
(1.211) of any matrix, is the transpose of the cofactor matrix divided by its
determinant det(g)

it Cyi 1 Odet(g)

- det(g) - det(g) Ogu (11.272)

Using this formula and the chain rule, we may write the derivative of the

determinant det(g) as

_ Odet(g)

det(g),k = T[W’k = det(g) g& Git,k (11.273)
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and so since g;y = gy;, the contracted connection (11.269) is

_ det(g)r _ [det(@le _ gx _ (VO
2det(g) 2| det(g)| 2g NG

i

1 i
ki = 39" ik

(11.274)

in which g= ‘det(g)’ is the absolute value of the determinant of the metric
tensor.

Thus from (11.266 & 11.274), we arrive at our formula for the covariant
divergence of a contravariant vector:

S %
V-V=Vi=Vi+T|,VF=Vi+ @V’ﬂ = M. (11.275)

V9 V9

Example 11.27 (Maxwell’s inhomogeneous equations). An important ap-
plication of this divergence formula (11.275) is the generally covariant form
(12.162) of Maxwell’s inhomogeneous equations

1 ke _ -k
7 (\/§F )1 — oj". (11.276)
O

Example 11.28 (Energy-momentum tensor). Another application is to the
divergence of the symmetric energy-momentum tensor 7% = T7

Tzz] = lej + T3, T + 19, T
Vs~ (11.277)

== ThmIT
O]

Example 11.29 (Divergence in orthogonal coordinates). In two orthogonal
coordinates, equations (11.158 & 11.165) imply that /g = hiho and vk =
Vi/hg, and so the divergence (11.275) of a vector V is

2
1 h1h2>
V-V= v 11.278
i 2 (e ), (11.278)

which in polar coordinates (section 11.24) with h, = 1 and hg = r, is
1 — — 1 — —
VeV =~ [(0V0),+ (Vo) | =~ [("V2), + V] - (11.279)

In three orthogonal coordinates, equations (11.158 & 11.165) give (/g =
hihohs and VF = V. /hy, and so the divergence (11.275) of a vector V is
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(11.29)

3
1 hihahg — )
V.-V = |4 . 11.280

hihahs ;( he & ( )

In cylindrical coordinates (section 11.25), h, =1, hy = p, and h, = 1; so

(7))

[(PVp),p+V¢,¢+szz . (11.281)

)

VoV = (Vo) + (072) ]

) ) )

DI

In spherical coordinates (section 11.26), h, =1, hg = r, hy = rsinf, g =
|det g| = r*sin? @ and the inverse g%/ of the metric tensor is

B 1 0 0
(g)y=10 r2 0 : (11.282)
0 0 r2sin20

So our formula (11.278) gives us

1 R - _
V.- V= g [(r2 smHVT)J + (rsmHVQ)ﬁ + (rV¢)7¢}
1 , _ o _
= 5ang [sm@ (7“2V,~)7T +r (sind Vg)’e + ?”qu} (11.283)
as the divergence V - V. O

11.40 The covariant laplacian

In flat 3-space, we write the laplacian as V -V = V? or as A. In euclidian
coordinates, both mean 92 + 35 + 92, In flat minkowski space, one often
turns the triangle into a square and writes the 4-laplacian as O = A — 97.
The gradient fj, of a scalar field f is a covariant vector, and f = gtk f
is its contravariant form. The invariant laplacian Of of a scalar field f
is the covariant divergence fy’; We may use our formula (11.275) for the
divergence of a contravariant vector to write it in these equivalent ways

. . A ik .
0f = £ = g ) = WL L W

Example 11.30 (Invariant Laplacians). In two orthogonal coordinates,

(11.284)
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equations (11.158 & 11.159) imply that /g = /| det(g;;)| = h1h2 and that
fi=g*fr= h;z fi, and so the laplacian (11.284) of a scalar f is

2

Af = v (Z 2 fJ) i (11.285)

=1

In polar coordinates, where h; = 1, ho = r, and g = 2, the laplacian is

Af = % [(Tfﬂn)ﬂ, + (T_lf,e)ﬂ] = f,rr + 'r'_lf,r + T_Qfﬁﬁ- (11286)

In three orthogonal coordinates, equations (11.158 & 11.159) imply that

V9 = +/|det(gij)| = hihohs and that f* = gk fr = h;Q fi, and so the
laplacian (11.284) of a scalar f is (6.40)

3
1 hihahs
Af = —— i | 11.2

In cylindrical coordinates (section 11.25), h, =1, hy = p, h, = 1, g = p?,
and the laplacian is

1 1 1 1
Af:; (pf,P),p+pf,¢¢+pf,zz:| :f7pp+;f,,0+ﬁfy¢¢+f,zz- (11'288)

In spherical coordinates (section 11.26), h, =1, hg =7, hg = rsinf, and
g =|det g| =r*sin® 4. So (11.287) gives us the laplacian of f as (6.43)

(r?sin Hf,,ﬂ)ﬂq + (sinff) o + (f¢/sin 9)7(;5

Nf =
f r2sinf
T2fr Sil’l@f@
:( 7),r+( foe foo (11.289)
) r2sin @ r2sin® 0

If the function f is a function only of the radial variable r, then the laplacian

is simply
1 1 2
Af(r) =5 [Pr0)] = S =10+ ) (11.290)
in which the primes denote r-derivatives. ]

11.41 The principle of stationary action

It follows from a path-integral formulation of quantum mechanics that the
classical motion of a particle is given by the principle of stationary action
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0S5 = 0. In the simplest case of a free non-relativistic particle, the lagrangian
is L = ma?/2 and the action is

t2
s= [ Za%ar (11.291)
t1 2
The classical trajectory is the one that when varied slightly by dx (with
dx(t1) = dx(t2) = 0) does not change the action to first order in dx. We
first note that the change d& in the velocity is the time derivative of the
change in the path
!/

—x) = 15:13. (11.292)

bk =& — &= —(x o

dt
So since dx(t1) = dx(t2) = 0, the stationary path satisfies

to t2
0=465= mx - dx dt = m:ic'dg—wdt
t1 t1 t
to d
:/ [m(wéw)—mwéaz} dt
t1 dt
to to
:m[méw]if -m &-dxdt=—-m &-oxdt. (11.293)
t1 t1

If the first-order change in the action is to vanish for arbitrary small varia-
tions dx in the path, then the acceleration must vanish

=0 (11.294)

which is the classical equation of motion for a free particle.
If the particle is moving under the influence of a potential V(x), then the
action is
tom

5= (Em —V(:c)) dt. (11.295)

Since 0V (x) = VV (x) - 6z, The principle of stationary action requires that

to
0=465= (—m& — VV) - dxdt (11.296)

t1

or

mi = —VV (11.297)

which is the classical equation of motion for a particle of mass m in a po-
tential V.
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The action for a free particle of mass m in special relativity is
2 t2
S = —m/ dr = —/m\/l—:det (11.298)
T1 t1

where ¢ = 1 and & = dx/dt. The requirement of stationary action is

to ta
0=0S= -5 [ mV/i-@tdi=m [ 2% (11.299)

t1 t1 \/1—%
But 1/v/1 — &* = dt/dr and so

t2 daz dox dt 2 dx déaz dt dt
=68 = dt = — — —dT
0=05=m . dtdt dr m/ dtdt dr dr
2 dx ddw
= . 11.
m/ dr dT (11.300)

So integrating by parts, keeping in mind that dx(m2) = dx () = 0, we have

21 d (dx >z 2 d2
0:5S:m/ﬁ |:d7'<d7"5w>_d7'2'5m:| :—m/ -dx dT.
(11.301)
To have this hold for arbitrary dx, we need
d’x
— =0 11.302
dr? (11.302)

which is the equation of motion for a free particle in special relativity.
What about a charged particle in an electromagnetic field A;? Its action

is
T2 T2 ) T2 d[]ﬁl
S = — m/ d7‘+q/ A;(z) dz’ :/ (—m+ qA;(z) ¥ > dr. (11.303)
T 1 T T

We now treat the first term in a four-dimensional manner

. —npdztodxk
ddt = 5/ —nrdrida® = kG 09T _ —updda® = —updéx®  (11.304)

vV —nikdridak
in which uy, = dxy/dr is the 4-velocity (11.48) and 7 is the Minkowski metric
(11.27) of flat spacetime. The variation of the other term is

8 (A;da') = (84;) da’ + A; dda’ = A, poa® da’ + A; doa’ (11.305)

Putting them together, we get for 6.5

08 = / (muk dfi:z: + qA; poxk di + indch‘) dr. (11.306)

dr dr
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After integrating by parts the last term, dropping the boundary terms, and
changing a dummy index, we get

58 = / ( m—éw +quk5xkdx Ak gk )d

dr dT
:/ [ m%Jrq(A — Agj) ‘fﬂ ok dr. (11.307)
T1

If this first-order variation of the action is to vanish for arbitrary éz*, then
the particle must follow the path

0= —m% 4, (Aie—Ar) 2 or gk, (11.308)
dr odr dr

which is the Lorentz force law (11.76).

11.42 Particles and fields in a gravitational field

The invariant action for a particle of mass m moving along a path x%(t) is

T2 ) 1
S=— m/ dr = — m/( - gigdx’dxg) ’. (11.309)
T1

Proceeding as in Eq.(11.304), we compute the variation ddr as

Sdr — 5/ —grpdaidal — —O() 4 Aot — 2gidatoda”

2/ —giedxidzt

= — %gw,kéwkuiuzdr — giguiédxg
= — Lgurpdatuiuldr — gyu'doa’ 11.310
2 b

in which u* = dz’/dr is the 4-velocity (11.48). The condition of stationary
action then is

T2 2 d5 4
0=65S= — m/ odr = m/ <%gie,k5x uiul + giout 7 > dr (11.311)
Gl 1
which we integrate by parts keeping in mind that dz¢(m) = d2(m) =0
d(gieu*
0= m/ (2%( poxFutu _ dlguwd) )(5;10() dr
dr

T2 . . du?
=m / (ég,»g,kax’“uluf — gigpu'u szt gieduaxf) dr. (11.312)
. T

1
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Now interchanging the dummy indices ¢ and %k on the second and third
terms, we have

)

(1 i 0 i 0 du k
0=m iU U~ Gik, (U~ Gik ox"dr (11.313)
™

or since dz¥ is arbitrary
du’
dr

If we multiply this equation of motion by ¢"* and note that gikyguiug =

0= Jgipuv’ — g u'u’ — giy (11.314)

gfk,iuiug , then we find

du”
dr + %grk

So using the symmetry giy = g¢; and the formula (11.261) for I'},, we get

_du” d*a" . drt dat
=i @ T ar
which is the geodesic equation. In empty space, particles fall along geodesics
independently of their masses.

