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We can convert (exercise 6.39) this equation into a problem of integration

u� u0 =

Z p
1� v2p

2(E+V (�))
d�. (6.526)

By inverting the resulting equation relating u to �, we may find the soliton
solution �(u� u0), which is a lump of energy traveling with speed v.

Example 6.57 (Soliton of the �4 Theory). To simplify the integration
(6.526), we take as the action density
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Our formal solution (6.526) gives
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1� v2
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p
1� v2

��0
tanh�1(�/�0) (6.528)

or

�(x� vt) = ⌥�0 tanh


��0

x� x0 � v(t� t0)p
1� v2

�
(6.529)

which is a soliton (or an antisoliton) at x0 + v(t� t0). A unit soliton at rest
is plotted in Fig. 6.3. Its energy is concentrated at x = 0 where |�2 � �20| is
maximal.

Exercises

6.1 In rectangular coordinates, the curl of a curl is by definition (6.49)

(r ⇥ (r ⇥ E))i =
3X

j,k=1

✏ijk@j(r ⇥ E)k =
3X

j,k,`,m=1

✏ijk@j✏k`m@`Em.

(6.530)
Use Levi-Civita’s identity (1.489) to show that

r ⇥ (r ⇥ E) = r(r · E) � 4E. (6.531)

This formula defines 4E in any system of orthogonal coordinates.
6.2 Show that since the Bessel function Jn(x) satisfies Bessel’s equation

(6.65), the function Pn(⇢) = Jn(k⇢) satisfies (6.64).
6.3 Show that (6.75) implies that Rk,`(r) = j`(kr) satisfies (6.74).
6.4 Use (6.73, 6.74), and �00

m = �m2�m to show in detail that the product
f(r, ✓,�) = Rk,`(r)⇥`,m(✓)�m(�) satisfies �4f = k2f .
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6.5 Replacing Helmholtz’s k2 by 2m(E � V (r))/~2, we get Schrödinger’s
equation

�(~2/2m)4 (r, ✓,�) + V (r) (r, ✓,�) = E (r, ✓,�). (6.532)

Let  (r, ✓,�) = Rn,`(r)⇥`,m(✓)eim� in which ⇥`,m satisfies (6.73) and
show that the radial function Rn,` must obey

�
�
r2R0

n,`

�0
/r2 +

⇥
`(`+ 1)/r2 + 2mV/~2

⇤
Rn,` = 2mEn,`Rn,`/~2.

(6.533)
6.6 Use the empty-space Maxwell’s equationsr · B = 0,r ⇥ E + Ḃ = 0,

r · E = 0, and r ⇥ B � Ė/c
2 = 0 and the formula (6.531) to show

that in vacuum 4E = Ë/c2 and 4B = B̈/c2.
6.7 Argue from symmetry and anti-symmetry that [�a, �b]@a@b = 0 in which

the sums over a and b run from 0 to 3.
6.8 Suppose a voltage V (t) = V sin(!t) is applied to a resistor of R (⌦)

in series with a capacitor of capacitance C (F ). If the current through
the circuit at time t = 0 is zero, what is the current at time t?

6.9 (a) Is
�
1 + x2 + y2

��3/2 ⇥
(1 + y2)y dx+ (1 + x2)x dy

⇤
= 0 exact? (b)

Find its general integral and solution y(x). Use section 6.11.
6.10 (a) Separate the variables of the ODE (1+ y2)y dx+ (1+ x2)x dy = 0.

(b) Find its general integral and solution y(x).
6.11 Find the general solution to the di↵erential equation y0 + y/x = c/x.
6.12 Find the general solution to the di↵erential equation y0+xy = ce�x2/2.
6.13 James Bernoulli studied ODEs of the form y0 + p y = q yn in which p

and q are functions of x. Division by yn and the substitution v = y1�n

gives us the equation v0+(1�n)p v = (1�n) q which is soluble as shown
in section (6.18). Use this method to solve the ODE y0�y/2x = 5x2y5.

6.14 Integrate the ODE (xy + 1) dx + 2x2(2xy � 1) dy = 0. Hint: Use the
variable v(x) = xy(x) instead of y(x).

6.15 Show that the points x = ±1 and 1 are regular singular points of
Legendre’s equation (6.248).

6.16 Use the vanishing of the coe�cient of every power of x in (6.253) and
the notation (6.255) to derive the recurrence relation (6.256).

6.17 In example 6.34, derive the recursion relation for r = 1 and discuss the
resulting eigenvalue equation.

6.18 In example 6.34, show that the solutions associated with the roots r = 0
and r = 1 are the same.

6.19 For a hydrogen atom, we set V (r) = �e2/4⇡✏0r ⌘ �q2/r in (6.533)
and get (r2R0

n,`)
0+

⇥
(2m/~2)

�
En,` + Zq2/r

�
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at big r, R00
n,` ⇡ �2mEn,`Rn,`/~2 and Rn,` ⇠ exp(�

p
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At tiny r, (r2R0
n,`)

0 ⇡ `(` + 1)Rn,` and Rn,`(r) ⇠ r`. Set Rn,`(r) =

r` exp(�
p
�2mEn,` r/~)Pn,`(r) and apply the method of Frobenius to

find the values of En,` for which Rn,` is suitably normalizable.