The right-hand side of the geodesic equation (11.316) is a contravariant
vector because (Weinberg, 1972) under general coordinate transformations,
the inhomogeneous terms arising from #" cancel those from F&{i‘iié. Here

0= (Gi.e + Geki — Gio) u'u’. (11.315)

0

+Iuiu® or 0= (11.316)

and often in what follows we’ll use dots to mean proper-time derivatives.
The action for a particle of mass m and charge ¢ in a gravitational field
I'7, and an electromagnetic field A; is

) 1 T )
S = — m/( — gigda:ld:ré> s q/ Ai(z) dz* (11.317)
T1

because the interaction q [ A;dx" is invariant under general coordinate trans-
formations. By (11.307 & 11.313), the first-order change in S is
T2 A A du’ A
08 = m/ [%gw,ku’ug — giwu’ug — gik% +q(Air — Agi)u' SaFdr
B (11.318)
and so by combining the Lorentz force law (11.308) and the geodesic equation
(11.316) and by writing F"i; as F"; i’, we have

_ dPa” . det dzt g . dat
= e i
as the equation of motion of a particle of mass m and change g. It is striking
how nearly perfect the electromagnetism of Faraday and Maxwell is.

0

(11.319)



11.48 Equivalence principle and geodesic equation 529

The action of the electromagnetic field interacting with an electric current

4% in a gravitational field is

S= [ [-4 PP+ o a] vaate (11.320)

in which \/§d4x is the invariant volume element. After an integration by
parts, the first-order change in the action is

58 — /[— kaf)+u0j’“\/§] 5A, d'z, (11.321)

and so the inhomogeneous Maxwell equations in a gravitational field are

) .
o <\/§ka) = 1o~/ " (11.322)

11.43 Equivalence principle and geodesic equation

The principle of equivalence (section 11.19) says that in any gravitational
field, one may choose free-fall coordinates in which all physical laws take the
same form as in special relativity without acceleration or gravitation—at
least over a suitably small volume of spacetime. Within this volume and in
these coordinates, things behave as they would at rest deep in empty space
far from any matter or energy. The volume must be small enough so that
the gravitational field is constant throughout it.

Example 11.31 (Elevators). When a modern elevator starts going down
from a high floor, it accelerates downward at something less than the lo-
cal acceleration of gravity. One feels less pressure on one’s feet; one feels
lighter. After accelerating downward for a few seconds, the elevator assumes
a constant downward speed, and then one feels the normal pressure of one’s
weight on one’s feet. The elevator seems to be slowing down for a stop, but
actually it has just stopped accelerating downward.

What if the cable snapped, and a frightened passenger dropped his laptop?
He could catch it very easily as it would not seem to fall because the elevator,
the passenger, and the laptop would all fall at the same rate. The physics
in the falling elevator would be the same as if the elevator were at rest in
empty space far from any gravitational field. The laptop’s clock would tick
as fast as it would at rest in the absence of gravity. O

The transformation from arbitrary coordinates z* to free-fall coordinates
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y® changes the metric gje to the diagonal metric 7, of flat spacetime n =
diag(—1,1,1,1), which has two indices and is not a Levi-Civita tensor. Al-
gebraically, this transformation is a congruence (1.351)

o0z’ oxt
Nik = 87/1 gje W (11.323)
The geodesic equation (11.316) follows from the principle of equiva-
lence (Weinberg, 1972; Hobson et al., 2006). Suppose a particle is moving
under the influence of gravitation alone. Then one may choose free-fall co-

ordinates y(z) so that the particle obeys the force-free equation of motion

d2 s
d:‘é =0 (11.324)
.

with dr the proper time dr? = —n;;, dy’dy”. The chain rule applied to 3*(x)

in (11.324) gives
o— 4 (9 dat
~ dr \ 0z dr

B ayi A2 N 82yi Lﬁ%
- Ozk dr?  O0zk0xt dr dr
We multiply by 2™ /0y’ and use the identity
ox™ dy'
4 =" 11.326
to write the equation of motion (11.324) in the z-coordinates
Far | Ly dit def
dr? Modr dr
This is the geodesic equation (11.316) in which the affine connection is
m_ oxr™ aZyi
K™ 0yt fakoxt

(11.325)

— 0. (11.327)

(11.328)

11.44 Weak static gravitational fields

Newton’s equations describe slow motion in a weak static gravitational field.
Because the motion is slow, we neglect u* compared to u” and simplify the
geodesic equation (11.316) to

du” ,
0=——+Tg (u®)?. (11.329)
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Because the gravitational field is static, we neglect the time derivatives gro,o
and go,o in the connection formula (11.261) and find for I'f,

60 = 59" (gor0 + gor.0 — gook) = =3 9" oo (11.330)

with F80 = 0. Because the field is weak, the metric can differ from 7;; by
only a tiny tensor g;; = m;; + hi; so that to first order in |h;;| < 1 we
have I'y, = —% hoo, for 7 = 1,2,3. With these simplifications, the geodesic
equation (11.316) reduces to

d?z" | e Pz 1 (da®\?
d7'2 = bl (’LL ) h’OO,T or d7'2 = 5 ? hOO,T' (11331)
So for slow motion, the ordinary acceleration is described by Newton’s law
d’x 2
—— = — Vhg. 11.332
2= 5 Vhoo ( )

If ¢ is his potential, then for slow motion in weak static fields

goo = —1+hop = —1—2¢/c*> andso  ho= —2¢/c*. (11.333)

Thus, if the particle is at a distance r from a mass M, then ¢ = — GM/r
and hoy = —2¢/c? = 2GM /rc? and so
d’z GM T
“T g —v™M _ _aou™ 11.334
dt? ¢=V r r3 ( )

How weak are the static gravitational fields we know about? The dimen-
sionless ratio ¢/c? is 10739 on the surface of a proton, 107 on the Earth,
1075 on the surface of the sun, and 10~* on the surface of a white dwarf.

11.45 Gravitational time dilation

Suppose we have a system of coordinates ! with a metric g;; and a clock at
rest in this system. Then the proper time dr between ticks of the clock is

dr = (1/¢)\/ —gij dzt dzd = \/—goo dt (11.335)

where dt is the time between ticks in the z* coordinates, which is the lab-
oratory frame in the gravitational field ggg. By the principle of equivalence
(section 11.19), the proper time d7 between ticks is the same as the time
between ticks when the same clock is at rest deep in empty space.
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If the clock is in a weak static gravitational field due to a mass M at a
distance r, then

—goo=1+26/c* =1—-2GM/c*r (11.336)
is a little less than unity, and the interval of proper time between ticks

dr = /—goo dt = \/1 — 2GM /c?r dt (11.337)

is slightly less than the interval dt between ticks in the coordinate system
of an observer at x in the rest frame of the clock and the mass, and in
its gravitational field. Since dt > dt, the laboratory time dt between ticks
is greater than the proper or intrinsic time dr between ticks of the clock
unaffected by any gravitational field. Clocks near big masses run slow.

Now suppose we have two identical clocks at different heights above sea
level. The time Ty for the lower clock to make N ticks will be longer than
the time T, for the upper clock to make N ticks. The ratio of the clock times
will be

T _ V1—=2GM/c2(r + h) ~ gh (11.338)

Ty V1—-2GM/c3r c?

Now imagine that a photon going down passes the upper clock which mea-
sures its frequency as v, and then passes the lower clock which measures its

frequency as vy. The slower clock will measure a higher frequency. The ratio
of the two frequencies will be the same as the ratio of the clock times

“L 14+ L (11.339)

As measured by the lower, slower clock, the photon is blue shifted.

Example 11.32 (Pound, Rebka, and Mdssbauer). Pound and Rebka in
1960 used the Mossbauer effect to measure the blue shift of light falling
down a 22.6 m shaft. They found

=77 =246 x 1071 11.340

” 2 x ( )

(Robert Pound 1919-2010, Glen Rebka 1931-, Rudolf Mossbauer 1929—
2011). O

Example 11.33 (Redshift of the sun). A photon emitted with frequency
1y at a distance r from a mass M would be observed at spatial infinity to
have frequency v

v =vgv/—g00 = vo\/1 — 2MG /c3r (11.341)
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for a redshift of Av = vy — v. Since the Sun’s dimensionless potential ¢, /c?
is —MG/c*r = —2.12 x 1076 at its surface, sunlight is shifted to the red by
2 parts per million. O

11.46 Curvature
The curvature tensor or Riemann tensor is
irmk = F:Tm,k: - ;Lnk,n + F%cg Ffmm - F'ln] F?gm (11342)

which we may write as the commutator

. (11.343)
= Cpp —Tpp + T T =T Ty)'
in which the I'’s are treated as matrices
Tio Thy Thy T
S Y PG FY S i

2 2 2 2
Fio Ter Tia T%s

with (T Tp)?,, = PZJ‘ IV, and so forth. Just as there are two conventions
for the Faraday tensor Fj;, which differ by a minus sign, so too there are two
conventions for the curvature tensor R! . Weinberg (Weinberg, 1972) uses
the definition (11.342); Carroll (Carroll, 2003), Padmanabhan (Padmanab-
han, 2010), Schutz (Schutz, 2009), and Zee (Zee, 2013) use an extra minus

sign.
gThe Ricci tensor is a contraction of the curvature tensor
R = Rk (11.345)
and the scalar curvature is a further contraction
R=g" R (11.346)

Example 11.34 (Curvature of a sphere). While in four-dimensional space-
time indices run from 0 to 3, on the sphere they are just # and ¢. There are
only eight possible affine connections, and because of the symmetry (11.204)
in their lower indices Fé o= Ffw, only six are independent.

The point p on a sphere of radius r has cartesian coordinates

p = (sinf cos ¢, sinfsin ¢, cos ) (11.347)
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so the two 3-vectors are

= ZZ =7 (cos cos ¢, cosf sinp, —sinf) = r @

ey = gg = rsinf (—sin ¢, cos ¢, 0) :rsinqu.

ey
(11.348)

The embedding metric is the 3 x 3 identity matrix, so the metric g;; made
of the dot products g;; = e; - e; is
2
T 0
(9:7) = <0 ) . (11.349)

r2sin? 6

Differentiating the vectors ey and ey, we find

epp = — r(sinfcos @, sinfsin¢, cosf) = —r+ (11.350)
eg.p = rcosf (—sing, cosg, 0) = rcosd (11.351)
€p0 = €06 (11.352)
ep, = — rsind (cos ¢, sing, 0). (11.353)

The metric with upper indices (¢/) is the inverse of the metric (g;;)

(¢7) = <r: N > (11.354)

r=2sin"240

so the dual vectors e’ are

e? =171 (cosf cos p, cosO sing, —sinf) =r"'0
1 -
¢ _ — s =
e e (—sin ¢, cos ¢, 0) s ¢. (11.355)
The affine connections are given by (11.198) as

Since both e’ and e? are perpendicular to #, the affine connections Fge and
F(ge both vanish. Also, eqi’(b is orthogonal to <z3, SO Fiqﬁ = 0 as well. Similarly,
ep,¢ is perpendicular to 6, so Fg 6= I‘ZG also vanishes.
The two nonzero affine connections are
FZ; =e? epy=r"'sin"'0p rcosfhe=coth (11.357)
and
6 6
F¢¢ = e - €¢7¢
= —sinf (cos 6 cos ¢, cos sin ¢, —sin ) - (cos ¢, sin ¢, 0)
= —sinfcosb. (11.358)
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In terms of the two non-zero affine connections Fg’¢ = Fie = cotf and
ngﬁ = —sinfcosf, the two Christoffel matrices (11.344) are

0 0 0 0
Ty = <O I‘¢> (0 cot@) (11.359)
and
0 1Y 0 —sinfcosé
_ oo | _

Iy = (Fie 0 > = <cot0 0 ) . (11.360)

Their commutator is

0 cos? 6

L N ) (11.361)

and both [I'g,I'g] and [I'y, I'y] vanish.
So the commutator formula (11.343) gives for Riemann’s curvature tensor
Re@e = [a@ + FQ, 89 + F@] 9 — 0
[0 + Lo, 0y + Tg)®, = (Fqb 0)% + L0, T4)%,
= (cot ) g + cot?f = —
0
RZ@d) = [8¢ + F¢, O + F9]0¢ = — (P¢79) é + [F ¢,F9]9¢

R9¢>9 =

— cos? 0 —sin® 0 — cos® § = —sin® 6
R}, =[0p+T4, 04 +T4)% = 0. (11.362)
The Ricci tensor (11.345) is the contraction Ry, = R}}. ., and so
RQQZRQ +R¢ =-1
990 T 098 (11.363)

Ryp = Ripy + RY,, = —sin®0.

The curvature scalar (11 346) is the contraction R = ¢g¥"R,,x, and so since

% =r=2 and ¢%¢ = r~ =20, it is

2
R=g" Rpg+ g%’ Rgp = —r 2 —sin?0 r 2sin 20 = — - (11.364)
r
for a 2-sphere of radius r.
Gauss invented a formula for the curvature K of a surface; for all two-
dimensional surfaces, his K = —R/2. O

Example 11.35 (Curvature of a cylindrical hyperboloid). The points of
a cylindrical hyperboloid in 3-space satisfy 22 = 22 + y?> — r? and may be
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parameterized as p = r(coshé cos ¢, cosh0sin ¢, sinh §). The (orthogonal)

coordinate basis vectors are
ey = = r(sinh 0 cos ¢, sinh 6 sin ¢, cosh 8
o=po =l 4 ¢ ) (11.365)
ey =p o = r(—cosh@sin ¢, cosh b cos ¢,0).

The embedding metric is the 3 x 3 identity matrix, so the metric g;; = e;-e;

cosh? @ +sinh?6 0
(9i5) = < 0 cos? 9> . (11.366)

1S

Tristan Hubsch’s Mathematica package GREAT.m can compute the scalar
curvature for us. One enters

x = {theta, phi};

(met = {{r"2*x(Cosh[theta] "2 + Sinh[theta]~2), 0},
{0, r~2xCosh[theta] "2}}) // MatrixForm;

SCurvature[met, x]

and gets R = 2/(r cosh(20))? after adjusting for Hubsch’s sign convention.
Python has sympy and gravipy. O

11.47 The gravitational action and Einstein’s equations

If we make an action that is a scalar, invariant under general coordinate
transformations, and then apply to it the principle of stationary action, we
will get tensor field equations that are invariant under general coordinate
transformations. If the metric of spacetime is among the fields of the action,
then the resulting theory will be a possible theory of gravity. If we make the
action as simple as possible, it will be Einstein’s theory.

To make the action of the gravitational field, we need a scalar. Apart
from the volume 4-form x1 = /| det g d*z = \/g d*z = \/g cdt &z, the
simplest scalar we can form from the metric tensor and its first and second
derivatives is the scalar curvature R which gives us the Einstein-Hilbert
action

c3 4 c
SeH = — 167TG/R\/§dx: 16

in which G' = 6.7087 x 1073 fic (GeV/c?)72 = 6.6742 x 107 m3 kg~ s72 is
Newton’s constant.

3 .
G / g% Rip g d*z  (11.367)

s

If 5¢°%(z) is a tiny local change in the inverse metric, then the rule
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Sdet A = det ATr(A"16A) (1.41, valid for any nonsingular, nondefective

matrix A) together with the identity 0 = 6(g"*gre) = 69 gre + g™ Sgne

imply that

ddet g (det 9)g™* 6gir 1

5\/§ =  —-——— D = —
2./3 2./3 2

So the first-order change in the action density is
6 (9" Rt v/5) = Rir /g 9™ + g™ Rix 535 + 9™ /5 Ry

1 ) )
= (Rik — 59 gik) 09" + 9" \/g ORiy.

V9 9ir 69" (11.368)

(11.369)

The product ¢g**6R;), is a scalar, so we can evaluate it in any coordinate
system. In a local inertial frame, where I'}, = 0 and gg4. is constant, this
invariant variation of the Ricci tensor (11.345) is
9% 6 Ry = g™ 6 (T — Tikn) = 9™ (Ok 0T}, — 0 6T 1)
=g" O 5an — 9" O 6an = Ok (g 5rm -9 6an) :
By (11.206), the variations 6T'?, and 6T'¥ are tensors although the connec-
tions themselves aren’t. Thus, we can evaluate this invariant variation of
the Ricci tensor in any coordinate system by replacing the derivatives with
covariant ones getting
g*SRy, = (g“f STT — gim 5F§n) ) (11.371)

which we recognize as the covariant divergence (11.275) of a contravariant
vector. The last term in the first-order change (11.369) in the action density
is therefore a surface term whose variation vanishes for tiny local changes
5g'* of the metric

Ny [\/g (gik I — gin 5r§n)] - (11.372)

)

Hence the variation of Sgy is simply

c? 1 ik 14
0SEH = — 167G /<Rzk - 29ikR> Vg 69" d . (11.373)

The principle of least action §Sgy = 0 now gives us Einstein’s equations
for empty space:
1

R, — B gir R =0. (11.374)

The tensor Gy, = R, — %gik R is Einstein’s tensor.
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Taking the trace of Einstein’s equations (11.374), we find that the scalar
curvature R and the Ricci tensor R;; are zero in empty space:

R=0 and Ry =0. (11.375)

The energy-momentum tensor T;; is the source of the gravitational
field. It is defined so that the change in the action of the matter fields due
to a tiny local change 6¢**(x) in the metric is

1 . 1 .
58, = — % / Tix /g 09" d*z = % / T* /g 6gi d*x (11.376)
c c
in which the identity d¢g** = — g% ggkdgjg explains the sign change. Now the

principle of least action 65 = 6Sgp + 05, = 0 yields Einstein’s equations
in the presence of matter and energy

1 8rG
ik — 5 9ik R= — —Ti. 11.
Rik — 5 gik L (11.377)
Taking the trace of both sides, we get
8rG 8rG T
R= oA T and Ry = — A ( ik — 2gik> - (11.378)

11.48 Energy-momentum tensor

The action S, of the matter fields is a scalar that is invariant under general
coordinate transformations. In particular, a tiny local general coordinate
transformation 2/ = x* + €%(z) leaves Sy, invariant

0=38S, = /5 (L(d)i(a:)) \/g(T;)) di. (11.379)

The vanishing change 4S5, = 05,4 + 05ne has a part 4S5,,, due to the
changes in the fields 6¢;(x) and a part §.5,,4 due to the change in the metric
8¢*™ . The principle of stationary action tells us that the change 0Sme is zero
as long as the fields obey the classical equations of motion. The definition
(11.376) of the energy-momentum tensor now tells us that

0=0Sm = 0Smg = 2% / T* \/g bgip d*x. (11.380)
We take the change in Sy, to be
55 = [ L6 V@)t ~ [ Liow) Valo)d's
~ [T Vi@ e - [ 16 Vala) .

(11.381)
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So using the identity g™ gy = —g’* dgre, the definition (11.222) of the
covariant derivative of a covariant vector, and the formula (11.261) for the
connection in terms of the metric, we find that to lowest order in €*(x), the
change in the metric is

dgik = gir () — gin(2) = gi(2") — gi(x) — (gir(2") — gix(2))
= (67 — 62)(52 - e?k)gab — € Gik,c
= — 9ib € — Yak €% — € Gikoc
= — gin(9" €) e — Gak(9° €c)i — € Gine (11.382)
= — €k — €hi— € i 9k — €c Jak 9% — € Gikc
= — €k — €k; T € gbc Givk + € 9% Gakyi — € Gikc
= — €k — ki + € 9" (Giak + Jaki — Gik,a)
— €k — €kt e el = — € — €nie

Combining this result (11.382) with the vanishing (11.380) of the change
0Smg, we have

0= /T“‘f V9 (eik + exs) d*a. (11.383)

Since the energy-momentum tensor is symmetric, we may combine the two
terms, integrate by parts, divide by /g, and so find that the covariant di-
vergence of the energy-momentum tensor is zero

L
NG

when the fields obey their equations of motion. In a given inertial frame, only

0 =T = T+ T8 T + T3, T% = —(/gT™) 4 + T, T (11.384)

the total energy, momentum, and angular momentum of both the matter and
the gravitational field are conserved.

11.49 Perfect fluids

In many astrophysical and most cosmological models, the energy-momentum
tensor is assumed to be that of a perfect fluid, which is isotropic in its rest
frame, does not conduct heat, and has zero viscosity. For a perfect fluid of
pressure p and density p with 4-velocity u’ (defined by (11.48)), the energy-
momentum or energy-momentum tensor 7;; is

Tij =pgij + (%er) U uj (11.385)
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in which g;; is the spacetime metric. Einstein’s equations (11.377) then are

1 87G 87G
R — igikR = — CTTik = = —1 [P + ((‘% + p) u; uj] (11.386)

An important special case is the energy-momentum tensor due to a nonzero
value of the energy density of the vacuum. In this case p = —c?p and the
energy-momentum tensor is

Tij =pgij = —pgij (11.387)

in which Tyg = ¢?p is the (presumably constant) value of the energy den-
sity of the ground state of the theory. This energy density p is a plausible
candidate for the dark-energy density. It is equivalent to a cosmological
constant A = 87 Gp.