6.20 Show that as long as the matrix Ykj = y
(`j)
k (xj) is nonsingular, the n

boundary conditions

bj = y(`j)(xj) =
nX

k=1

ck y
(`j)
k (xj) (6.534)

determine the n coe�cients ck of the expansion (6.290) to be

CT = BT Y�1 or Ck =
nX

j=1

bjY�1
jk . (6.535)

6.21 Show that if the real and imaginary parts u1, u2, v1, and v2 of  and �
satisfy boundary conditions at x = a and x = b that make the boundary
term (6.308) vanish, then its complex analog (6.310) also vanishes.

6.22 Show that if the real and imaginary parts u1, u2, v1, and v2 of  and �
satisfy boundary conditions at x = a and x = b that make the boundary
term (6.308) vanish, and if the di↵erential operator L is real and self
adjoint, then (6.306) implies (6.311).

6.23 Show that if D is the set of all twice-di↵erentiable functions u(x) on
[a, b] that satisfy Dirichlet’s boundary conditions (6.313) and if the
function p(x) is continuous and positive on [a, b], then the adjoint set
D⇤ defined as the set of all twice-di↵erentiable functions v(x) that make
the boundary term (6.315) vanish for all functions u 2 D is D itself.

6.24 Same as exercise (6.23) but for Neumann boundary conditions (6.314).
6.25 Use Bessel’s equation (6.375) and the boundary conditions u(0) = 0

for n > 0 and u(1) = 0 to show that the eigenvalues � are all positive.
6.26 Show that after the change of variables u(x) = Jn(kx) = Jn(⇢), the self-

adjoint di↵erential equation (6.375) becomes Bessel’s equation (6.376).
6.27 Derive Bessel’s inequality (6.446) from the inequality (6.445).
6.28 Repeat example 6.46 using J1’s instead of J0’s. Hint: the Mathematica

command Do[Print[N[BesselJZero[1, k], 10]], {k, 1, 100, 1}] gives the
first 100 zeros z1,k of the Bessel function J1(x) to 10 significant figures.

6.29 Derive the Yukawa potential (6.460) as the Green’s function for the
modified Helmholtz equation (6.459).

6.30 Use Lagrange’s equation (6.492) to derive the Klein-Gordon equation
(6.494) from the action density (6.493).

6.31 Derive the formula (6.508) for the hamiltonian density of the theory
(6.493).
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6.32 Derive the relation ⇢ = ⇢(a/a)3(1+w) between the energy density ⇢ and
the scale factor a(t) from the conservation law d⇢/da = �3(⇢ + p)/a
and the equation of state p = w⇢.

6.33 For a closed universe (k = 1) of radiation (w = 1/3), use Friedmann’s
equations (6.512 & 6.513) to derive the solution (11.485) subject to the
boundary condition a(0) = 0. When does the universe collapse in a big
crunch?

6.34 For a flat universe (k = 0) of matter (w = 0), use Friedmann’s equa-
tions (6.512 & 6.513) to derive the solution (11.494) subject to the
boundary condition a(0) = 0.

6.35 Derive the time evolution of a(t) for a flat (k = 0) universe dominated
by radiation (w = 1/3) subject to the boundary condition a(0) = 0.
Use (6.513).

6.36 Derive the time evolution of a(t) for an open (k = �1) universe with
only dark energy (w = �1) subject to the boundary condition a(0) = 0.
Use (6.513).

6.37 Use Friedmann’s equations (6.512 & 6.513) to derive the evolution of
a(t) for a closed universe dominated by dark energy subject to the
boundary condition a(0) =

p
3/8⇡G⇢ in which ⇢ is a constant density

of dark energy.
6.38 Use Friedmann’s equations (6.512 & 6.513) to derive the evolution of

a(t) for a flat (k = 0) expanding universe dominated by dark energy
(w = �1) subject to the boundary condition a(0) = ↵ in which ⇢ is a
constant density of dark energy.

6.39 Derive the soliton solution (6.526) from the energy equation (6.525).
6.40 Find the solution of the di↵erential equation �f 00(x) � f(x) = 1 that

satisfies the boundary conditions f(�⇡) = 0 = f 0(⇡). Hint: Use exam-
ple 6.50.

6.41 Show that for any constants ck, the sum of the exponentials

f(x) = c1e
z1x + c2e

z2x + . . .+ cne
znx

in which the zk’s are the n roots of the algebraic equation

0 = a0 + a1z + a2z
2 + . . .+ anz

n

is a solution of the homogeneous ordinary di↵erential equation

0 = a0f(x) + a1f
0(x) + a2f

00(x) + . . .+ anf
(n)(x)

with constant coe�cients ak. When the roots are all di↵erent, f(x) is
the most general solution.

6.42 Find two linearly independent solutions of the ODE f 00 � 2f 0 + f = 0.