On small scales, such as that of our solar system, one may neglect mat-
ter and dark energy. So in empty space and on small scales, the energy-
momentum tensor vanishes T;j; = 0 along with its trace and the scalar cur-
vature T'= 0 = R, and Einstein’s equations (11.378) are

Rij = 0. (11.388)

11.50 Standard form

Tensor equations are independent of the choice of coordinates, so it’s wise
to choose coordinates that simplify one’s work. For a static and isotropic
gravitational field, this choice is the Standard form (Weinberg, 1972, ch. 8)

ds* = — B(r) ® dt* + A(r) dr? + r? (6 + sin® 0 d¢?) (11.389)

in which B(r) and A(r) are functions that one may find by solving the
field equations (11.377). Since ds? = — ¢?dr? = g;; dz'dz?, the nonzero
components of the metric tensor are g., = A(r), gog = 72, 9o = r2 sin? 0,
and goo = —B(r), and those of its inverse are g’ = A~!(r), g% = r=2
g% =r~2sin726, and ¢ = —B~!(r). By differentiating the metric tensor
and using (11.261), one gets the components of the connection F};Z, such as
Fg)d) = —sinfcos#, and the components (11.345) of the Ricci tensor R;j,
such as (Weinberg, 1972, ch. 8)
14 / / / /
_B (ry 1 <B(T‘)) <A(T‘)+B(T‘)> 1 (A(r)) (11.390)
B(r) ) \A(r) = B(r) A(r)

" 2B(r) 4

r




11.51 Schwarzschild’s solution 541

in which the primes mean d/dr.

11.51 Schwarzschild’s solution
If one ignores the small dark-energy parameter A, one may solve Einstein’s
field equations (11.388) in empty space
Rij =0 (11.391)

outside a mass M for the Standard form of the Ricci tensor. One finds (Wein-
berg, 1972) that A(r) B(r) = 1 and that » B(r) = r plus a constant, and
one determines the constant by invoking the Newtonian limit ggo = —B —
—1+2MG/c*r as r — oo. In 1916, Schwarzschild found the solution

-1
g2 — <1 N 2MG> 2di? + <1 _ 2MG> dr? + 12 (d6? + sin” 0 d¢?)

c2r c2r
(11.392)
which one can use to analyze orbits around a star. The singularity in
2MG\ !
Grr = (1 - — ) (11.393)
c’r

at the Schwarzschild radius ry = 2MG/c? is an artifact of the coordinates;
the scalar curvature R and other invariant curvatures are not singular at
the Schwarzschild radius. Moreover, for the Sun, the Schwarzschild radius
re = 2M_G/c? is only 2.95 km, far less than the radius of the Sun, which is
6.955 x 10° km. So the surface at r, = 2M_G/c? is far from the empty space
in which Schwarzschild’s metric applies (Karl Schwarzschild, 1873-1916).

11.52 Black holes

Suppose an uncharged, spherically symmetric star of mass M has collapsed
within a sphere of radius 7y, less than its Schwarzschild radius rs = 2M G//c2.
Then for r > 74, the Schwarzschild metric (11.392) is correct. By Eq.(11.335),
the apparent time dt of a process of proper time dr at r > 2MG/c? is

2M
dt =dr//—goo = dr /|1 — CQTG' (11.394)

The apparent time dt becomes infinite as r — 2M G /c?. To outside observers,
the star seems frozen in time.
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Due to the gravitational redshift (11.341), light of frequency v}, emitted
at r > 2M G /c? will have frequency v

2MG

c2r

V="VpvV—goo=vp\/1l— (11.395)

when observed at great distances. Light coming from the surface at ry =
2M G /c? is redshifted to zero frequency v = 0. The star is black. It is a black
hole with a surface or horizon at its Schwarzschild radius rs = 2MG/c?,
although there is no singularity there. If the radius of the Sun were less than
its Schwarzschild radius of 2.95 km, then the Sun would be a black hole.
The radius of the Sun is 6.955 x 10° km.

Black holes are not really black. Stephen Hawking (1942-) has shown
that the intense gravitational field of a black hole of mass M radiates at
temperature

T = ch
kG M
in which k& = 8.617343 x 107°eV K~! is Boltzmann’s constant, and 7 is

Planck’s constant h = 6.6260693 x 10734 J s divided by 27, h = h/(27).
The black hole is entirely converted into radiation after a time

(11.396)

5120 7 G2
=" M3
hct

proportional to the cube of its mass.

(11.397)

11.53 Cosmology

Astrophysical observations tell us that on the largest observable scales, space

is flat or very nearly flat; that the visible universe contains at least 10

par-
ticles; and that the cosmic microwave background radiation is isotropic to
one part in 10° apart from a Hubble-Doppler shift due the motion of the
Earth at 371 km/s towards the constellation Leo. These and other observa-
tions suggest that potential energy expanded our universe by exp(60) = 1026
during a brief period of inflation that could have been as short as 1073%s.
The potential energy that powered inflation almost immediately became the
radiation of the Big Bang. During and after inflation, negative gravitational
potential energy kept the total energy constant.

Within the first three minutes, some of that radiation became hydrogen,

helium, neutrinos, and dark matter Weinberg (1988, 2010). But the era
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of radiation, during which most of the energy of the visible universe was
radiation, lasted for 50,952 years.

Because the momentum of a particle but not its mass falls with the ex-
pansion of the universe, the era of radiation gradually gave way to an era
of matter. The universe changed from radiation dominated to matter dom-
inated as its temperature k7 dropped below 0.81 eV. After 380,000 years,

Dark Energy
Accelerated Expansion
Afterglow Light
Pattern  Dark Ages Development of
380,000 yrs. Galaxies, Planets, etc.

A
A A

Inflation if ‘v] ;! :
| %%

1st Stars
about 400 million yrs.

Big Bang Expansion
13.7 billion years

Figure 11.1 NASA/WMAP’s timeline of the known universe

the universe had cooled to 3000 K or k7" = 0.26 eV, and less than 1%
of the atoms were ionized. Photons no longer scattered off a plasma of
electrons and ions. The universe became transparent. The photons that
last scattered just before this initial transparency became the cosmic
microwave background radiation or CMBR that now surrounds us,
redshifted to Ty = 2.7255 4 0.0006 K.

Between 10 and 17 million years after the Big Bang, the temperature of
the known universe fell from 373 to 273 K. If by then the supernovas of
very early, very heavy stars had produced carbon, nitrogen, and oxygen,
biochemistry may have started during this period of 7 million years.

The era of matter lasted for 10.19 billion years.

The era of dark energy began about 3.6 billon years ago as matter
ceased to be the dominant form of energy. Since then, most of the energy
of the visible universe has been of an unknown kind called dark energy.
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Dark energy may be the energy of the vacuum; classically, it seems to be
equivalent to a cosmological constant. Dark energy has been accelerating
the expansion of the universe for the past 3.6 billion years and may continue
to do so forever.

It is now 13.799 % 0.021 billion years after the Big Bang or the time of
infinite redshift and zero scale factor. The present value Ade et al. (2015)
of the Hubble frequency H is the Hubble constant Hy = 67.74 £+ 0.46
km (s Mpc)~! = 2.1953 x 107!8 s~ one parsec being 3.085677 58149 x
10 m or about 3.262 light-years. The present critical mass density p.y =
3H§/87rG = 8.6197 x 10727 kgm™ is the present density of a universe
that is isotropic, homogeneous, and flat. The ratio Qy = po/peo of the
present density pg of the universe to the present critical mass density p.g
is Qo = 1.0000 £ 0.0088. The ratio Qa9 = pao/peo of the present dark-
energy density pag to the critical density is Q249 = 0.6911 + 0.0062. The
ratio Q0 = pmo/pco of the present total matter density p,,o to the present
critical density peo is Qmo = 0.3089 &+ 0.0062. The ratio Qp9 = pro/Pco
of the present density of baryons ppy to the present critical density pqo is
Qpo = 0.0486 £ 0.0007. Baryons account for 4.9% of the density of the uni-
verse and only 15.7 % of the matter density, the rest being dark matter,
which interacts very little with light.

Einstein’s equations (11.378) are second-order, non-linear partial differ-
ential equations for 10 unknown functions g;j(x) in terms of the energy-
momentum tensor T;;(z) throughout the universe, which of course we don’t
know. The problem is not quite hopeless, however. The ability to choose ar-
bitrary coordinates, the appeal to symmetry, and the choice of a reasonable
form for Tj; all help.

Hubble showed us that the universe is expanding. The cosmic microwave
background radiation looks the same in all spatial directions (apart from a
Hubble-Doppler shift due to the motion of the Earth at 371 km/s toward
the constellation Leo). Observations of clusters of galaxies reveal a universe
that is homogeneous on suitably large scales of distance. So it is plausible
that the universe is homogeneous and isotropic in space, but not in time.
One may show (Carroll, 2003) that for a universe of such symmtery, the line
element in comoving coordinates (in which the Hubble-Doppler shift is
isotropic) is

dr?

2 _ 2 742 2
dS——Cdt +a m

+ 7% (d6* + sin® 0 dp?) (11.398)

in which L is a length, k is 0 or 1, and the scale factor a(t) is a dimen-
sionless function of time.
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Whitney’s embedding theorem tells us that any smooth four-dimensional
manifold can be embedded in a flat space of eight dimensions with a suitable
signature. We need only four or five dimensions to embed the spacetime
described by the line element (11.398). If the universe is closed, then the
signature is (—1,1,1,1,1), and our three-dimensional space is the 3-sphere
which is the surface of a four-dimensional sphere in four space dimensions.
The points of the universe then are

p = (ct, aLsin x sin 0 cos ¢, aL sin y sin @ sin ¢, aL sin y cos 8, aL cos x)
(11.399)
in which0 <y <7, 0<0<m, and 0 < ¢ < 27. If the universe is flat, then
the embedding space is flat, four-dimensional Minkowski space with points

p = (ct, arsinf cos ¢, arsinfsin ¢, ar cosd) = (ct,ax,ay,az) (11.400)

in which 0 < 0 <7 and 0 < ¢ < 27. If the universe is open, then the embed-
ding space is a flat five-dimensional space with signature (—1,1,1,1,—1),
and our three-dimensional space is a hyperboloid in a flat Minkowski space
of one time and three space dimensions. The points of the universe then are

p = (ct, aLsinh x sin 6 cos ¢, aL sinh x sin # sin ¢, aL sinh x cos @, aL cosh y)
(11.401)
in which0 <y <00,0<60 <, and 0 < ¢ < 2.
In all three cases, the corresponding Friedmann-Lemaitre-Robertson-
Walker metric is

—1 0 0 0
0 a%/(1—kr?/L? 0 0

gij = 0 /( 0 / ) CL2 T‘2 0 (11402)
0 0 0 a?r? sin? 0

in which the coordinates (ct,r,0,¢) are numbered (0,1,2,3), and k is 0
or +1, and L is a length. The constant k determines whether the spatial
universe is open k = — 1, flat £ = 0, or closed k = 1. The dimensionless
scale factor a, which is a function of time a(t), tells us how space expands
and contracts. These coordinates are called comoving because a point at
rest (fixed 7,0, ¢) sees the same Hubble-Doppler shift in all directions.

The metric (11.402) is diagonal; its inverse g also is diagonal; and so we
may use our formula (11.261) to compute the affine connections Ff , such as

T0 = 39" (gene + owe — goor) = 9% (geo,e + ge0.0 — 9ee0) = 2900
(11.403)
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so that
aa/c

M, =—"_
U — k212

Y =aar’/c and T93 =aar?sin6/c. (11.404)

in which a dot means a time derivative. The other F%’s vanish. Similarly,
for fixed £ =1, 2, or 3

Lo = 59" (gok,e + 9ek,0 — Goek)
39" (9000 + gee0 — gore)
=59 Guo = % = Ffo no sum over £. (11.405)
The other nonzero I'’s are
Ty =—r(1—kr2/L?)  Thy=—r(1—kr2/L?)sin®0 (11.406)

1
2, =13, =-
12 13 r

=13 =13, (11.407)
'3, = —sinf cosd IS, = cot § = I'3,. (11.408)

Our formulas (11.345 & 11.343) for the Ricci and curvature tensors give
Roo = B30 = [0 + Lo, 8n + L)% (11.409)

Clearly the commutator of I'g with itself vanishes, and one may use the
formulas (11.404-11.408) for the other connections to check that

N
Lo, Tl = T4 o — Tnp T = 3 <a> (11.410)
ca
and that
. . . 2
a a a
Im,= — | =3 - — 11.411
% Tno=3% (ca) 3 c2a 3 (ca) ( )
while 9,I'f ) = 0. So the 00-component of the Ricci tensor is
Rop = 3~ (11.412)
00 — c2a. .

Similarly, one may show that the other nonzero components of Ricci’s tensor

are
R11 = —L R22 = —T2A and R33 == —1”2A Sin2 0 (11.413)
1—kr2/L?
in which A = adi/c? + 24%/c? + 2k/L?. The scalar curvature (11.346) is

6 (ad a* k
_ qab —
R—g Rba__? <62+62+Lz> . (11414)
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In comoving coordinates such as those of the Friedmann-Lemaitre-Robertson-

Walker metric (11.402), the 4-velocity (11.48) is u’ = (¢,0,0,0), and so the
energy-momentum tensor (11.385) is

p 0 0 0
0 pgu 0 0
T — 11.415
N 0 0 pga O ( )
0 0 0  pygss
Its trace is
T =g"YT;=—c*p+3p. (11.416)
Thus successively using our formulas (11.402) for goo = —1, (11.412) for

Roo = 3i/(c%a), (11.415) for T;;, and (11.416) for T, we can write the 00
Einstein equation (11.378) as the second-order equation

a drG 3p
-—= - — 11.417
” 3 <p+ 62) ( )

which is nonlinear because p and 3p depend upon a. The sum p + 3p de-
termines the acceleration @ of the scale factor a(t). The apparently positive
sum c?p + 3p can be negative, and when it is, it accelerates the expansion
of the universe.

Because of the isotropy of the metric, the three nonzero spatial Einstein
equations (11.378) give us only one relation

. . 2 2

a a c°k P

Cio(%) +255 _y ( _7)_ 11.41
St <a> +2 572 G (p 2 ( 8)

Using the 00-equation (11.417) to eliminate the second derivative d, we have

L\ 2 2
a 8rG ck
2) =2 -1 11.41
(a) 3 77 a2 ( 9

which is a first-order nonlinear equation. It and the second-order equation
(11.417) are known as the Friedmann equations.
The LHS of the first-order Friedmann equation (11.441) is the square of
the Hubble rate
H=2 (11.420)
a

which is an inverse time or a frequency. Its present value Hy is the Hubble
constant. In terms of H, Friedmann’s first-order equation (11.441) is

&rG Ak

g2, Ok
3 P72

(11.421)
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The energy density of a flat universe with k = 0 is the critical energy
density

_ 3H?
Pe= 8nG

The ratio of the present energy density pg to the present critical energy

(11.422)

density pqo is Qg

£0 &G
Qy=—=—5po- 11.423
0 De0 3H3 Po ( )
From (11.421), we see that § is
c*k Ak
Q=14+ —-5=14+ 5. 11.424
TlaEne T T @ (11.424)

Thus Q = 1 both in a flat universe (k = 0) and as aH — oco. One use of

inflation is to expand a by 10%% so as to force 2 almost exactly to unity.
Something like inflation is needed because in a universe in which the

energy density is due to matter and/or radiation, the present value of )

Qo = 1.0000 + 0.0062 (11.425)

is unlikely. To see why, we note that conservation of energy ensures that a3
times the matter density p,, is constant. Radiation redshifts by a, so energy
conservation implies that a* times the radiation density p, is constant. So
with n = 3 for matter and 4 for radiation, pa™ = 3 F?/87G is a constant.
In terms of F' and n, Friedmann’s first-order equation (11.441) is

o 81G 5, Fk . F* Zk

In the small-a limit of the early Universe, we have
a=F/a"2/? or a2 4q = Fdt (11.427)

which we integrate to a ~ t¥/™ so that @ ~ t>/"~1. Now (11.424) says that

2|k| 94 t radiation
— = - /TL =
| — 1] e & t { 203 patter (11.428)

Thus, Q deviated from unity at least as fast as t2/ during the early Universe.
At this rate, the inequality | — 1| < 0.009 could last 13.8 billion years only
if O at t = 1 second had been unity to within two parts in 10'4. The only
known explanation for such early flatness is inflation.

The relation (11.424) between Q2 and aH shows that k£ = 0 is equivalent
to @ =1, that Q@ > 1 <= k =1, and that Q <1 «<— k= — 1.
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And writing the same relation (11.424) as (aH)? = ¢2k/[L*(Q — 1)], we see
that as € — 1 the product aH — oo, which is the essence of flatness since
curvature vanishes as the scale factor a — oo. Imagine blowing up a balloon.

Staying for the moment with a universe without inflation and with an
energy density composed of radiation and/or matter, we note that the first-
order equation (11.426) in the form a? = F?/a"~2 — c?k/L? tells us that for
a closed (k = 1) universe, in the limit @ — oo we’d have @*> — —1 which is
impossible. Thus a closed universe cannot expand indefinitely.

The first-order equation Friedmann (11.441) says that pa? > 3c¢*k/87G.
So in a closed universe (k = 1), the energy density p is positive and in-
creases without limit as @ — 0 as in a collapse. In open (k = — 1) and
flat (k = 0) universes, the same Friedmann equation (11.441) in the form
a® = 8nGpa®/3 — c®k/L? tells us that if p is positive, then a2 > 0, which
means that @ never vanishes. Hubble told us that ¢ > 0 now. So if our
universe is open or flat, then it always expands.

Due to the expansion of the universe, the wave-length of radiation grows
with the scale factor a(t). A photon emitted at time ¢ and scale factor a(t)
with wave-length A(¢) will be seen now at time ¢y and scale factor a(tg) to
have a longer wave-length A(t¢)

Alto) _ afto)
A)  a(t)
in which the redshift z is the ratio
M) A0 AN
YD) oA
Now H = a/a = da/(adt) implies dt = da/(aH), and z = ag/a — 1 implies
dz = —apda/a?, so we find

=241 (11.429)

(11.430)

dz
dt = ~ TG (11.431)

which relates time intervals to redshift intervals. An on-line calculator is
available for macroscopic intervals (Wright, 2006).

11.54 Density and pressure

The 0-th component of the energy-momentum conservation law (11.384)
is

0="T0" = 0,7 + I'%,T% +T9, T (11.432)
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The perfect-fluid energy-momentum tensor (11.415) is diagonal, and for
a Robinson-Walker metric (11.402) our connection formulas (11.403) and
(11.405) respectively tell us that I')y = —3goo,0 = 0, and that ', = 3a/(ca).
Thus

. 3a p dp 3 P
p=—"p+%), andso =L (p+c—2). (11.433)

a c? a a

The energy density p is composed of fractions p; each contributing its own
partial pressure p; according to its own equation of state

pi = Cw;p; (11.434)

in which w; is a constant. The rate of change (11.434) of the density p; is
then

dpi 3
—=—-—(1 ) i 11.435
da a (1 +w;) pi ( )
In terms of the present density p;o and scale factor ag, the solution is
ap\ 3(1+wi)
pi = pio (f) : (11.436)

There are three important kinds of density. The dark-energy density pa
is assumed to be like a cosmological constant A or like the energy density of
the vacuum, so it is independent of the scale factor a

PA = PAO (11.437)

and has wp = —1. The matter density p,, is assumed to have no pressure,
wy, = 0, and so the matter density falls inversely with the volume

ao

3
pm = pmo ()" (11.438)

The density of radiation p, has w, = 1/3 because wavelengths scale with
the scale factor, and so there’s an extra factor of a

a 4
pr=pro (). (11.439)

The total density p varies with a as

ap\3 ap\4
P = PA0 + Pmo (EO) + pro (f) . (11.440)

In simple cosmological models, only the dominant component of the den-
sity is considered.
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11.55 How the scale factor evolves with time

The first-order Friedmann equation (11.441) expresses the square of the
instantaneous Hubble rate H = a/a in terms of the density p and the scale
factor a(t)

. 2 2
o (a\" _8nG c’k

in which k& = £1 or 0. The critical density p. is the one that satisfies this
equation for a flat (k = 0) universe. Its present value is

3H?

= . 11.442
Poc Yl ( )

Dividing Friedmann’s equation by the square of the present Hubble rate Hg,
we get

H2 1 .\ 2 1 2k 2k
oo L(ay o LG, kN ks
HZ H{ \a H 3 a?l? poc a?HZL?

in which p is the total density (11.440)

H _pn e pm Ck

Hg Poc Poc Poc GQH(%LQ 11.444
4 3 Qk 2 ( ' )
PAO | Pr0 Gy  Pmo Qg € ag

poc  poc a*  poc a®  alHZL? a?

These density ratios are called Qpq, Qr0, Qmo, and Qo = —c2k/(agHoL)?,
and in terms of them this formula (11.444) for H?/H is

g aj a al
a2 = Qo + Qo 5 + Qo 5 + o3 (11.445)

Since H = a/a, we have dt = H; *(da/a)(Hy/H), and so with x = a/aq, the
time interval dt is
1 dx 1

Ho = \/Qpo+ Qoz 2+ Qoo + Qoz—t

dt (11.446)

Integrating and setting the origin of time ¢(0) = 0 at x = a/ag = 0, we find
that the time t(a/ag) during which the ratio a(t)/ag grew from 0 to a(t)/ao
is

1 o/ dx

tla/ag) = — . 11.447
(a/a0) Ho Jo  /Qaox? + Qo + Qo z 1 + Qo2 ( )




552 Tensors and local symmetries

The definition (11.429) of the redshift gives a/ap = 1/(z+1). So this formula
(11.447) for t(a/ap) also says that a photon emitted at time ¢(a/ag) will be
seen now with redshift z(¢) = ag/a — 1.

The Planck Collaboration’s values (Ade et al. (2015)) for the density ratios
QAO, Qko, and Qmo are

Qa0 = 0.6911 £ 0.0062

Qo = 0.0008 % 0.004 (11.448)
Quno = 0.3089 = 0.0062.

We use may use the present temperature Ty = 2.7255 K of the cosmic
microwave background radiation and our formula (4.110) for the energy
density of photons to estimate the mass density of photons as

87 (kpTo)*
Pr = T 5R3e
Adding in three kinds of neutrinos and antineutrinos at Ty, = (4/11)Y/3 T,

we get for the present density of massless and nearly massless particles (Wein-
berg, 2010, section 2.1)

= 4.6451 x 1073! kg m 3. (11.449)

7 4 4/3
pr=|1+3 (8> <11> py =T7.8099 x 107 kg m™®.  (11.450)
The fraction 2,9 the present energy density that is due to radiation is then
Qo = 2% = 9.0606 x 1075, (11.451)
Pc0

By putting the Q values (11.448 & 11.451) into the integral (11.447) and
integrating, we may get the time as a function of the scale factor. Figure 11.2
plots the reduced scale factor a(t)/ag (solid) and the redshift z(¢) (dotdash)
as functions of the time ¢ in Gyr since the time of infinite redshift. The age of
the universe is 13.8 Gyr (vertical line). A photon emitted with wavelength A
at time ¢ now has wavelength Ao = (ag/a(t)) A. The change is its wavelength
is AN = A z(t).

Example 11.36 (w = —1/3, no acceleration). If w = —1/3, then p =wp =
—p/3 and p + 3p = 0. The second-order Friedmann equation (11.417) then
tells us that @ = 0. The scale factor does not accelerate.

To find its constant speed, we use its equation of state (11.436)

p=po (?)3(1+w) = o (%)2 . (11.452)
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Figure 11.2 The reduced scale factor a(t)/ag (solid), the redshift z(t) (dot-
dash), and the fraction t/Hy (dashed) are plotted as functions of the time
(11.447) in Gyr since the time of infinite redshift. The age of the universe
is 13.8 Gyr (vertical line). A photon emitted with wavelength A at time ¢
now has wavelength Ao = (agp/a(t) A and redshift z(t) = AX/A.

Now all the terms in Friedmann’s first-order equation (11.441) have a com-

mon factor of 1/a? which cancels leaving us with the square of the constant
speed

.9 871G 9 Ak

a” = T,OO ag — ﬁ (11453)

in which ppa? must exceed 3¢k/(8mGL?). Since @ = aH is constant, the

scale factor grows linearly with time like the dashed line a(t) = ag Hot in
figure 11.2 if we set a(0) = 0. O
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11.56 Inflation (w = —1)

Inflation occurs when the ground state of the theory has a positive and
constant potential-energy density p > 0 that dwarfs the energy densities
of the matter and radiation. The internal energy of the universe then is
proportional to its volume U = ¢pV, and the pressure p as given by the
thermodynamic relation

ou

- —_ 11.454
P 57 cp (11.454)

is negative. The equation of state (11.434) tells us that in this case w = —1.
The second-order Friedmann equation (11.417) becomes

(11.455)

a  ArG 3p\  8nGp _
3 (’0+c2>_ 3 7

By it and the first-order Friedmann equation (11.441) and by choosing t = 0
as the time at which the scale factor a is zero or minimal, one may show
(exercise 11.33) that in a flat (k = 0), closed (k = 1), and open (k = — 1),
universes, the scale factor varies as

a(t) = a(0) e9? flat, k=0 (11.456)
hgt
a(t) = 90 Closed, k=1 (11.457)
g
inh gt
a(t) = 2209 open, k= — 1. (11.458)
g

A de Sitter universe is flat, has a(t) = a(0) exp(gt), and can be infinitely
old.

Studies of the cosmic microwave background radiation suggest that infla-
tion did occur in the very early universe—possibly on a time scale as short

0735 s. The origin of the vacuum energy density p that drove inflation is

as 1
unknown. In chaotic inflation, a scalar field ¢ fluctuated to a mean value
(¢) very different from the one (0|¢|0) that minimizes the energy density of
the vacuum. When (¢) settled to (0|¢|0), the potential energy of the vacuum
was released as radiation in a Big Bang.

Anti-de Sitter models have w = —1 and a negative potential energy

p=-—-p<0.
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11.57 The era of radiation (w = 1/3)

Until a redshift of z = 3408.3 or 50,953 years after the time of infinite
redshift our universe was dominated by radiation. During The First Three
Minutes (Weinberg, 1988) of the era of radiation, the quarks and gluons
formed hadrons, which decayed into protons and neutrons. As the neutrons
decayed (7 = 885.7 s), they and the protons formed the light elements—
principally hydrogen, deuterium, and helium in a process called big-bang
nucleosynthesis.

We can guess the value of w for radiation by noticing that the energy-
momentum tensor of the electromagnetic field (in SI units)

1 1
T = " (Fachc — 4gachchd> (11.459)
is traceless
1 1
T=T%= o (FacFaC — 453chch) = 0. (11.460)

But by (11.416) its trace must be T' = 3p — c?p. So for radiation p = ¢p/3
and w = 1/3. The relation (11.439) between the density and the scale factor
for radiation then is
4
p=r (2). (11.461)
a

The density drops both with the volume a® and with the scale factor a due
to a redshift; so it drops as 1/a*.

Early in the era of radiation, we can ignore the matter and vacuum den-
sities and focus on the radiation density so that the quantity

_ 871G pat

f2 3 (11.462)

is a constant. The Friedmann equations (11.417 & 11.418) then are

i 4nG 3p 87Gp &
,:_T <p+2> = — 3 or a:—g (11463)
and
ok f?
a® + Tz = (11.464)

With calendars chosen so that a(0) = 0, this last equation (11.464) tells
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us that for flat (k = 0), closed (k = 1), and open (k = —1) universes

a(t) = \/2ft flat, k=0 (11.465)
a(t) = /2f t — kc2t2/L2?  closed, k=1 (11.466)
a(t) = \/2ft + kc22/L2 open, k= — (11.467)

as we saw in (6.531). The scale factor (11.466) of a closed universe of radia-
tion has a maximum a = fL/(cVk) at t = fL?/(kc?) and falls back to zero
at t = 2fL%/(kc?).

In all three cases, the scale factor rises as the square root of the time
a(t) ~ \/2ft at early times. The density of radiation is proportional both
to the fourth power of the temperature p oc 7% and to the inverse fourth
power of the scale factor p ~ 1/a*(t) ~ 1/t2. Thus the temperature falls as
T ~ 1/t

Weinberg gives more accurate estimates. When the temperature was in
the range 102 > T > 10'°K or muc2 > kT > mec?, where m,, is the mass
of the muon and m. that of the electron, the radiation was mostly electrons,
positrons, photons, and neutrinos, and the relation between the time ¢ and
the temperature T' was (Weinberg, 2010, ch. 3)

10K

2
t=0.994 sec x [ } + constant. (11.468)
By 10° K, the positrons had annihilated with electrons, and the neutrinos
fallen out of equilibrium. Between 10 K and 10° K, when the energy density
of nonrelativistic particles became relevant, the time-temperature relation
was (Weinberg, 2010, ch. 3)

10

2
t=1.78 sec x [ ] + constant'. (11.469)

At times of tens of thousands of years, the matter density p,, became
important because it drops with the cube of the scale factor as pp,(t) =
Qumo a3 /a3 (t) while the radiation density p,(¢) drops with the fourth power
of the scale factor as p,(t) = Q0ag/a*(t). The era of radiation ended and
the era of matter began when these densities were equal, p,,(t) = p,(t). We
can estimate this time by using the density ratios Q,,0 and Q,¢ (11.448 &
11.451). We find

a pro o 9.0606 x 1075

2 /M0 — = 293318 x 1074 11.470
@ pmo Do 0.3089 % ( )

which is a redshift of z = ap/a — 1 = 3408.3. Our integral (11.447) gives
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the time as ¢(3408.3) = 50,953 years after the time of infinite redshift. The
temperature then was T'= 9,400 K or kT = 0.81 eV.
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Figure 11.3 The scale factor ratio a/ag (solid), the radiation density p,
(dotdash), and the matter density p,, (dashed) are plotted as functions
of the time (11.447) in kyr after the time of infinite redshift. The era of
radiation ends at ¢ = 50,953 years when the two densities are equal to
1.055 x 10716 kg/m?, and a/ag = 2.933 x 10~*.

11.58 The era of matter (w = 0)

A universe composed only of dust or non-relativistic collisionless mat-
ter has no pressure. Thus p = wp = 0 with p # 0, and so w = 0. Conser-

vation of energy (11.433), or equivalently (11.438), implies that the matter
density falls with the volume as

a 3
Om = Pmo (;0) . (11.471)
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The era of matter began about 50,953 after the time of infinite redshift when
the matter density p,, first exceeded the radiation density p,. Most of the
matter is of an unknown kind that interacts very weakly with photons and is
called dark matter. Baryons amount to only about 15.7% of p;,, so if they
were the principal kind of matter, the era of radiation would have lasted
much longer.

Near the middle of the era of matter, at t ~ 5 Gyr, the radiation density
and the dark-energy density are unimportant, and we need take only the
matter density into account in order to approximate the evolution of the
scale factor. The density then varies as p ~ p,, o 1/a3, and so the quantity

ArGppa’
f= % (11.472)
is constant. The resulting Friedmann equations (11.417 & 11.418) are
a drG 3p 47 G po, . f
,—_73 ( m+62> = — 3 or a:—ﬁ (11473)
and
a* 4 k/L? = 2f /a. (11.474)
For a flat universe, k = 0, we get the Einstein-de Sitter model
7 2/3
a(t) = [3 5 t] . (11.475)

The scale factors of open and closed universes also rise as a(t) ~ t2/3 as long
as a < 2fL%/(c?|kl).

Transparency: Some 380,000 years after inflation at a redshift of z =
1090, the universe had cooled to about T' = 3000 K or kT = 0.26eV—a
temperature at which less than 1% of the hydrogen is ionized. Ordinary
matter became a gas of neutral atoms rather than a plasma of ions and
electrons, and the universe suddenly became transparent to light. This
moment of last scattering and first transparency often is (inexplicably) called
recombination.

11.59 The era of dark energy (w = —1)

About 3.606 billion years ago or 10.193 Gyr after inflation at a redshift of
z = 0.3079, the matter density, falling as 1/a>, dropped below the dark-
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Figure 11.4 The reduced scale factor a/ag (solid), the vacuum density pa
(dotdash), and the matter density p,, (dashed) are plotted as functions
of the time (11.447) in Gyr after the time of infinite redshift. The era of
matter ends at ¢ = 10.193 Gyr (first vertical line) when the two densities
are equal. The present time ¢y is 13.8 Gyr (second vertical line) at which
a(t)/ag = 1.

energy density py = 6.0084 x 10727 kg/m? or (2.256 meV)*. The age of the
universe is 13.799 billion years. For the past 3.606 billion years, this constant
energy density, called dark energy, has accelerated the expansion of the
universe approximately as in the de Sitter model (11.458)

a(t) = a(ty,) exp ((t —tm) 877G,0v/3) (11.476)

in which ¢, = (10.427 £ 0.07) x 10 years.
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11.60 Yang-Mills theory

The gauge transformation of an abelian gauge theory like electrodynam-
ics multiplies a single charged field by a spacetime-dependent phase factor
¢'(x) = exp(igf(x)) ¢(x). Yang and Mills generalized this gauge transfor-
mation to one that multiplies a vector ¢ of matter fields by a spacetime
dependent unitary matrix U(x)

Su(@) = Uap(z) $p(z) or ¢'(x)=U(z)(x) (11.477)
b=1

and showed how to make the action of the theory invariant under such non-
abelian gauge transformations. (The fields ¢ are scalars for simplicity.)

Since the matrix U is unitary, inner products like ¢'(z) ¢(x) are automat-
ically invariant

(6@ o)) = 6 @U@V @() = 6 @)s(x).  (11.478)

But inner products of derivatives 8'¢! 9;¢ are not invariant because the
derivative acts on the matrix U(z) as well as on the field ¢(x).
Yang and Mills made derivatives D;¢ that transform like the fields ¢

(Di¢)" = U Di¢. (11.479)

To do so, they introduced gauge-field matrices A; that play the role of
the connections I'; in general relativity and set

in which A; like 9; is antihermitian. They required that under the gauge
transformation (11.477), the gauge-field matrix A; transform to A in such
a way as to make the derivatives transform as in (11.479)

(Dig) = (0 + A}) ¢ = (0; + A)) Up =U Dy = U (0; + A;) . (11.481)
So they set
(i +A)Ud=U(9; +Ai)p or (U)p+AjUp=UA;¢. (11.482)
and made the gauge-field matrix A; transform as
Al =UAU — (5,U)U . (11.483)

Thus under the gauge transformation (11.477), the derivative D;¢ trans-
forms as in (11.479), like the vector ¢ in (11.477), and the inner product of
Covariant derivatives

(D) Dio| = (D) UTU D = (D) Dy (11.484)
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remains invariant.

To make an invariant action density for the gauge-field matrices A;, they
used the transformation law (11.481) which implies that D, U¢ = UD; ¢ or
D =UD;U ~1.So they defined their generalized Faraday tensor as

Fy, = [D;, Dy) = 0; Ax — OpAi + [Ai, Ak (11.485)
so that it transforms covariantly
= UF, UL (11.486)

They then generalized the action density Fj,F™* of electrodynamics to the
trace Tr (szF lk) of the square of the Faraday matrices which is invariant
under gauge transformations since

Tr (UFikU_lUFikU_1> —Tr (UFikFikU_l) —Tr (Fka) . (11.487)

As an action density for fermionic matter fields, they replaced the ordi-
nary derivative in Dirac’s formula v(7'9; +m)v by the covariant derivative
(11.480) to get ¥(y'D; + m)y (Chen-Ning Yang 1922, Robert L. Mills
1927-1999).

In an abelian gauge theory, the square of the 1-form A = A; dz* vanishes
A% = A; A, da® Adz® = 0, but in a nonabelian gauge theory the gauge fields
are matrices, and A% # 0. The sum dA + A? is the Faraday 2-form

F =dA+ A% = (0; A, + A; Ay) da' A da® (11.488)
= 3 (0; Ak — O As + [As, Ag)) da* Ada® = S Fy, do' A da”.

The scalar matter fields ¢ may have self-interactions described by a po-
tential V' (¢) such as V(¢) = A(¢'é — m?/\)? which is positive unless ¢! =
m? /. The kinetic action of these fields is (D?¢)' D;¢. At low temperatures,
these scalar fields assume mean values (0/¢|0) = ¢ in the vacuum with
<Z>(T)d>0 = m?/\ so as to minimize their potential energy density V(¢) and
their kinetic action (D'¢)D;¢ = (9°¢ + A'¢)1(0;¢ + A;p) is approximately
qb(]; A" A; ¢g. The gauge-field matrix Azb = itg‘bAg is a linear combination
of the generators t“ of the gauge group. So the action of the scalar fields
contains the term gbg A Aipg = — M c% 5 Al Aig in which the mass-squared
matrix for the gauge fields is Mi 5= oLty tf . ¢5- This Higgs mechanism
gives masses to those linear combinations bg; Ag of the gauge fields for which
Mgﬁ b = m2bai # 0 .

The Higgs mechanism also gives masses to the fermions. The mass term m
in the Yang-Mills-Dirac action is replaced by something like ¢ ¢ in which cis a
constant, different for each fermion. In the vacuum and at low temperatures,
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each fermion acquires as its mass ¢ ¢g . On 4 July 2012, physicists at CERN’s
Large Hadron Collider announced the discovery of a Higgs-like particle with
a mass near 125 GeV/c? (Peter Higgs 1929-).

11.61 Spin-one-half fields in general relativity
The flat-space action density (10.324) for a spin-one-half field v is

L=~ (9 + Ag) +m] ¢ (11.489)

in which a is a flat-space index, A, is a matrix of gauge fields, ¢ is a 4-
component Dirac or Majorana field, ¢ = 173 = i1)T70, and m is a constant
or a mean value of a scalar field. One may use the tetrad fields ef,(z) of
section 11.20 to turn the flat-space indices a into curved-space indices. Since
derivatives and gauge fields intrinsically are generally covariant vectors, one
replaces v* (g + Aq) by 7% €4 (0, + A,,). The next step is to correct for the
effect of the derivative d, on the field ¢ by making the derivative gener-
ally covariant as well as gauge covariant. The required Einstein connection

is (Weinberg, 1972, sec. 12.5)
E, = %J‘lb e Covi (11.490)
in which the generators (10.319) of the Lorentz group J are the commu-

tators of Dirac’s 4 x 4 gamma matrices (10.322)

gab _ _Zi { a’,yb] ’ (11.491)

the covariant derivative of the tetrad e, is
€bviu = Chvp — €bo L'y, (11.492)

and the Levi-Civita affine connection (11.198) is I'], = e?,e?, ,. Thus the

generally covariant, gauge-covariant action density of a spin-one-half field is

L'= =y e (0, + Au+ EL) . (11.493)

11.62 Gauge theory and vectors

This section is optional on a first reading.
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We can formulate Yang-Mills theory in terms of vectors as we did rel-
ativity. To accomodate noncompact groups, we will generalize the unitary
matrices U(z) of the Yang-Mills gauge group to nonsingular matrices V (z)
that act on n matter fields % (x) as

“x) = V() (). (11.494)
a=1
The field

= ealw) *(x) (11.495)
a=1

will be gauge invariant ¥/ (z) = W(x) if the vectors e, () transform as

n

Zeb YV (). (11.496)

In what follows, we will sum over repeated indices from 1 to n and often will
suppress explicit mention of the spacetime coordinates. In this compressed
notation, the field ¥ is gauge invariant because

U =l ) = ey VI VO ¢ = ey 80 = ey’ = T (11.497)

which is €/ Ty = e"V~1V¢) = eT4) in matrix notation.
The inner product of two basis vectors is an internal “metric tensor”

N N N
=D e napel =) ea el = gay (11.498)
a=1p=1 a=1

in which for simplicity I used the the N-dimensional identity matrix for the
metric 7. As in relativity, we’ll assume the matrix g4, to be nonsingular. We
then can use its inverse to construct dual vectors e® = ¢%e;, that satisfy
et ey = oy

The free Dirac action density of the invariant field ¥

Ty 0+ m)W = Dye (510, + m)eyu® = B, [7(0%0; + et - en) +ma% | o
(11.499)
is the full action of the component fields ®

V(Y0 +m)¥ =, (v Dy +m 8%’ =g [ (8%0; + Afy) +m %]
(11.500)
if we identify the gauge-field matrix as Ay, = et ep; in harmony with the
definition (11.198) of the affine connection I'¥, = e - ¢y ;.
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Under the gauge transformation e/, = e, V"' the metric matrix trans-
forms as

Gy =V g gV, oras g =V gy (11.501)

in matrix notation. Its inverse goes as ¢! =V ¢~ 1 V1.

The gauge-field matrix AY, = et €pi = g“cei - ep,; transforms as

A = gvelf e = VOAGV I vey e (11.502)

or as A; = VAZ‘V_I + V(?,V‘l = VA,‘V_I - (@V) v-L
By using the identity e - e.; = — e?j - ec, we may write (exercise 11.40)
the Faraday tensor as

i = [Di, Dj]%, = ei-T-eb’j—ef’iT.ec eCT.eb’j—e?-eb,ﬁ—e?'ec ey (11.503)

If n = N, then

n
D ex e’ =5 and F, =0. (11.504)

c=1
The Faraday tensor vanishes when n = N because the dimension of the
embedding space is too small to allow the tangent space to have different
orientations at different points x of spacetime. The Faraday tensor, which
represents internal curvature, therefore must vanish. One needs at least three
dimensions in which to bend a sheet of paper. The embedding space must
have N > 2 dimensions for SU(2), N > 3 for SU(3), and N > 5 for SU(5).

The covariant derivative of the internal metric matrix

gi =i —gA; — Alg (11.505)

does not vanish and transforms as (g;) = V=g,V =1, A suitable action
density for it is the trace Tr(g;ig_lg?ig_l). If the metric matrix assumes a
(constant, hermitian) mean value gg in the vacuum at low temperatures,
then its action is

m?Tr |(goA; + Algo)go (g0 A" + AiTgo)gal} (11.506)
which is a mass term for the matrix of gauge bosons
Wi = go/* A gy + gy Al g, (11.507)

This mass mechanism also gives masses to the fermions. To see how, we
write the Dirac action density (11.500) as

Vo [V (0%05 + Aly) +m 6% ¥ = 0" [V (gab0i + GacASy) +m ga] 1"
(11.508)
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Each fermion now gets a mass m ¢; proportional to an eigenvalue ¢; of the
hermitian matrix gg.

This mass mechanism does not leave behind scalar bosons. Whether Na-
ture ever uses it is unclear.

11.63 Geometry

This section is optional on a first reading.

In gauge theory, what plays the role of spacetime? Could it be the group
manifold? Let us consider the gauge group SU(2) whose group manifold is
the 3-sphere in flat euclidian 4-space. A point on the 3-sphere is

p= (i 1— 72, ! 2, 7"3) (11.509)

as explained in example 10.35. The coordinates r® = r, are not vectors. The
three basis vectors are

6]7 Ta 1 2 <3
e F , , s 11.51
a o < \/172 5a 5(1 5@ ( 5 O)

and so the metric g, = €, - € is

TaTh

gab=7_3F Oab (11.511)
or
1 1—7”%—7“% 172 173
| gll= 1,2 T2T1 1—7r2 —r2 ro T3 : (11.512)
r37T] 379 177’%77’%
The inverse matrix is
9" = Gpe — Ty 7. (11.513)

The dual vectors
eb = gbcec = (:F?"bm, 511) — Tpry, 512) — Tpra, 51{; - T‘b'f'g) (11514)

satisfy e’ - e, = L.
There are two kinds of affine connections e? - €q,c and el €q,i- If we differ-
entiate e, with respect to an SU(2) coordinate ., then

TaTl
El,=¢"eqe=m <5ac + 11102) (11.515)
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in which we used F (for Einstein) instead of I" for the affine connection. If
we differentiate e, with respect to a spacetime coordinate z?, then

To T
Ef-’a =eb. €ai = el €ac TG =Tp 15 ((5ac + 1aCQ) . (11.516)
) ) —
But if the group coordinates r, are functions of the spacetime coordinates
x', then there are 4 new basis 4-vectors e; = eq7q;. The metric then is a
7 x 7 matrix || g || with entries g, = €4 - €, Ga ki = €a - €k, gih = €; - €, and
Gik = €; * € Or

\guz( Gab  GabThk ) (11.517)

GabTa,i YGabTa,i Thk-

Further reading

FEinstein Gravity in a Nutshell (Zee, 2013). Also of interest are Gravita-
tion and Cosmology (Weinberg, 1972), Gravitation (Misner et al., 1973),
Cosmology (Weinberg, 2010), General Theory of Relativity (Dirac, 1996),
Gravitation: Foundations and Frontiers (Padmanabhan, 2010), Spacetime
and Geometry (Carroll, 2003), Modern Cosmology (Dodelson, 2003), and A
First Course in General Relativity (Schutz, 2009).

Exercises

11.1 Compute the derivatives (11.23 & 11.24).

11.2 Show that the transformation zz — 2’ defined by (11.18) is a rotation
and a reflection.

11.3 Show that the equality of the inner products a'n;,z* = 2/ njgx'f means
that the matrix L, = e’ - e), that relates the coordinates z/' = L¢, x*

to the coordinates z* must obey the relation

nik = L'y mie LY, (11.518)

which is n = LTnL in matrix notation. Hint: First doubly differentiate
the equality with respect to 2 and to z¢ for k # ¢. Then differentiate
it twice with respect to z*.

11.4 The relations 2! = ¢ - e; 27 and 2* = €

vectors e and ¢€) that

- e, ¥ imply (for fixed basis

ox’
833/19 '

o l,/i
oxJ

1 1 ik € 1 ik
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Use this equation to show that if A* transforms (11.7) as a contravariant

vector
1; a.’L‘li ;
At = - A, 11.519
D ( )
then A, = ny; A’ transforms covariantly (11.10)
4:weﬂ
axls
The metric i also turns a covariant vector A, into its contravariant
form A

Ay =ty Al = ok AT = AF.

11.5 The LHC is designed to collide 7 TeV protons against 7 TeV protons for
a total collision energy of 14 TeV. Suppose one used a linear accelerator
to fire a beam of protons at a target of protons at rest at one end of
the accelerator. What energy would you need to see the same physics
as at the LHC?

11.6 What is the minimum energy that a beam of pions must have to pro-
duce a sigma hyperon and a kaon by striking a proton at rest? The rel-
evant masses (in MeV) are my+ = 1189.4, my+ = 493.7, m, = 938.3,
and m + = 139.6.

11.7 Use Gauss’s law and the Maxwell-Ampere law (11.67) to show that the
microscopic (total) current 4-vector j = (cp,j) obeys the continuity
equation p+V -3 =0.

11.8 Show that if M is a covariant second-rank tensor with no particular
symmetry, then only its antisymmetric part contributes to the 2-form
M, dz® A dz® and only its symmetric part contributes to the quantity
My, dadz®.

11.9 In rectangular coordinates, use the Levi-Civita identity (1.490) to de-
rive the curl-curl equations (11.70).

11.10 Derive the Bianchi identity (11.72) from the definition (11.59) of the
Faraday field-strength tensor, and show that it implies the two homo-
geneous Maxwell equations (11.62).

11.11 Show that if A is a p-form, then d(AB) = dAA B+ (—1)PANdB.

11.12 Show that if w = aijd:ci /\d:pj/2 with a;; = — aj;, then
1 A .
dw = 3 (Okasij + Oiajk, + Ojag;) dx' Adx? A dz*. (11.520)

11.13 Using tensor notation throughout, derive (11.151) from (11.149 &
11.150).
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11.14 Use the flat-space formula (11.172) to compute the change dp due to
dp, d¢, and dz, and so derive the expressions (11.173) for the orthonor-
mal basis vectors p, (,‘Z), and 2.

11.15 Similarly, derive (11.181) from (11.179).

11.16 Show that Levi-Civita’s 4-symbol obeys the identity (12.161).

11.17 (a) Using the formulas (11.181) for the basis vectors of spherical co-
ordinates in terms of those of rectangular coordinates, compute the
derivatives of the unit vectors 7, é, and QZ; with respect to the variables
r, 0, and ¢ and express them in terms of the basis vectors #, 6, and $
(b) Using the formulas of (a) and our expression (6.33) for the gradient
in spherical coordinates, derive the formula (11.289) for the laplacian
V.-V.

11.18 Consider the torus with coordinates #, ¢ labeling the arbitrary point

p = (cos ¢(R + rsinf),sin (R + rsinh), r cos ) (11.521)

in which R > r. Both 6 and ¢ run from 0 to 27. (a) Find the basis
vectors ey and ey. (b) Find the metric tensor and its inverse.

11.19 For the same torus, (a) find the dual vectors ¢’ and e? and (b) find
the nonzero connections I‘é r Where i, 7, & k take the values 0 & ¢.
11.20 For the same torus, (a) find the two Christoffel matrices I'y and T',

(b) find their commutator [Ty, I'y], and (c) find the elements RYy,, Rg)w,

RZQ " and Rﬁ " of the curvature tensor.

11.21 Find the curvature scalar R of the torus with points (11.521). Hint:
In these four problems, you may imitate the corresponding calculation
for the sphere in Sec. 11.46.

11.22 By differentiating the identity ¢ gis = 6, show that 5gF =
g g*6 gy or equivalently that dg* = — ¢*¢*dgs.

11.23 Just to get an idea of the sizes involved in Black holes, imagine an
isolated sphere of matter of uniform density p that as an initial con-
dition is all at rest within a radius ry. Its radius will be less than its
Schwarzschild radius if

Ty < 2Me <47rr§p> ¢ (11.522)

c? 3 c?’

If the density p is that of water under standard conditions (1 gram per
cc), for what range of radii 7, might the sphere be or become a black
hole? Same question if p is the density of dark energy.

11.24 For the points (11.399), derive the metric (11.402) with k = 1.

11.25 For the points (11.400), derive the metric (11.402) with k = 0.

11.26 For the points (11.401), derive the metric (11.402) with k£ = —1.
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11.27 Derive the affine connections in Eq.(11.406).

11.28 Derive the affine connections in Eq.(11.407).

11.29 Derive the affine connections in Eq.(11.408).

11.30 Derive the spatial Einstein equation (11.418) from (11.386, 11.402,
11.413, 11.415, & 11.416).

11.31 Assume there had been no inflation, no era of radiation, and no dark
energy. In this case, the magnitude of the difference |2 — 1| would have
increased as t2/3 over the past 13.8 billion years. Show explicitly how
close to unity €2 would have had to have been at ¢t = 1s so as to satisfy
the observational constraint |29 — 1| < 0.036 on the present value of 2.

11.32 Derive the relation (11.436) between the energy density p and the
scale factor a(t) from the conservation law (11.433) and the equation
of state p; = w;p;.

11.33 Use the Friedmann equations (11.417 & 11.441) for constant p = —p
and k = 1 to derive (11.457) subject to the boundary condition that
a(t) has its minimum at ¢ = 0.

11.34 Use the Friedmann equations (11.417 & 11.441) with w = —1, p con-
stant, and k = —1 to derive (11.458) subject to the boundary condition
that a(0) = 0.

11.35 Use the Friedmann equations (11.417 & 11.441) with w = —1, p con-
stant, and k = 0 to derive (11.456). Show why a linear combination of
the two solutions (11.456) does not work.

11.36 Use the conservation equation (11.462) and the Friedmann equations
(11.417 & 11.441) with w = 1/3, k = 0, and a(0) = 0 to derive (11.465).

11.37 Show that if the matrix U(x) is nonsingular, then

;U= —UoU . (11.523)

11.38 The gauge-field matrix is a linear combination Ay = —igt’ AZ of the
generators t? of a representation of the gauge group. The generators
obey the commutation relations

[t 1°] = i fapet® (11.524)

in which the fu. are the structure constants of the gauge group. Show
that under a gauge transformation (11.483)

AL =UAU — (U )U! (11.525)

by the unitary matrix U = exp(—igA\*t®) in which A* is infinitesimal,
the gauge-field matrix A; transforms as

—ig At = —igA%t® — ig? fapc N2 ALE + igd N7, (11.526)
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Show further that the gauge field transforms as

A = A7 — 00" — g fanc ALN. (11.527)

11.39 Show that if the vectors e, (z) are orthonormal, then e®f- “€ci = —ea-T-ec.

11.40 Use the identity of exercise 11.39 to derive the formula (11. 503) for
the nonabelian Faraday tensor.

11.41 Using the tricks of section 12.25, show that d,/g = —% V9 Gik 5g'*.
This relation and the definition (11.346) R = gikR?nk imply that the
first-order change in the Einstein-Hilbert action is (11.373) apart from
an irrelevant surface term (Carroll, 2003, chap 4.3) due to g'*/g 5Rmk

11.42 Write Dirac’s action density in the explicitly hermitian form Lp =
— %@fy’ i) — % W'yi i@/}]T in which the field 1 has the invariant form
1 = eqthg and ¥ = ipTyY. Use the identity Wa'yizpbr = — Py, to
show that the gauge-field matrix A; defined as the coefficient of ¥ ,v" 1y
as in ¥, (9; + i Aiap)p is hermitian A%, = Azp,.



